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Today in Physics 218: the electromagnetic field
tensor

Q Relativistic
transformations of E and
B.

U Example of the use of the
transformations.

0 The electromagnetic field
four-tensor.

X-ray image/artist’s impression of the quasar GB 1508+5714, by A.
Siemiginowska/M.Weiss with the Chandra X-ray Observatory
(CfA/NASA).
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Transformation of E and B in special relativity
(continued)

z
Last time we found, from the

example of infinite charged

sheets moving according to

that shown at right, that field
components in our frame and

that of an observer moving at
velocity vx are related by Yo

E,=7(E,~BB.) . Y

B, = }/(Bz 715Ey)
Now orient the planes in
other directions, to isolate
other field components.

X

Planes infinite; only
fragments shown.
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Transformation of E and B in special relativity
(continued)

We'll just sketch the results for the z
other two orientations with motion
along x. First this one, for which

E=4ncz=E,z

in our frame. The
charge and current
density have the Oo* x

same magnitude in the moving observer’s frame that they
had before, so

E. :y(E@By) . By :7(31@52)
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Transformation of E and B in special relativity
(continued)
In this case we and the

moving observer see the same
charge and current density, so

+o

E =E, . -
Unfortunately there isn’t a
current, or a magnetic field, in —
either frame. But we can Y
produce a situation with
constant magnetic field that
will serve:
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Transformation of E and B in special relativity
(continued)

Same reference frames as before, but
now a long solenoid carrying current I,
with n turns per unit length and its axis
along x, at rest in our reference
frame:

B= 4nl

c

x=B,x

The moving observer sees the ¥

length per turn contracted, and
thus the turns per unit length
increased:
=yn . Solenoid infinite; only
fragment shown.
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Transformation of E and B in special relativity
(continued)
But the moving observer also sees clocks in our frame

running slowly (time dilation), so he/she sees a smaller
current than we do:

I= Ily
—  4myn(I
s0 Bx:M:4ﬂnI:Bx
c c
Collect them all:
7x =E, , Eu =7(Ey ﬁBz) ’ Ez =7(Ez+ﬁBy) ’
Ex =B, , 7y :7(3y +IBEZ) ’ Bz :7(Bz+ﬂEy)
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Transformation of E and B in special relativity
(continued)

Or more compactly: if v is the velocity of the moving
observer with respect to us, and g =v/c, then

E=E , E =y(E +8xB}) ,
B/ =B, , B, =y(B.-BXE]) ,
where || and L mean parallel and perpendicular to v.

O This transformation, in which the parallel components are
left unchanged and the perpendicular components
undergo a more complicated transformation, reminds one
of the transformation of quantities like velocity and force,
not like four-vectors - it isn’t possible to construct a four-
vector from E and/or B.
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Transformation of E and B in special relativity
(continued)

Special cases:

A B =0in our frame. Then, plugging into the “compact”

result,
B=—yBxE
O E = 0 in our frame. Then,
E=j)8xB
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Griffiths problem 12.45: Two charges;tg, are on parallel
trajectories a distance d apart, moving with equal speeds v in
opposite directions. We're interested in the force on +4 due to
-q at the instant they cross. Fill in the following table, doing
all the consistency checks you can think of as you go along.

Our rest +q rest frame | -q rest frame
frame (A) | (B) ©)
Eat+gdueto-g
B at+g dueto-g
Fon +q due to -q
21 April 2004 Physics 218, Spring 2004 9

(c) University of Rochester 3



Physics 218, Spring 2004 21 April 2004

Example (continued)

Solution: In the rest frame of -g, the fields at and force on the
other charge are easily obtained

q -

Ec =Y
BC =0 ,
q
Fe=gE=—3y
In our frame, for which 74 = 77—,
1—212/c2
7 97a 3 qrab
E a=7aEyc= e B, a=7aPEyc=- ol
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Example (continued)

and all other components zero; or
E oo 9, g, __9B;

The force in our frame is therefore
F=qE+qB8xB ,
2 2 2
YA & raB . 7 2\~
E4 :—qd—szﬁ-ﬂqT?xxz:—qd—zA(lﬁ—ﬁ )y
The velocity of +4 relative to g is

v+v 20
UB=—%75="575
1+vz/c2 1+v2/c2
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Example (continued)

2/2
50 _ 1 71+U /C :}/[2‘(1+‘02/C2)

7B = T 22
2 -
L 20/c 1-v /c
1+v2/c2

Using the field transformation again, this time between
frames C and B, we get

7 7B 7 788
Ey,B :7BEy,C :_da ;B :7BﬁEy,C -1 , or

d2
Eg :*diz%%\ (1+9*/2)i . Bg :*Z*fhz\ (1+07/%)2
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Example (continued)

In frame B the positive charge is not moving, so there’s no
magnetic force:

~ 2
Fp=qEp =—277i(1+02/cz)9
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The electromagnetic field tensor

So we can’t make a four-vector out of E or B. What can we
make?

O The fields have six independent components that
transform in a way rather more complicated than four-
vectors do.

O What kinds of tensors have this many independent
components?

¢ Second-rank four-tensors have sixteen.

* Symmetric ones have ten.

* Antisymmetric ones have six:

t - ...so the diagonal

uv = "t
elements are zero.
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The electromagnetic field tensor (continued)

U Second-rank four-tensors Lorentz-transform with two
applications of the matrix:

n KA
EA = AU A

where, for motion along x as we considered when
deriving the field transformations,

v - 00
-y 00
A=
0 0 10
0 0 01
Multiply it out: for example,
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= AGATEOT L ATAGO

:—yzﬂ(t01+t10):0 )

= AGAJEOL £ ATAQHO

The electromagnetic field tensor (continued)

o ATAREO0 + ARATOT + ATAGAO 4 ATALAE

F10 = ADAGE + AFADEOT - ATAGE0 + ATAY

21 April 2004

= (B2 O 20 = )2 (1—/;’2)t1° =410

O And so on. Here's the full set:
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The electromagnetic field tensor (continued)

?01 _ tOl/

723

1= =t

23
’

702 :7(t02 —/i’tlz),

71 :y(t31 +ﬂt03),

703 :7(t03 +/3t13)

732 _ },(t32 7ﬁt02)

Miraculously, that’s just like the way the fields transform, if
we identify the components of an electromagnetic field
tensor, F#V, as follows:

FoL -E,, 2 _f
F2-B

z7

Y’

F13 -_B,, F23 -B

v

rB-g

z7

X
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The electromagnetic field tensor (continued)
In full matrix regalia,
e 0 E E, E
. FO© F p2 pB3) |-E, 0 B, -B,
F0 p2 op2 B3| -E, -B, B,
p30 p31 p2 38| (-E; B, -By
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