2015 Final Examination

Final examination:

Will be given Thursday 17 December at 1230-1600 hr in B&L 208.

Office hours:

Doug Cline; Wednesday 16 December, 1300-1500 hr in B&1.203D

Content of Final:

The final examination will be similar to the mid-term examination in that it will comprise four full
multipart questions. It is a closed-book, nominally a 3-hour, exam but extra time is scheduled. A calculator
may be needed but emphasis will be on concepts and the equations of motion rather than numerical answers.
There will be no trick questions, all straightforward bookwork. The questions will emphasize material covered
starting with the introduction of Lagrangian mechanics as discussed below.

Chapters 1, 2: Not explicitly part of the examination although it is tacitly assumed that you have a
working knowledge of Newtonian mechanics in chapter 2.

Chapters 3, 4: There will be no questions explicitly requiring linear damped oscillations, or non-linear
systems. However, it will be assumed that you have a working knowledge of this material.

Chapter 5: Calculus of variations will not be addressed explicitly, but implicitly it will be assumed in use
of Lagrange equations, Hamilton’s principle, etc.

Chapter 6: Lagrangian dynamics is very important. Applications will cover questions featuring con-
straints that can be solved with generalized coordinates, Lagrange multipliers, or generalized forces. Must
know how to use generalized coordinates, derive equations of motion, and derive forces of constraint. Will
require ability to solve the equations of motion.

Chapters 7, 8: Hamiltonian mechanics is very important. Need to know the symmetries/conservation
laws, Noether’s theorem, cyclic coordinates, properties of Hamiltonian, Hamilton’s equations of motion. You
should be able to use Hamiltonian mechanics to solve simple mechanical systems. Use of the Routhian may
feature in a subpart of a question.

Chapter 9: Conservative two-body central forces will be a very important part of the examination.

Chapter 10: Motion in non-inertial reference frames is very important for the examination.

Chapter 11: Rigid body rotation in very important and will be on the final examination.

Chapters 12: Coupled oscillations and normal modes will be a very important part of the exam. Need
to be able to use equations of motion and solve for characteristic frequencies, eigenfunctions and determine
the normal modes for 2 and 3 coupled oscillators or the discrete lattice chain. Maximum determinant will
be 3x3.

Chapter 13: Hamilton’s Principle and gauge invariance of the standard Lagrangian is important.

Chapter 14: Poisson brackets and their use for canonical transformations is important and will feature
on the examination. Hamilton-Jacobi theory, canonical perturbation theory, and action-angle variables will
not be required for the exam.

Chapter 15: The Lagrangian density and Hamiltonian density will not be covered.

Chapter 16: Special relativity will not feature on the examination because a subset of the class have
taken a course in General relativity.

Chapter 17: The transition to quantum mechanics will not be included on the examination.
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Useful formulae

Damped harmonic oscillator:

d? d
T i =0
Solution for % < w, is

z=Ae" 7 cos (w1t —9)

where )
B R
4
Sinusoidal-driven damped harmonic oscillator
d? d
Ej + Fd—f +wiz = Acos (wt)
Steady-state solution is
A
Zgs = cos (wt — 0)
\/(wg — w2)2 + 22
where
tand = Tw
RS
Newton’s law of Gravitation
M
F, = -GLrt
T
V.g = —4nGp
Lagrange equations
doL 0L _
dt 0¢;  0Og,

Lagrange equations with undetermined multipliers

d oL O0L & d
_Z)‘k(t) Ik

- = 1=1,2,3,.
dt 9¢; 0Og; — 0q; (
Generalized momentum
_ oL
P9,

Hamiltonian
H (qi,pi,t) = E Piq; — L(qi, i, t)
i

Hamilton’s equations of motion

. 0H

Q. = 3_pk

. OH
—Pr = 3_%
oL OH
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Cylindrical coordinates

L=T-U= % (p2+02¢ +22) ~Ul(p,2,9)
1 P}
_ _ 2 2
Spherical coordinates
L=T-U-= % (¢2+r292+r2sin29¢2> —U(r,0,9)

1 P2 5
H=T+U=— [p}+=% 0
+U =5 (pr izt sin29> +U(r,0,0)\

Poisson Brackets

OF 0G OF 0G
F. = —
[ 7G] Z <afh‘ Op; Op; a%)

i

[F,F] = 0
[F,G] = —[G,F]
G.F+Y] = [G F]+[GY]
(G, FY] = [G,F]Y +F[G,Y]
0 = [F[GY]+[GI[Y,F]+[Y[FG]

) OH
q. = lan, H] = or

. oH
P = — [pk,H] = —%

Canonical transformations

H(Q,P,t) = H(‘Lp’t) + E
Generating function Generating function derivatives Trivial special case
F=hQ? pi = 5t P =—53 Fi=q¢Qi Qi=pi Pi=-q
F'=FRqPt)-Q-P pi = 52 Qi = 3¢ F=g¢P Qi=q¢ P =p
F=F{PpQi)+ap g = — 5= Pi=-52 |FB=pQ Qi=-4 P=-p
F=F@Pt+qp-QP qizfgij Qi:g% Fo=pP  Qi=pi P=-q
Hamilton-Jacobi equation
oS as
H(qg;—;t)+ — =0
(@550 + 5
Orbit differential equation
d*u w1l 1
w =Tt

Virial Theorem



Effective force in rotating reference frame
Fepp=ma’ =F —m (A +2wx v’ +wx (wxr')+wxr)

Transformation from fixed to rotating frame

(dG> (dG>
T =\ = +wxG
dt fized dt rotating
N 3
Iy =) maq [5@‘ (Z wi,k> — Ta,ila,
a k
3
e o (554) e
k

n n
L:ZLi:ZI‘iXpi

L={I} w

3
Li = Z Iijwj
J

Inertia tensor

Angular momentum

Parallel-axis theorem
Jij = Iij + M (a25ij — CLZ'CL]')

Euler equations for rigid body
met = Ilwl — (I2 — Ig)bdgbdg
Néemt
Ngwt

12(/;]2 — (I3 — Il)wgwl

Igwg — (,[1 — Ig)w1w2

Angular velocity in body-fixed frame

wi = ¢, +01+1, =psinfsine + Ocostp
wy = ¢y +0s+1hy = sinbcosyh — Osingp
wy = ¢3+03 4y =cosf+

Angular velocity in space-fixed frame
wy = 0Ocos¢+Psinbsing
Wy = 0 sin ¢ — 1 sin 0 cos ¢
w, = ¢+1cosh
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Coupled oscillators

Special Relativity

Vectors;

i ] k
C=AxB=|4, 4, A,
B, B, B

1 ..
T= 5 E , Tikq;qr
Js

1
U = 5 ZijijQk
Js

> (Vik = wiTye) ajr = 0

J

_ O%a,; 0ai
Tjﬂf = %ma ; 8(]] aqk

82U
Vik =
" (8% O > 0

p = ~mu
1
v =
o\ 2
1-(2)
E ymec?
Ey = mdc?
E = T+ Ey
2 P22 +m2ct
L —mc*\J1 -5 -U
H = T+U+E

AxA=0
A - (AxB)=0
A-BxC)=(AxB)-C

Ax(BxC)=B(A-C)—(A-B)C
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