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Today in Astronomy 241: spacetime near 
Schwarzschild black holes

Today’s reading: 
Carroll and Ostlie
pp. 648-661, on

Spacetime, orbits, 
forces and tides 
near nonspinning
black holes. 
Hyperspace
Black holes have 
no hair

Tidal disruption of a star by a massive black hole (Chandra X-ray 
Center, CfA/NASA)
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Black holes

The interval in the Schwarzschild metric is singular  for

Implications of the singularity:
At r = RS, proper time intervals are zero: clocks stop.
The coordinate speed of light (dr/dt for ds = 0) is zero: light 
cannot escape.
Thus no information can reach a distant observer from 
this radius or closer.

The surface described by the singularity is called the event 
horizon; the resulting object is of course called a black hole.
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Interesting facts about (Schwarzschild) black holes

Time appears (to a distant observer) to stop at the event 
horizon. Consider fixed
as in problem 1 last class: 

Light travelling radially outward from the event horizon 
appears to be frozen. Consider
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Gravitational time dilation near a black hole
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Interesting facts about black holes (continued)

r doesn’t mean what you think it does. It only corresponds 
to circumference/2π in the frame of reference of a distant 
observer. Consider, for instance, a observer near a black 
hole measuring the radial length of an object with a 
measuring tape, and a distant observer doing the same 
with surveying techniques:

The circumference of a circle centered on the black hole is 
the same for local and distant observers, though.
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Gravitational space warping near a black hole
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Circular orbits in flat space (all in the same plane)
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Distances between the orbits:

x

y
Local and distant observers 
would report the same 
distances.
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Circular orbits in space warped by a black hole, same 
circumferences as before (still all in same plane)
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Horizon
(circumference = 2π)

Distances between the orbits, 
measured by a local observer:

x

yThe distances would still all 
be 1, in the viewpoint of a 
distant observer. 
Circumferences are the same 
in both viewpoints
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To connect these circles 
with segments of these 
“too long” lengths, one 
can consider them to 
be offset from one 
another along some 
imaginary dimension 
that is perpendicular to 
x and y but is not z. (If 
it were z, the circles 
wouldn’t appear to lie 
in a plane!). Such addi-
tional dimensions 
comprise hyperspace.

Hyperspace

One way to visualize warped space: “hyperspace”
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Embedding 
diagrams

C

This is why you often see the 
equatorial plane of a black 
hole represented as a funnel-
shaped surface, as if made 
from a stretched rubber 
sheet. It’s important to note 
that the direction of the 
stretch is in hyperspace, 
though, so the scene would 
not look like a funnel to your 
eyes, which see just the three 
usual spatial dimensions.

Circle drawn
in rubber sheet

Stretch!

2r C π
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Interesting facts about black holes (continued)

The coordinate speed of a body in circular orbit around a 
black hole is                       same as for Newtonian gravity. 
Orbits with coordinate radius < 3RS are unstable to small 
perturbations (cf. Problem 16.15).
There are no orbits with coordinate radius < 1.5RS; at this 
radius the local orbital speed is the speed of light (cf. 
Problem 16.16), and smaller orbits would require higher 
speeds.
• Thus you can’t orbit there, because your rest mass isn’t zero, but if 

you could, you could train your binoculars straight ahead (in the 
φ direction) and see the back of your head.

• To get closer to the horizon, one would have to descend vertically 
and balance gravity with thrust, as in a rocket launch.

,v GM r=
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Interesting facts about black holes (continued)

Gravitational acceleration in the Schwarzshild metric 
turns out to be

which has its familiar Newtonian form at large distances 
but blows up at r = RS = 2GM/c2. Thus, in a vertical 
descent to a hovering position just above the horizon, very 
large gravitational accelerations would be encountered.
Tidal forces, though, turn out the same in the 
Schwarzschild metric as they do in Newtonian gravity.
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Interesting facts about black holes (continued)

Tides for an object of (proper) length ∆r in the radial 
direction and ∆x in the crosswise directions:

For a 2 m person and a 10 M BH, the radial tidal 
acceleration at the event horizon is 2×1010 cm sec-2

(2×107g). It is 1g for a 4.6×104 M BH. Thus if you want to 
fall freely past the horizon of a BH to see what happens, 
choose a large one, so as not to be torn apart before you 
get there.
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Interesting facts about black holes (continued)

Within r = 1.5 RS, all geodesics (paths of light) terminate at 
the horizon.

Thus: from near the horizon, the sky appears to be 
compressed into a small range of angles directly 
overhead; the range of angles is smaller the closer one is 
to the horizon, and vanishes at the horizon. (The objects in 
the sky appear bluer than their natural colors as well, 
because of the gravitational Doppler shift.
Space itself is stuck to the horizon, since one end of all the 
geodesics are there. If the horizon began to rotate, the 
ends of the geodesics would rotate with it. (This 
harmonizes with time stopping there.)
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“Black holes have no hair”
Meaning: after collapse is over with, the black hole horizon is 
smooth: nothing protrudes from it; and that almost everything 
about the star that gave rise to it has lost its identity during the 
black hole’s formation. No “hair” is left to “stick out.”

Any protrusion, prominence or other departure from 
spherical smoothness gets turned into gravitational 
radiation; it is radiated away during the collapse. 
Any magnetic field lines emanating from the star close up 
and get radiated away (in the form of light) during the 
collapse.
The identity of the matter that made up the star is lost. 
Nothing about its previous configuration can be 
reconstructed.
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“Black holes have no hair” (continued)

Even the distinction between matter and antimatter is lost: 
two stars of the same mass, but one made of matter and 
one made of antimatter, would produce identical black 
holes.

The black hole has only three quantities in common with the 
star that collapsed to create it: mass, spin and electric charge.

Only very tiny black holes can have much electric charge; 
stars are electrically neutral, with equal numbers of 
positively- and negatively-charged elementary particles.
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Today’s in-class problems

1. Show that the circumference of a circular orbit around a 
black hole is the same for an observer in that orbit as it is 
in the view of a distant observer. 

2. (Left over from last class…) Consider identical clocks 
provided to an observer on Earth’s equator and to a 
satellite in an equatorial, 12-hour orbit. Derive an 
expression for                         the relative rates of the flow 
of time at the two locations. 
Suppose the clocks are synchronized at some particular 
time. By how much does the satellite’s clock differ from 
the observer’s clock, 24 hours later (on Earth)?

,sat Earthd dτ τ
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Today’s in-class problems (continued)

3. Lemma. A rock falls a short distance                  radially, in 
Schwarzschild geometry. 
A. Find the elapsed proper time (on the rock’s wristwatch) 

in terms of the elapsed coordinate time t and the 
average position
B. Show that the derivative of elapsed proper time with 
respect to elapsed coordinate time is 
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