Relativistic Quantum Mechanics
Homework 6 (solution)

December 4, 2007
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coshw = v = ——
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1.2
Symmetries of p* = (p,0,0,p) commute with Py — Ps.
[Po — P3, M12] =0 (4)

[Po — P3,11;| = [Py — P3, Moy — M;3]

=0
[Py — P3,1I5] = [Py — P3, Moy — Mas] =0

A rotation on the x-y plane around z-axis leaves p* = (p, 0,0, p) invariant (eq.
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Also,
2
AF = g—a(Mo1—Miz) _ ,—aMor oMz, % [Mo1,Mis] (8)
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or

2
AH = e—aMoipaMis o~ % Moz —
v

coshaw  —sinha 0 0 1 0 0 0 cosh%2 0
_ —sinha. cosha 0 0 0 cosa 0 sina 0 1
- 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 —sina 0 cosa —sinha; 0
(first boost along z-axis, then rotation about y-axis, then boost along x-axis)
Similarly,
AF = e*a(M02*M23) — efaMozeOéMme%Q[Mon\/st] (9)
or
AP = e*aJWozeaM%e*%Mo.a —
coshaw 0 —sinha 0 1 0 0 0 co:sh%2 0
_ 0 1 0 0 0 1 0 0 0 1
o —sinhae 0 cosha 0 0 0 cosa sina 0 0
0 0 0 1 0 0 —sina cosa 752'”}1%2 0
(first boost along z-axis, then rotation about x-axis, then boost along y-axis)
2
In 2+ 1 D we have
ot = (t,z',2%), nu = diag(l,—1,-1) (10)

and an infinitesimal transformation dz* (translations along all axes, boosts along

2!, 2% and a rotation in the z!-2? plane)

szt = et + Wt z¥ (11)

The associated vector field is

R(e,w) = —("8, + w'x,0,) (12)

There are 6 independent generators; 3 translations (p,), 2 boosts (Mp;) and 1
rotation (Mj2) with commutation relations

[p;u Mua] = NuvPo — NuoPu (13)
[puapu] =0 (14)
p? = n"pupru is the Casimir of the group
p?,pu] =0 (15)
[PQ, M;w] =0 (16)
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3
3.1

The Lagrangian of a free relativistic point particle of mass m is

where

and
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not graded
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A massless particle has a constant velocity ¢ (or momentum p = 1/)) and
the Lagrangian would be a constant since its motion is simply a straight line.
A massless field instead can be described by

and
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