
PHY 415

Homework 5

Solutions

1.

∇
2φ(~r) = 0

φ(~r) =

∞
∑

l=0

(Alr
l +Blr

−(l+1))Pl(cos θ)

(i) r < R

φ(~r) =

∞
∑

l=0

Alr
lPl(cos θ)

Φ0 cos θ =
∑

AlR
lPl(cos θ)

Al 6=1 = 0

A1 = Φ0
1

R

φin(~r) = Φ0
r

R
cos θ

(ii) r > R,Al = 0

φ(~r) =
∑

Bl

1

rl+1
Pl(cos θ)

Φ0 cos θ =
∑

Bl

1

Rl+1
Pl(cos θ)

Φ0
XXXcos θ = Bl = B1

1

R2

XXXXXP1(cos θ)

B1 = R2Φ0

∴ Φout(~r) = Φ0

(

R

r

)2

cos θ
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2.

Φ = 0

h

z

x

y

Φ = 0

Φ = Φ0(r, φ)

Φ(r, φ, z) = R(r)φ(φ)Z(z) satisfy ∇
2Φ = 0 .

⇒
∂2

∂r2
Φ +

1

r

∂

∂r
Φ +

1

r2
∂2Φ

∂φ2
+
∂2Φ

∂z2
= 0

⇒



























d2Z

dz2
− k2Z = 0

d2φ

dφ2
+ ν2φ = 0

d2R

dr2
+

1

r

dR

dr
+ (K2

−
ν2

r2
)R = 0







Z(z) = A sinh kz +B cosh kz
φ(φ) = C sinmφ+D cosmφ
R(r) = EJm(Kmnr) + FNm(Kmnr)

B = 0,∵ Φ(r, φ, 0) = 0

G = 0,∵ Φ(0, φ, z) finite.

∴ φ(r, φ, z) =

∞
∑

m=0

∞
∑

n=1

Jm(Kmnr) sinh(kmnZ) · (Cmn sinmφ+Dmn cosmφ)

Cmn =
2csch(Kmnh)

πR2J2
m+1(Kmna)

∫ 2π

0
dφ

∫

R

0
drΦ(r, φ)Jm(Kmnr) sinmφ

Dmn =
2csch(Kmnh)

πR2J2
m+1(Kmna)

∫ 2π

0
dφ

∫

R

0
drΦ(r, φ)Jm(Kmnr) cosmφ
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3. (a) From Green’s Theorem

∫

r

d3r(φ1∇
2φ2 − φ2∇

2φ1) =

∫

s

ds · (φ1∇φ2 − φ2∇φ1) (eq. 3.68)

(i) ∇
2φ1 = −4πρ1,∇

2φ2 = −4πρ2

(ii) ∇φ1 = 4πσ1,∇φ2 = 4πσ2

⇒ −HH4π

∫

d3r(φ1ρ2 − φ2ρ1) = HH4π

∫

(φ1σ2 − φ2σ1)ds

⇒

∫

d3rφ1ρ2 +

∫

s

dsφ1σ2 =

∫

d3rφ2ρ1 +

∫

s

dsφ2σ1

(b) Condition I

σ2

a

d

φ1up
= 0

φ1down
= 0

q

σ1

Condition II

φ2up
= φ0

φ2down
= 0

σ′
1

σ′
2

From reciprocity theorem:
∫

qδ(z − a)
a

d
φ0d

3r +

∫

σ1φ0ds+

∫

σ20ds =

∫

0ψ1d
3r +

∫

σ′10ds+

∫

σ′20ds

⇒ q
a

d
@@φ0 = −@@φ0

∫

σ1ds

⇒ σ1 = −q
a

d

Same, we can find

σ2 = −q
d− a

d
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