
2015 Final Examination

Final examination:

Will be given Thursday 17 December at 1230-1600 hr in B&L 208.

Office hours:

Doug Cline; Wednesday 16 December, 1300-1500 hr in B&L203D

Content of Final:

The final examination will be similar to the mid-term examination in that it will comprise four full

multipart questions. It is a closed-book, nominally a 3-hour, exam but extra time is scheduled. A calculator

may be needed but emphasis will be on concepts and the equations of motion rather than numerical answers.

There will be no trick questions, all straightforward bookwork. The questions will emphasize material covered

starting with the introduction of Lagrangian mechanics as discussed below.

Chapters 1, 2: Not explicitly part of the examination although it is tacitly assumed that you have a

working knowledge of Newtonian mechanics in chapter 2.

Chapters 3, 4: There will be no questions explicitly requiring linear damped oscillations, or non-linear

systems. However, it will be assumed that you have a working knowledge of this material.

Chapter 5: Calculus of variations will not be addressed explicitly, but implicitly it will be assumed in use

of Lagrange equations, Hamilton’s principle, etc.

Chapter 6: Lagrangian dynamics is very important. Applications will cover questions featuring con-

straints that can be solved with generalized coordinates, Lagrange multipliers, or generalized forces. Must

know how to use generalized coordinates, derive equations of motion, and derive forces of constraint. Will

require ability to solve the equations of motion.

Chapters 7, 8: Hamiltonian mechanics is very important. Need to know the symmetries/conservation

laws, Noether’s theorem, cyclic coordinates, properties of Hamiltonian, Hamilton’s equations of motion. You

should be able to use Hamiltonian mechanics to solve simple mechanical systems. Use of the Routhian may

feature in a subpart of a question.

Chapter 9: Conservative two-body central forces will be a very important part of the examination.

Chapter 10: Motion in non-inertial reference frames is very important for the examination.

Chapter 11: Rigid body rotation in very important and will be on the final examination.

Chapters 12: Coupled oscillations and normal modes will be a very important part of the exam. Need

to be able to use equations of motion and solve for characteristic frequencies, eigenfunctions and determine

the normal modes for 2 and 3 coupled oscillators or the discrete lattice chain. Maximum determinant will

be 3x3.

Chapter 13: Hamilton’s Principle and gauge invariance of the standard Lagrangian is important.

Chapter 14: Poisson brackets and their use for canonical transformations is important and will feature

on the examination. Hamilton-Jacobi theory, canonical perturbation theory, and action-angle variables will

not be required for the exam.

Chapter 15: The Lagrangian density and Hamiltonian density will not be covered.

Chapter 16: Special relativity will not feature on the examination because a subset of the class have

taken a course in General relativity.

Chapter 17: The transition to quantum mechanics will not be included on the examination.
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Useful formulae

Damped harmonic oscillator:

2

2
+ Γ




+ 20 = 0

Solution for Γ
2
  is

 = −
Γ
2 cos (1− )

where

21 = 20 −
Γ2

4

Sinusoidal-driven damped harmonic oscillator

2

2
+ Γ




+ 20 =  cos ()

Steady-state solution is

 =
q

(2 − 2)
2
+ Γ22

cos (− )

where

tan  =
Γ

(20 − 2)

Newton’s law of Gravitation

F = −

2
br

∇ · g = −4

Lagrange equations






̇
− 


= 0

Lagrange equations with undetermined multipliers







̇
− 


=

X
=1

 ()



( = 1 2 3 )

Generalized momentum

 =






Hamiltonian

 (  ) =
X




 − ( ̇ )

Hamilton’s equations of motion

̇ =




−̇ =




−

=




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Cylindrical coordinates

 =  −  =


2

³
̇2 + 2̇

2
+ ̇2

´
− (  )

 =  +  =
1

2

Ã
2 +

2

2
+ 2

!
+ (  )

Spherical coordinates

 =  −  =


2

³
̇2 + 2̇

2
+ 2 sin2 ̇

2
´
− (  )

 =  +  =
1

2

Ã
2 +

2
2
+

2

2 sin2 

!
+ (  )\

Poisson Brackets

[] ≡
X


µ







− 







¶

[ ] = 0

[] = − [ ]
[ +  ] = [ ] + [ ]

[ ] = [ ] +  [ ]

0 = [ [ ]] + [ [  ]] + [ []]


 = [] =






 = − [] = −





Canonical transformations

H( ) = (  ) +




Generating function Generating function derivatives Trivial special case

 = 1(qQ )  =
1


 = − 1


1 =   =   = −
 = 2(qP )−Q ·P  =

2


 =
2


2 =   =   = 

 = 3(pQ ) + q · p  = −3


 = − 3


3 =   = −  = −
 = 4(pP ) + q · p−Q ·P  = −4


 =

4


4 =   =   = −

Hamilton-Jacobi equation

(;



; ) +




= 0

Orbit differential equation

2

2
+  = − 

2
1

2
 (
1


)

Virial Theorem

h i = −1
2

*X


F · r
+
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Effective force in rotating reference frame

F = a00 = F−
¡
A+ 2ω × v00 + ω × (ω × r0) + 

ω × r0¢
Transformation from fixed to rotating frameµ

G



¶


=

µ
G



¶


+ ω ×G

Inertia tensor

 ≡
X




"


Ã
3X


2

!
− 

#

 =

Z
 (r0)

Ã


Ã
3X


2

!
− 

!


Angular momentum

L =

X


L =

X


r × p

L = {I} · ω

 =

3X




Parallel-axis theorem

 ≡  +
¡
2 − 

¢
Euler equations for rigid body


1 = 1


1 − (2 − 3)23


2 = 2


2 − (3 − 1)31


3 = 3


3 − (1 − 2)12

Angular velocity in body-fixed frame

1 =


1 +


1 +


1 = ̇ sin  sin + ̇ cos

2 =


2 +


2 +


2 = ̇ sin  cos − ̇ sin

3 =


3 +


3 +


3 = ̇ cos  + ̇

Angular velocity in space-fixed frame

 = ̇ cos+ ̇ sin  sin

 = ̇ sin− ̇ sin  cos

 = ̇+ ̇ cos 
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Coupled oscillators

 =
1

2

X


̇ ̇

 =
1

2

X




X


¡
 − 2

¢
 = 0

 ≡
X




X










 ≡
µ

2



¶
0

Special Relativity

p = u

 ≡ 1q
1− ¡



¢2
 = 2

0 = 2

 =  + 0

2 = 22 +24

 = −2
q
1− 2 − 

 =  +  +0

Vectors;

C = A×B =
¯̄̄̄
¯̄ bi bj bk
  

  

¯̄̄̄
¯̄

A×A = 0

A · (A×B) = 0
A · (B×C) = (A×B) ·C

A× (B×C) = B (A ·C)− (A ·B)C


