
Relativistic Quantum Mechanics

Homework 4 (solution)

October 22, 2007
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We are looking for a unitary transformation (U, V) such that

γµM = U†γµPU (1)

and
γµW = V †γµPV (2)

With U† = U−1, V † = V −1.
Dirac basis:

γ0 =
(

1 0
0 −1

)
, γi =

(
0 σi
−σi 0

)
, γ5 =

(
0 1
1 0

)
,

γ0
M =

(
0 σ2

σ2 0

)
= γ0γ2 = U−1γ0U (3)

⇒ Uγ2 = −γ0Uγ0 (4)

γ1
M =

(
iσ3 0
0 iσ3

)
= −γ1γ2 = U−1γ1U (5)

⇒ Uγ2γ1 = γ1U ⇒ Uγ0γ1 = −γ0γ1U

⇒ {U, γ0γ1} = 0 (6)

γ2
M =

(
0 −σ2

σ2 0

)
= −γ2 = U−1γ2U (7)

⇒ −Uγ2 = γ2U ⇒ {U, γ2} = 0 (8)

γ3
M =

(
ıσ1 0
0 −iσ1

)
= γ2γ3 = U−1γ3U (9)

⇒ {U, γ0γ3} = 0 , [U, γ1γ3] (10)

U can be written as a linear combination of Dirac matrices Γα.
1, γ2 don’t anti-commute with γ2, γ5γ

µ does when µ = 0 and σµν when ν = 0
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so we are left with 8 matrices γµ6=0, γ5, γ5γ
2, σµ2.

Out of them only γ2 and σ02 satisfy the remaining conditions, therefore U can
be written as:

U = c1γ
0 + c2γ

0γ2 (11)

or
U =

1√
2
γ0(1 + γ2) (12)

Weyl representation:

γµW =
(

0 σµ

σ̃µ 0

)
(13)

γ0
W =

(
0 1
1 0

)
= γ5 (14)

γiW =
(

0 σi
−σi 0

)
= γi (15)

γ0
W = V −1γ0V ⇒ V γ5 = γ0V (16)

γiW = V −1γiV ⇒ [S, γi] = 0 (17)

Only 1 and γ5γ
0 satisfy the above, so

V = c11 + c2γ5γ
0 (18)

or
V =

i√
2
(1 + γ5γ

0) (19)
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2.1

|γ5 − 1λ| = 0 ⇒

∣∣∣∣∣
−λ 0 1 0
0 −λ 0 1
1 0 −λ 0
0 1 0 −λ

∣∣∣∣∣ = λ4 − 2λ2 + 1 = 0

⇒ λ = ±1 (20)

γ5 has doubly degenerate eigenvalues and its eigenstates are:

e1 =


0
−1
0
1

 , e2 =


−1
0
1
0

 and e3 =


0
1
0
1

 , e4 =


1
0
1
0

 (21)
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2.2

PL =
1
2
(1− γ5), PR =

1
2
(1 + γ5) (22)

P 2 =
1
4
(1∓ γ5)(1∓ γ5) =

1
4
(1∓ 2γ5 + γ5γ5)

=
1
4
(1∓ 2γ5 + 1) =

1
2
(1∓ γ5) = P (23)

2.3

Acting on Dirac Eq.
P (iγµ∂µ −m)ψ(x) = 0 (24)

Also
{γ5, γ

µ} = 0 ⇒ {P, γµ} = {1
2
(1∓ γ5), γµ} = γµ (25)

So,

PL(iγµ∂µ −m)(ψL(x) + ψR(x)) = 0 ⇒PLψ=ψL= iγµ∂µψR −mψL = 0
⇒ p/ψR −mψL = 0 (26)

Similarly
p/ψL −mψR = 0 (27)

The two equations decouple in the ultrarelativistic limit (m→ 0).
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Discussion and derivation here (by Hsin-Chia Cheng, University of California).
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http://www.physics.ucdavis.edu/~cheng/230A/RQM7.pdf

	
	
	
	
	

	

