Finite Temperature Effective Actions
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Within the context of non-Hermitian quantum mechanics, we use the generators of eigenvectors
of the Hamiltonian to construct a unitary inner product space. Such models have been of interest in
recent years, for instance, in the context of P7 symmetry, although our construction extends to the
larger class of so-called pseudo-Hermitian Operators. We provide a detailed example to illustrate

the concept and compare with known results.
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Effective action for a system interacting with a back-
ground field is an important fundamental concept in
quantum field theory which incorporates all the one loop
quantum mechanical corrections to a theory. At zero
temperature we know that the n-point amplitudes (in-
volving the background fields) at one loop are divergent
and, consequently, the evaluation of the effective action
at T = 0 needs a regularization. Effective actions can, of
course, be evaluated perturbatively. However, a beautiful
method due to Schwinger [1], also known as the proper
time formalism, is quite useful in evaluating one loop
effective actions at zero temperature with a gauge invari-
ant regularization (in the case of gauge backgrounds).
It involves solving dynamical equations in proper time,
which are not always trivial, to determine th effective ac-
tion. When the dynamical equations can be solved in a
closed form, the gauge invariant regularized action can
be given a closed form or at least an integral represen-
tation. This has been profitably used to calculate the
imaginary part of the effective action for fermions inter-
acting with a constant background electromagnetic field
which describes the decay rate of the vacuum [1]. How-
ever, when the dynamical equations cannot be solved in
a closed form, the method leads to a perturbative deter-
mination of the effective action.

In the past couple of decades, there have been several
attempts [2] to generalize the method due to Schwinger
to finite temperature [3, 4] and to determine the imag-
inary part of the effective action leading to conflicting
results. We believe that since, unlike the zero temper-
ature amplitudes, the amplitudes at finite temperature
are ultraviolet finite, it is not essential to generalize the
method due to Schwinger to finite temperature. After
all, the proper time method was designed to provide a
(gauge invariant) regularization which is not necessary
at finite temperature. Therefore, we propose an alterna-
tive direct method for evaluating finite temperature ef-
fectve actions based mainly on the properties of systems
at finite temperature. In this connection, we believe that
the real time formalism [4] (we use the closed time path
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formalism due to Schwinger [5]) is more suited for this
purpose. We note that, in general, the imaginary time
formalism (the Matsubara formalism [6]) leads naturally
to retarded and advanced amplitudes, but the derivation
of Feynman amplitudes (beyond the two point function)
in this formalism still remains an open question. On the
other hand, the effective action that we are interested in
is precisely the one that generates Feynman amplitudes.
In contrast, the effective action, when evaluated properly
in the real time formalism, leads naturally not only to the
Feynman amplitudes, but also to the retarded as well as
the advanced amplitudes as we will show in examples.
Furthermore, as we have emphasized earlier in [4, 7], the
real time calculations can be carried out quite easily in
the mixed space where the spatial coordinates have been
Fourier transformed as we will describe in the particular
examples.

Let us consider a system of fermions interacting with
an external which we generically denote by A. This can
be a scalar or a vector background and we suppress the
Lorentz index (structure) of the background field for sim-
plicity. If the fermion has a mass m, it is straightforward
to obtain from the definition of the effective action that

?—%ﬁ = /dtdx S(t,x;t,x), (1)

where S(t,x;t,x’) denotes the complete fermion prop-
agator in the presence of the background field. How-
ever, keeping in mind that the fermion may not always
have a mass (say, for example, in the Schwinger model
[8]), we use alternatively the fact that the variation of
the effective action with respect to the background field
leads to the generalized fermion “propagator” at coinci-
dent points (even though we are using the same symbol
as in (1) the exact meaning of S below depends on the
nature of the background field as we explain below),
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where we are suppressing the Lorentz structure of the
background field as well as of the generalized “propaga-
tor”. We note that for a scalar background, the right
hand side of (2) indeed denotes the complete fermion



propagator of the interacting theory at coincident co-
ordinates. On the other hand, for a gauge field back-
ground, the right hand side determines the current den-
sity of the theory which is related to the complete fermion
propagator of the theory through a Dirac trace involving
the Dirac matrix. In either case, we note that it is the
fermion propagator that is relevant in (2) in the evalu-
ation of the effective action. In the mixed space (where
the coordinates x have been Fourier transformed), we can
write (2) as
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m:S(t,t; ). (3)

Since the effective action is so intimately connected
with a determination of the fermion propagator and since
we are not interested in the zero temperature part of the
effective action, our proposal is to determine the complete
fermion propagator at finite temperature directly such
that

i) it satisfies the appropriate equation for the com-
i) it satisfies th iat ti for th
plete Green’s function of the theory,

(ii) it satisfies the necessary symmetry properties of the
theory such as the Ward identity,

(iii) and most importantly, it satisfies the anti-
periodicity property associated with a finite tem-
perature fermion propagator.

It is, in fact, the third requirement that is quite impor-
tant in a direct determination of the propagator. We
note that this last condition is missing at zero tempera-
ture which makes it difficult to determine the complete
propagator (independent of the problem of divergence).
When the theory is divergence free (so that it does not
need a regularization at zero temperature), this propa-
gator will be the exact fermion propagator and would
lead to the complete effective action including the cor-
rect zero temperature part. On the other hand, if the
theory needs to be regularized at zero temperature, this
propagator will not yield the correct zero temperature
effective action, but the finite temperature part of the ef-
fective action, which does not need to be regularized, will
be determined correctly. We now illustrate the method
with two examples.

Let us start with the 04 1 dimensional QED described
by the Lagrangian

L =(i0 —m — eA(t))¢, (4)

where the fermion mass can be thought of as a chemical
potential and in 0+ 1 dimension, the gauge potential has
only a single component. This is a simple model which
has been studied exhaustively [9, 10] in connection with
large gauge invariance [11] at finite temperature, but it
is quite useful in clarifying what is involved in our pro-
posal before we generalize to higher dimensions. As we
noted earlier, we work with the closed time path formal-
ism where the path in the complex time plane has the

form shown in Fig. 1. In the closed time path formalism
(in any real time formalism) [4], the degrees of freedom
need to be doubled and we denote the background fields
on the + branches as AL (t) respectively. Since t is the
only coordinate on which fields depend in this theory,
there is no need for a mixed space propagator and we
note that the complete fermion propagator of the theory
(ordered along the contour in Fig. 1 satisfies the equation

(i0r — m — eA(t))Sc(t, ') = 6.(t — '),

Se(t, ') (i0y + m+eA(t')) = =d.(t —t'), (5)
where the subscript “c” characterizes a function on the
contour and the derivative 9y in the second equation acts
to the left. On the contour, the step function is defined
naturally as [4]

O(t —t') if both t,t' € Cy,
n_ ) 0@ —1t) if both t,¢ € C_or € C,
Oc(t—1') = 1 ifteC_andt' € Cy, (6)
0

ifteCrandt € C_.

and we have §.(t —t') = 9:0.(t — ).
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FIG. 1: The closed time path contour in the complex t plane.
Here T — —oo, while TV — oo while 3 denotes the inverse
temperature (in units of the Boltzmann constant k). The two
branches labelled by 4 lead to the doubling of the degrees
of freedom while the final branch along the imaginary axis
decouples from any physical amplitude.

The equation (5) can be solved exactly subject to the
three requirements leading to the contour Green’s func-
tion of the form

Se(t,t) = e imi—ie[di0e(t=D)Ac(D)

% (6t — 1) = np(m+ E(ay —a))
( Far-a-n)

Xeimt/—i-ie fdf@c(t/—ﬂAc(ﬂ, (7)

where ng denotes the Fermi distribution function with
[ corresponding to the inverse temperature and we have
identified

o0

at = / dt AL (t). (8)

— 00

Although the phases in (7) can be combined to write
them in a simpler form in this case, we have chosen to



write it in this suggestive form which will generalize nat-
urally to higher dimensions where the propagator will
carry spinor indices. When ¢,t" are restricted to the ap-
propriate branches of the contour, this determines the
components of the full 2 x 2 matrix propagator of the
theory. Furthermore, it can be checked that this prop-
agator satisfies the Lippmann-Schwinger equation (the
perturbation expansion) [12] for the propagator. How-
ever, we do not go into the details of these which will be
published elsewhere.

The 0 + 1 dimensional theory is free from divergences
and, therefore, this represents the complete fermion prop-
agator of the theory in the presence of a background
gauge field. We can now take the coincident limit (¢ = ¢)
and integrate (2) to obtain the normalized effective ac-
tion of the theory which has the form

Feglay,a_] = —iln cos%

+itanh ﬁTm sin e(a%—a_) .(9)

This is the complete effective action of the theory which
reduces to the well studied action [9, 10] on C when we
set a_ = 0. However, being the complete effective ac-
tion, the action in (9) contains all the information about
retarded, advanced and other amplitudes as well. For ex-
ample, let us note from (9) that since I'eg = Tegrlar —a_],
the retarded n-point amplitude can be shown to vanish
(for a definition of retarded amplitudes, see [13]), namely,

n—1
dr=t=m qm \ dleglay —a_]
F(n) _ nflcm e +
R Z < da’}:lfm da™ day

m=0

ne1 A"Tetlat —a_]
da’}

(1-1) ‘:0, n>2, (10)

where the restriction stands for setting all the back-
ground fields to zero. Therefore, all the retarded (simi-
larly, advanced) amplitudes vanish in this theory. (The
one point amplitude is by definition a Feynman ampli-
tude.)

With this brief description of the derivation of the com-
plete effective action in the 041 dimensional theory, let us
next consider the fermion sector of the Schwinger model
[8] or massless QED in 1+ 1 dimensions described by the
Lagrangian density

£ = Tt 2" 00, — eAu(t.2)o(tx). (1)

The effective action for this model has been studied per-
turbatively at finite temperature [14] even in the presence
of a chemical potential [15]. Here we will derive the closed
form of the finite temperature effective action following
our method. We note here that the two point function in
the Schwinger model needs to be regularized at zero tem-
perature and, consequently, the zero temperature part
following from our propagator will not coincide with the
zero temperature effective action. However, our interest

is in the finite temperature part of the effective action
which is free from ultraviolet divergences. For complete-
ness we note that a simple point-splitting regularization
of the fermion propagator is sufficient to regularize the
theory and can be carried out even in our method. How-
ever, we will not do this since our main focus is in the
finite temperature part of the effective action.

The theory (11) is best studied in the natural basis
of right handed and left handed fermion fields (although
everything that we say can be carried out covariantly as
well as in the presence of a chemical potential). Defining
[16]

1 1
YR = 5(]1+75)¢7 ¢L=§(1—75)¢,

20+ 2!
at = 7 P+ =poEp1, O+ =0y %0,
Ay = Ap+ A, (12)

the Lagrangian density (11) naturally decouples into two
sectors described by the Lagrangian density

L =90y — eAy)yr + 9] (i0- —eA )yr,  (13)

where ¥, 11, here denote component spinor fields (no
spinor index left any more). While the zero temperature
regularization (anomaly) mixes the two sectors through
the two point function, at finite temperature we do not
have divergences and we do not expect the two sectors
to mix. Therefore, we can study the finite temperature
effective action in the two sectors separately.

Let us consider the theory only in the sector of the
right handed fermions in (13). This is very much like
the 0 + 1 dimensional theory. However, there is one es-
sential difference that makes the derivation much more
difficult, namely, the field variables depend on two coordi-
nates (¢, ) or equivalently on (z+,z7). We would like to
emphasize here that although we use the light-cone coor-
dinates for simplicity, the theory is still quantized on the
equal-time surface and the propagator is defined through
the time ordered Green’s function (namely, we do not
use the statistical mechanics of the light-front [17]). As
we mentioned earlier, the finite temperature derivations
become a lot simpler in the mixed space. Thus, Fourier
transforming the £~ coordinate, the action for the right
handed fermions takes the form (the conjugate variable
to 2~ should be p_, which we write as p for simplicity)

d
S = 2 [ S e, ) 101 vma )

27

As a result, we recognize that the equation for the
Green’s function will involve a convolution. It is best
described by introducing the operator notation for the
Green’s function as well as the gauge potential

—e [ A - B ). (9

St atip) = / B oSt )R,

21

Ar@@tp—k) = (plAs(zh)]k), (15)



so that the equation for the Green’s function on the con-
tour takes the (operator) form (see also (5))

(i0y — eAc(z))S(at, /) = %50(:10"’ —a'"),
Sxfhf+xw;+eAxyﬂ)=—554x+—x%)a@

The solution to (16) satisfying the Ward identity as
well as the appropriate antiperiodicity condition can be
determined to have the form

Su(at,at) = e~tefde (e —aA (")
“(F) (et -+ 02)
xeie ] 4ot be(@ -zt A (a"), (17)
where

O, =1-20%+1)7!

)
. ielay () =y () gr feliy(gy—ai())
O?F = e 2 2 2

e , (18)

e

with K denoting the momentum operator and ((£) with
the parenthesis denote the thermal indices while + with-
out the parenthesis represents the light-cone component
of the background field)

oo

d+(i) = /d$+ A+(:|:)($+)- (19)
It can be checked that this complete propagator satis-
fies the Lippmannn-Schwinger equation. Furthermore,

setting 7 = 2T and using (3) we can determine the
normalized effective action in the right handed sector to

be
dpdk
TRer = [ da*
v = fat | (2m)?

(O4 + 07
2

K
x (p| In — In cosh % |k). (20)
The thermal part of this effective action has the right
(delta function) structure that had already been observed
in the perturbative calculation in the right handed sec-
tor [14] which is a consequence of the Ward identity in

the theory. In fact, the expansion of this effective action
agrees order by order with the perturbative result. The
effective can similarly be determined for the left handed
sector to be (here p, k should be understood as the conju-
gate variables to #T which should be written as p,, k4)

5 A—1
x(p|h1£§z:—%§§2:—l -hlcos}1@;5|k>,(21)

with @_ obtained from @, in (18) with

Gy (x)(27) = a_x)(a7). (22)
Once again, this effective action has the right (delta func-
tion) structure as in the perturbative calculation and
agrees with the perturbative result order by order. The
finite temperature effective action for a 1+ 1 dimensional
fermion interacting with a gauge background can, there-
fore, be obtained from

Teg =Trer + 'L e (23)

which, of course, leads to the perturbative result order
by order, but the effective action being a functional of
(@4 (4+) — Gx(—)), it can be checked as in (10) that all the
retarded amplitudes in this theory vanish. This should
be contrasted with the fact that this is only known ex-
plicitly up to the 3-point function in perturbation theory
(although believed to be true for all amplitudes).

In summary, we have proposed an alternative method
for determining the finite temperature effective action for
fermions interacting with a background field by determin-
ing the complete fermion propagator directly by using
the anti-periodicity appropriate at finite temperature in
the closed time path formalism. We have illustrated how
our proposal works with the examples of the 0+ 1 dimen-
sional QED as well as in the case of the Schwinger model.
We have only sketched the derivation without too many
details in this paper. The details of the calculations as
well as other aspects of this analysis will be published
separately.
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