Today in Physics 218: radiating systems

d Multipole expansion for
the potentials in radiating
systems

 Radiation field in the
dipole approximation

J Radiation by accelerating
charges: the Larmor
formula

The Crab Nebula, M1 - the remnant of the supernova of 1054 - emits much of its
visible radiation by acceleration of electrons in magnetic fields. (Palomar
Observatory photo.)
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Multipole expansions for potentials in radiating
systems

It’s time to move on to more
complicated radiating systems
than dipoles, so let’s go back to
our volume full of charges and
currents, and ask again what
the potentials and fields are at
some location r in the far field.
Start with:
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where, as usual, » = \/r2 1'% _0pp = r\/l— +
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Multipole expansions for potentials in radiating
systems (continued)
If we're a long way from the charges and currents (r' < r),

we can expand «in a series and make a first-order
approximation:
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Multipole expansions for potentials in radiating
systems (continued)

Since the r-r' term is much smaller than the other two terms
in the time argument, we can fruitfully expand in a Taylor
series about f; =t—r/c to make another first-order
approximation:
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where the dots indicate differentiation by time. Suppose that
the system is oscillating, so that p(#',t)= pg (')sin ot :

p(r',t—ij = po (r')sinwt + wp (') cos wt rr
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Multipole expansions for potentials in radiating
systems (continued)

Thus the ratio of amplitudes of successive time derivatives is
o, and the ratio of successive terms in the series is r'w/c.
In the far field, r'o/c <« 1, so a first-order approximation for

the charge density is appropriate:
r-r

' ‘L ' oW
,0(1" ,t—;j:p(r ,t0)+p(r ’tO)T—C ’

and thus to first order in r'/r and r'w/c, the retarded scalar
potential is

R pRead €Y P

Y r r

Multiply it out:
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Multipole expansions for potentials in radiating
systems (continued)

V(r,t)= 1_[,0(1’ tg ) dz’ +L jr 'p(r',ty)dr’

,
_[ (7', tg)dr’ —W

Now let Q = J.,Odf and p = jr pdr', and note that Second

order!
5 ( . ) 8,0 Op Oty  Op
Vot oty ot ot

Virnt=Qep P Pl

r r rc

17 March 2004 Physics 218, Spring 2004



Multipole expansions for potentials in radiating
systems (continued)

These are the first terms in the multipole expansion of
radiating systems - through the dipole terms. For quadrupole
terms, keep through second order in r'/r and r'w/c.
Some features of this result:
 The charge term, Q/r, is constant (charge within Vis
constant!), so it doesn’t lead to radiation.

 Both of the dipole terms do, though. In the far field, the
second term is larger than the first:
y p(t-r/c) . p(t—r/c)

5 L7r: in the far field,
4 rc

just as was true for the similar terms in the pure-dipole
case (see lecture notes for 5 March 2004).
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Multipole expansions for potentials in radiating
systems (continued)

We can apply the same reasoning to the retarded vector
potential A:

r't— ey !
a0 =1 P g 2 3 20 e
C <4 C Y, 7 r 2
The first term we get when we multiply this out is
L07(r t-vje)ar

rc
)%

We showed, in PHY 217 (problem 5.7) that
[1(r.tyae =2,
'

dt

where p is the total dipole moment for everything in V.
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Flashback: solution to problem 5.7

We are given a hint to evaluate I V- (xf)dr:

)
|V-(x)dr = [xV-Jdz+ []-Vxdr  (Product Rule #5)
% % %

Cj‘)x] -da = —j x%—'? dr + j J.dr (div. thm., continuity)
S V )%

O:—ijpxdr+jlxdr (J]=00onS)
dtV V

d

j]xdz- = Px
5 dt
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Flashback: solution to problem 5.7 (continued)

Similarly,
_[] dZ'—— I]zdf__pz
1%

Multiply these three results by their corresponding unit
vectors and add them up:

d
][ Jar=—1p (QED)
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Multipole expansions for potentials in radiating
systems (continued)

Thus the first term in the expansion for A is

1 ](r',t—m/c)dr’:lja
rc

rc

All the other terms contain higher powers of r'/r than this
term, and are therefore smaller. These other terms are similar
in size to the terms we neglected in the expansion of the
scalar potential. Thus, to the same order of approximation as
the above expression for V,

1 .
A(r,t);r—cp

(Just as in magnetostatics, there’s no monopole term,
radiating or not.)
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Radiation field in the dipole approximation

Now we can compute the fields at point r:

E(r,t)=-VV -
C

;%—V(f\.{(g;\ric)]_v[;.P(t;f/C))_ﬁ(f—zr/C)

No Smaller than the next term, in the far field

radiation
— Erad (T’,t) = —V[?. P(t—i’/C)j_ p(t—ZT/C)
rc

rc
Use the chain rule: A
%
V= (Vto) (V[t r/c]) —%a ;
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Radiation field in the dipole approximation

(continued)
r-p(t—r/c). p(t—r/c
= E.q(rt)= (2 )r— ( 5 )
re re

Now for B. Without loss of generality we can line the z axis
up with p(t—r/c):

1 AL
Biag =VxA= _TCZ (—P¢3+PQ¢)
:——12 f'xﬁ(t—r/c)
rc

Now use z=rcos@—60siné:

P = 2 = P cos O — HOsin O
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Radiation field in the dipole approximation

(continued)
SO .. 0 N 9 6A? 0 O 5 sing
pcost . prcost—plsin p sin@ -
Erad (r,t): 5 — ) — 7 6 p
rc rc C r
and B..4 :—%f'x(f’cosﬁ—ésinﬁ)z 792 s1n<9¢?
rc c T

Compare these results to those obtained in lecture on 5 March
2004 to see that this reproduces our previous results, for the
case of a “pure” dipole.
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Radiation by accelerating charges: the Larmor
formula

The Poynting vector corresponding to these fields is

1 $*sin?0 5 - 1 p*sin’4.

C
S=—ExB=—"-""TOxp=—"0""""1% |

4 4 ¢ a 4w ¢ r

and the total power emitted by the charges and currents
within Vis

Integrate over any area in the far field
P = IS -da that completely encloses V
.2 . 9
1 sin“ @ . .o .
= j P TR — #r° sin 0dodg
4 c° 7
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Radiation by accelerating charges: the Larmor
formula (continued)

Consider, as an example of the application of this fairly

general formula, the case of an electric dipole, but a different
one than we treated before.

d Two opposite charges connected with a spring, so that the
dipole-moment variation comes from the motion of the
charges rather than changes in the magnitude of the

charges:
p(t)=4qz(t)z
2 2 2
ﬁ(t):qﬁi qai = |P= 24q°a | Larmor
dr2 3 3 formula
Electromagnetic radiation is generated by accelerating
charges.
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