Today in Physics 218: electric dipole radiation II
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Far-field radiation from an oscillating electric
dipole

Last time we found that the scalar potential for an oscillating
electric dipole is

6 7
V:IOOCOS cosa)(t—lj—powcos sina)(t—lj ,

2 C rc C

where py =god, and g is the amplitude of the two separated
electric charges. There are at least two interesting limits in
which to view this solution:

d DC (@ =0). Then we get a familiar result:
po cosd
VDC = 2 ’
r
the same as we got in PHY 217 for a static electric dipole.

(http:/ /www.pas.rochester.edu/~dmw/phy217/Lectures/Lect 20b.pdf).
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Far-field radiation from an oscillating electric
dipole (continued)

d High frequencies and large r. In this case,

Far field

(or “radiation zone”)
so that all told we have assumed r > 1/27 > d.

That makes the second term in V much bigger than the

first: s
Vead (T,H,t):—po sina)(t—ﬁj

r>»>clo=2112r |,

rc C

Meanwhile, the current in the wire that connects the two
charged conducting balls is

d
=4 —qowsinwt

dt
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Vector potential for an oscillating electric dipole

so the retarded vector potential, in the far field, is
1¢clde 1 dj'z qowsino(t—u/c)zdz’

Aad =C15070C ,
—d)2
The range of integration isn’t much compared to the

distances involved in the integrand. Consider, therefore,
a

jF(x)dx:f(a)—f(—a) for smalla (<« 1):

a-+...|— +d—f —a)+...
| Hf(t)) B }

) Note that z=0
0/

means « =r.
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Vector potential for an oscillating electric dipole
(continued)

Th .
" qowsino(t—r/c)z  powsinw(t-r/c),
Apaq =—d - 2
rc rc

Let’s convert this to spherical coordinates, to match the
expression for V:

poa)sina)(t—r/c)( A )A

—@sin@+1rcosd
rc

Arad -

- poa)siné’sina)(t—r/c)é -

re

powcosfsina(t-r/c)
~ r

rc
From here it’s a straightforward matter to get the fields:
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Radiated fields and intensity for an oscillating
electric dipole

po_yy_ loA_ V. 10V, 104
c Ot or r 00 c Ot

2
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Radiated fields and intensity for an oscillating
electric dipole (continued)

Similarly,
1| 0 0 ~
B = A=—|—(rAp)——A
v r[@r(r 9) ol r}¢
- Poa’_ .0 - _sina)(t—r/c) 0 1.
=" smﬁar(sma)(t r/c)) ; a@cos@ ¢

sindsinw(t—r/c) |
_ Po® —a)siné’cosa)(t—r/c)+ ( / ) 0,
rc c r
po®| o . - | 2 pyw”® sin
= -~ sm@cosa)(t—r/c) ¢ =-¢— cosa)(t—r/c)
rc | ¢ C r
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Radiated fields and intensity for an oscillating
electric dipole (continued)

Since k = w/c,pg = ppz, and r Xz = ¢,we can write a more
compact equivalent to these formulas:

B =k? (foO)Slnecosa)(t—lj ,
r c

E=Bxr

Both E and B are perpendicular to 7. Since the cosw(t—r/c)
factor makes this a wave that travels toward +r, the far-field
radiation from an oscillating electric dipole is a transverse,
expanding, spherical wave.
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Radiated fields and intensity for an oscillating
electric dipole (continued)
The Poynting vector for these radiated fields comes out rather
simply:

2
2 .
C c | ppo~ sinf
S=—FExB= cos t—r/c
4 4%( 2 } ( / ) X9

C r
Noting that 6 ><¢? = 7, and recalling that <cos (wt—95) > =
this gives us

2 )2 p

¢ | pow sin
S)= =]
<>8ﬂ(c2)(7’jrr
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Radiated fields and intensity for an oscillating
electric dipole (continued)

Contour map of the
magnitude of the Poynting
vector as a function of time,
for an oscillating electric
dipole. Animation by Akira

20+

Hirose, U. Saskatchewan.

Prof. Hirose’s animations can
be found at:

http:/ /physics.usask.ca/~hirose/ep225/radiation.htm
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Radiated fields and intensity for an oscillating
electric dipole (continued)

A convenient way to envision
the 3-D distribution of this
radiated intensity is to plot, in
polar coordinates, the intensity
for a given distance r.

O Because of the sin? §factor,
the intensity is largest for
pointing toward 6 = /2,
and is zero along the z axis.
In between it looks like the
plot on the right.

I  sin? @
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Radiated fields and intensity for an oscillating
electric dipole (continued)

d For example: the intensity

travelling at 8 =30° (sind =1/2) 1-

is half the intensity at

0 = 45° (sind = 1//2),
though in each case the
direction is radially
outward, and the fields are
still transverse
(perpendicular to r).

I  sin? @
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Radiated fields and intensity for an oscillating
electric dipole (continued)

d These kinds of polar plots,
that show which way the
radiated intensity is greatest,
and by how much, are often
used to describe the
directivity of antennas more
complicated than the dipole.

d Here, for example, is what
you’'d get for ten dipoles in a
row, spaced A/4 apart with
phase shifts of 7z/2 between
consecutive currents (from
Kraus, Antennas, 3" edition).
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Total scattering cross section of a dielectric sphere

The total power emitted by a dipole is computed by
integrating the Poynting vector over any surface that encloses
the dipole, like any sphere for which the radius puts it in the

far field:

2 4
<P>=J<S>-da:p0w Jsm Hf’ r< sin 0dOdgr

87[(:3 r2

427 7«

4
_po@ = [ dg[aosin® 6= p0w3 2r poa;
87> 5 87c 3 3¢

4

It doesn’t matter how this dipole is made to oscillate; once it
does, though, it will radiate as described, with the total
power given above.
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Total scattering cross section of a dielectric sphere
(continued)

Suppose, instead of the dipole we started with, we have a
dipole induced by an oscillating external electric field Ejy cos wt
— for example, a small dielectric sphere, with radius a small
enough to consider that there is no delay in propagation of

the field across it. The dipole moment of such a sphere is

p= 4?ﬂa‘o’P = 4{61316E0 CoS wt = p( cos wt

Suppose furthermore that the external electric field is
supplied by a plane electromagnetic wave that’s passing by
the cube. The power radiated by the dipole is thus traceable
back to the incident wave: the cube has scattered some of the
incident light, due to radiation by the induced dipole
moment.
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Scattering of electromagnetic plane-wave power by
a dielectric sphere

OOOOO
lllllllllllll
o ® o
o Ce
Chd .o
° -

-
OOOOOOOOOOOOOO
R -
o Ce
® ®e
.

‘.‘ “
Ld ‘.
i .
Py
v L]
ooooo
llllllll
Ld -
L4 -
L d -
o -
L4 .
L d .
. .
4 .
4 Y
g . R
’ .
.
[ I} .
] o .
o .
. . .
oo
. . 000 ®e . .
. . . 00 ° .
. . o . . .
. . g . . .
. . . . . .
M o L] . . []
s v v N N ]
. . . . . .
. . . o . .
L] [} A o . N
(] . . o
. . ‘e P4 e ]
- o o ]
. Se- ) .
.
. . o
. o
. o
. o
b o
4
A o
. .
. o
. .
LI PR
.. “
.o .
OOOOOO
ccee
S r
g
.
.‘ ‘.‘
‘.‘ ‘.
- "

-
.
nnnnnnnn
ooooooooooo

000
00000
.o o ®
llllll
-
OOOOOOOOOOOOOOO

16

Physics 218, Spring 2004

5 March 2004



Total scattering cross section of a dielectric sphere
(continued)

It is customary to relate the total power in scattered light to
the intensity of incident light by

P

scattered — Gscll ’

where o is the total scattering cross section of our dielectric
sphere.

d o, has units of area; one can think of it as something like
the area of the shadow cast by the dielectric sphere.

[ Note, however, that in general this area can be very
different from the geometrical cross-sectional area of the
object that does the scattering.
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Total scattering cross section of a dielectric sphere
(continued)

In the present case of the dielectric sphere,

2 6.2 4
(Ar T a o0 o B C .0
<P>—(?j e Eo—GscII—UscgEo , O

3 6.2 4
Gsc:2(4—ﬂj 4 2e®

3 c*

O Note that it’s not 742,

[ Note especially the strong dependence on angular
frequency. This will be the crucial point of our discussion
next lecture.
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