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Notes 23
Fine Structure in Hydrogen
and Alkali Atoms

1. Introduction
In these notes we consider the fine structure of hydrogen-like and alkali atoms, which concerns
the effects of relativity and spin on the dynamics of the electron. Both these effects are of the same
order of magnitude, and must be treated together in any realistic treatment of the atomic structure.
In fact, spin itself may be thought of as a fundamentally relativistic phenomenon, although in
low energy applications it is usually treated within a nominally nonrelativistic framework by the
inclusion of extra terms in the Schrödinger equation. This is the approach we shall take in these
notes, where we treat the fine structure terms as perturbations imposed on the simple electrostatic
model of hydrogen we have considered so far. The fine structure terms account for relativistic effects
through order (v/c)2 , and have the effect of enlarging the Hilbert space by the inclusion of the
spin degrees of freedom, introducing new quantum numbers, and shifting and splitting the energy
levels of the electrostatic model. The splitting in particular means that spectral lines that appear
a singlets under low resolution become closely spaced multiplets under higher resolution (hence the
term “fine structure”). The fine structure was known experimentally long before a proper theoretical
understanding was achieved, and it was an important driving force in theoretical developments at
a certain stage in the history of atomic physics. In addition to its intrinsic interest and importance
in atomic physics, the fine structure is interesting as a window on relativistic quantum mechanics.

2. The Hamiltonian
In the following we use atomic units, so that m = e = h̄ = 1, and c = 1/α ≈ 137, where α is

the fine structure constant. We ignore the small difference between the true electron mass and the
reduced mass. The unperturbed Hamiltonian is
H0 =

p2
+ V (r),
2

(1)

where for a hydrogen-like atom (H, He+ , Li++ , etc.) we have
Z
V (r) = − .
r
See Sec. 22.2 for the potential V (r) for the alkalis.

(2)
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Now we add to H0 the fine structure corrections, which include the relativistic kinetic energy
correction, the Darwin term, and the spin-orbit term. We write the perturbing Hamiltonian as
HFS = HRKE + HD + HSO ,

(3)

where
α2 4
p ,
8

(4a)

α2 2
∇ V,
8

(4b)

α2 1 dV
L · S.
2 r dr

(4c)

HRKE = −
HD =
HSO =

This for the case of a general central force electrostatic potential V (r). Notice that in the Darwin
term, ∇2 V = 4πρ, where ρ is the charge density producing the potential V = −φ (with a minus
sign because the charge on the electron is −1 in atomic units).

In the case of a hydrogen-like atom, the Darwin and spin-orbit terms are explicitly
π
HD = Zα2 δ(r),
2
HSO =

Zα2 1
L · S.
2 r3

(5a)
(5b)

The quantity Zδ(r) occurring in the Darwin term is the charge density of the nucleus, treated as
a point charge. We will henceforth in these notes specialize to the case of hydrogen-like atoms,
returning to the case of alkalis briefly at the end.
All three fine structure terms (4) are multiplied by α2 , which is about 5 × 10−5 . As we shall

see, these terms all give corrections to the energies of the electrostatic model that are of relative
order (Zα)2 , which is correspondingly small if Z is not too large. This is what we should expect
for relativistic corrections, since the velocity of the electron in the ground state of a hydrogen-like
atom is of the order of (Zα)c, and we expect relativistic corrections to the energy to go like (v/c)2 .
Toward the end of the periodic table, however, Zα is no longer so small (Zα = 0.67 for uranium),
and it ceases to be a good approximation to treat relativistic effects as corrections superimposed on
a nonrelativistic model. Instead, it is more useful to start with a proper relativistic treatment of the
electron, which is the Dirac equation. We will take up the Dirac equation next semester.
3. Physical Meaning of the Fine Structure Terms
The proper way to derive the fine structure corrections (4) is to expand the Dirac equation
in powers of v/c, whereupon the nonrelativistic Hamiltonian (1) results at lowest order, and the
fine structure terms appear at order (v/c)2 . We will actually do this in 221B, but for now we will
content ourselves with a brief discussion of the physical meaning of these terms. This discussion is
necessarily ad hoc and incomplete, which is the best we can do within a framework that is basically
nonrelativistic.
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First, for the relativistic kinetic energy correction, we recall that the energy of a relativistic
particle (rest mass plus kinetic energy) is
p
p4
p2
+ ...,
−
m2 c4 + c2 p2 = mc2 +
2m 8m3 c2

(6)

where we have expanded the square root in powers of the momentum, assuming p ≪ mc. The first

term is the rest mass, the second is the nonrelativistic kinetic energy, and the third is the correction
HRKE of Eq. (4a) (with m = 1 because of atomic units).
As for the spin-orbit term, this has the form,
1
HSO = − µ · B′ ,
2

(7)

where µ is the usual magnetic moment of the electron and B′ is the magnetic field produced by
the nucleus as seen in the electron rest frame (the prime refers to the electron rest frame). To see
this in more detail, we temporarily restore ordinary (Gaussian) units, and denote the electrostatic
potential of the nucleus by φ(r), so that V (r) = −eφ(r). Then the electric field of the nucleus in
the lab frame is

1 1 dV
r.
(8)
e r dr
If the nucleus has a nonzero spin, then it also produces a magnetic dipole field in the lab frame B due
to its magnetic moment. This field, however, is small compared to the B′ we shall be calculating, so
E = −∇φ =

we ignore it for now, effectively taking B = 0 (approximating the electromagnetic field of the nucleus
in the lab frame as purely electrostatic). Then by Lorentz transforming the lab frame electric field
to the electron rest frame, we obtain
1
B′ = − v×E,
(9)
c
where for the relativistic factor γ we approximate γ = 1, which is good enough for the order of v/c
to which we are working. Then by writing p = mv and using Eq. (8), we have
1 1 dV
L,
emc r dr

(10)

e
S,
mc

(11)

1 1 dV
L · S,
2m2 c2 r dr

(12)

B′ =
where L = r×p. Then with

µ=−
where we approximate g ≈ 2, Eq. (7) becomes
HSO =
which in atomic units becomes Eq. (4c).

The only remaining question is the factor of

1
2

in Eq. (7). This factor is due to Thomas

precession, a purely inertial effect of special relativity that causes accelerated frames to rotate
relative to inertial frames. As we saw in Sec. 14.13, inertial effects in a rotating frame can enhance
or cancel out the effects of a magnetic field; in the present case, one half of the field B′ is cancelled.
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Thomas precession is explained poorly in most books, but this is not the place to do a better job,
since the correct expression for the spin-orbit term, including the Thomas factor of 21 , emerges
automatically from the Dirac equation. To summarize, the spin-orbit term is the magnetic energy
of interaction of the spin with the magnetic field produced by the moving nucleus, corrected for
Thomas precession.
Finally, the Darwin term is not as easy to interpret, but we can say that it is due to a certain
nonlocality in the nonrelativistic approximation to the Dirac equation. In the Dirac equation itself,
the electron interacts with the field locally, but when we take the nonrelativistic approximation, we
find that the electron effectively senses the field over a small distance of the order of a Compton
wavelength h̄/mc. This smearing produces an energy correction proportional to the Laplacian of the
potential V , which in the case of a hydrogen-like atom is proportional to Zδ(r). We will examine
the Darwin correction in more detail in 221B.
These pseudo-derivations of the fine structure terms are not completely satisfactory, but for
now we will just accept them and use them for practice in perturbation theory.
4. The Unperturbed System
As usual in perturbation theory, we must first understand the unperturbed system. The unperturbed energy levels are
Z2
.
(13)
2n2
If we ignore spin, the unperturbed eigenstates are |nℓmℓ i, that is, they are central force wave
functions, and they are n2 -fold degenerate. However the spin-orbit term (4c) explicitly involves the
En = −

spin, so we must enlarge our Hilbert space to include the spin degrees of freedom. We write
E = Eorb ⊗ Espin

(14)

(see Eq. (17.9)) for the entire Hilbert space of the electron, where a convenient basis in Eorb is the

set of unperturbed central force eigenfunctions {|nℓmℓi}, and where we use the usual basis {|sms i}
in Espin . We put subscripts on the magnetic quantum numbers mℓ and ms to indicate what kind

of angular momentum they represent (orbital and spin, respectively). The products of these basis
states form a basis in E,
|nℓmℓ i ⊗ |sms i = |nℓmℓ ms i,

(15)

what we shall call the uncoupled basis. This basis is an eigenbasis of the complete set of commuting
observables (H0 , L2 , Lz , Sz ) corresponding to quantum numbers (nℓmℓ ms ). The quantum number
s corresponding to the operator S 2 is suppressed, because it is constant (s = 12 , S 2 = s(s + 1) = 43 ).
Since the unperturbed Hamiltonian (1) is a purely orbital operator, including the spin degrees of
freedom does not change the unperturbed energy eigenvalues (13), but it does double the degeneracies
(to 2n2 ), since there are two spin states (“up” or “down”) for each orbital eigenfunction.
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5. Choosing a Good Basis in Degenerate Perturbation Theory
Since the unperturbed energy levels are degenerate, we must think in terms of degenerate
perturbation theory, in which the shifts in the energy levels are the eigenvalues of the matrix of
the perturbing Hamiltonian in the eigenspaces of the unperturbed system. In the present case, the
unperturbed levels are 2n2 -fold degenerate, so we will have a 2n2 × 2n2 matrix. This matrix will be

easier to diagonalize in some bases than others.

The following describes a simple procedure for choosing a good basis. To take a specific example,
let H1 be some perturbing Hamiltonian, perhaps one of the fine structure terms. If we use the
uncoupled basis (15), then the matrix elements needed in perturbation theory are
hnℓmℓ ms |H1 |nℓ′ m′ℓ m′s i.

(16)

Notice the distribution of primes: the index n is the same on both sides of the matrix element because
it labels an unperturbed eigenspace, while the indices ℓ, mℓ and ms are allowed to be different, since
these label the basis states inside the unperturbed eigenspace. Suppose now that [Lz , H1 ] = 0. Then
we have
0 = hnℓmℓ ms |(Lz H1 − H1 Lz )|nℓ′ m′ℓ m′s i = (mℓ − m′ℓ )hnℓmℓ ms |H1 |nℓ′ m′ℓ m′s i,

(17)

so either mℓ = m′ℓ or else the matrix element (16) vanishes. This example illustrates a general
principle, which is that if an operator commutes with an observable belonging to a complete set
of commuting observables, then the operator has diagonal matrix elements with respect to the
quantum number of the observable in the eigenbasis of the complete set. This rule can often be
used in cases where the Wigner-Eckart theorem does not apply. Its importance for degenerate
perturbation theory is that in setting up the matrix elements of the perturbing Hamiltonian, we
should use an eigenbasis of a complete set of commuting observables in which as many as possible of
the observables commute with the perturbing Hamiltonian. If we are lucky or clever, the perturbing
Hamiltonian will commute with all members of some complete set of commuting observables, and
then its matrix elements will be entirely diagonal. In this case, the eigenvalues are the diagonal
elements, and degenerate perturbation theory will have been effectively reduced to nondegenerate
perturbation theory.
6. A Good Basis for the Fine Structure Perturbations
Therefore in analyzing the fine structure perturbation, we should look for observables that
commute with HFS . The results are summarized in Table 1. We start with HRKE . This is a purely
orbital operator, and is furthermore a scalar. Therefore it commutes with L, the generator of orbital
rotations. Also, since it is purely an orbital operator, it commutes with S, which implies that it also
commutes with J = L + S. Furthermore, since it commutes with L, S and J, it commutes with any
functions of them as well, including L2 , S 2 and J 2 . The term HD is similar; it is also a purely orbital
operator, which is a scalar. (The δ-function can be thought of as the limit of a highly concentrated,
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rotationally symmetric function centered on r = 0, which therefore commutes with L.) Therefore
HD also commutes with L, S, J, L2 , S 2 and J 2 . However, the term HSO does not commute with
either L or S, since either purely spatial or spin rotations would rotate one half or the other of the
dot product L · S, and would not leave the dot product invariant. However, HSO does commute with
J, which generates overall rotations of the system and which rotates both L and S simultaneously.
It also commutes with L2 and S 2 , because of the commutators, [L, L2 ] = 0 and [S, S 2 ] = 0, and
with J 2 , because it commutes with J.

FS Term

L

L2

S

S2

J

J2

HRKE

Y

Y

Y

Y

Y

Y

HD

Y

Y

Y

Y

Y

Y

HSO

N

Y

N

Y

Y

Y

Table 1. The table indicates whether the given fine structure term commutes with the given angular momentum
operator (Y = yes, N = no).

We see that HRKE and HD are diagonal in the uncoupled basis (15), but that HSO is not.
However, all three operators are diagonal in the eigenbasis of the operators (L2 , S 2 , J 2 , Jz ). This
suggests that we use the coupled basis for the perturbation treatment, that is, the basis in which
we have combined angular momenta according to J = L + S or ℓ ⊗ 21 , as in Notes 17. Following

Eq. (17.30a), we define the coupled basis in terms of the uncoupled basis by
X
|nℓmℓ ms ihℓsmℓ ms |jmj i,
|nℓjmj i =

(18)

mℓ ,ms

where the matrix element is a Clebsch-Gordan coefficient, and where we have suppressed the constant
quantum number s = 12 in various places.
Since all three fine structure terms are diagonal in the coupled basis, we only need to compute
their diagonal matrix elements and add them up to get the fine structure energy shifts. This is the
optimal situation in degenerate perturbation theory; there are no matrices to diagonalize.
7. The Energy Shift for HRKE
We begin with HRKE in Eq. (4a), for which the desired matrix element is
hnℓjmj |HRKE |nℓjmj i =
X X
hjmj |ℓsmℓ ms ihnℓmℓ ms |HRKE |nℓm′ℓ m′s ihℓsm′ℓ m′s |jmj i,

(19)

mℓ ,ms m′ℓ ,m′s

where we have expressed the coupled basis vectors in terms of the uncoupled basis. We do this
because HRKE , being a purely orbital operator, is easier to evaluate in the uncoupled basis. Since

7

Notes 23: Fine Structure

HRKE does not involve the spin, the middle matrix element in Eq. (19) becomes
hnℓmℓ ms |HRKE |nℓm′ℓ m′s i = δms ,m′s hnℓmℓ |HRKE |nℓm′ℓ i,

(20)

where the last matrix element is purely orbital. In fact, it is the matrix element of a scalar operator with respect to a standard angular momentum basis (under orbital rotations alone), so by
Eq. (18.81), the Wigner-Eckart theorem for scalar operators, it is equal to δmℓ ,m′ℓ times a quantity
that is independent of magnetic quantum numbers. That quantity can be regarded as a reduced
matrix element, or it can be taken as the given matrix element with some convenient set of magnetic
quantum numbers inserted, since the answer doesn’t depend on them anyway. The value zero is
convenient, so we have
hnℓmℓ |HRKE |nℓm′ℓ i = δmℓ ,m′ℓ hnℓ0|HRKE |nℓ0i.

(21)

When we put Eqs. (20) and (21) back into Eq. (19) and use the orthogonality of the Clebsch-Gordan
coefficients (see Eq. (17.33a)), we find simply
hnℓjmj |HRKE |nℓjmj i = hnℓ0|HRKE |nℓ0i.

(22)

The energy shifts due to HRKE , which nominally depend on n, ℓ, j and mj , actually depend only
on n and ℓ. We might have guessed this, since HRKE is diagonal in both the coupled and uncoupled
basis (and the answer could not depend on mj in any case, since HRKE is a scalar operator).
We can now evaluate the final, purely orbital matrix element. We do this by writing
α2
α2 2
T = − (H0 − V )2 ,
2
2
where T = p2 /2 is the kinetic energy. Then we have

(23)

HRKE = −

α2
hnℓ0|(H02 − H0 V − V H0 + V 2 )|nℓ0i
2
α2
= − hnℓ0|(En2 − 2En V + V 2 )|nℓ0i.
(24)
2
The final expression involves expectation values of powers of 1/r; the angular integrations are trivial
because of the orthonormality of the Yℓm ’s, and the remaining integration is over the radial variable
hnℓjmj |HRKE |nℓjmj i = −

r. The needed expectation values for hydrogen-like atoms are
D1E
Z
= 2,
r
n
D1E
Z2
=
,
r2
n3 (ℓ + 21 )

(25)

which after some algebra give the final answer in the form,

hnℓjmj |HRKE |nℓjmj i = (Zα)2 (−En )

1
n2



3
n
−
4 ℓ+


1 .

(26)

2

Here we have factored out the unperturbed energy −En = Z 2 /2n2 to show that the energy correc-

tions are of order (Zα)2 compared to the energy scale of the unperturbed system.
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8. Energy Shift for the Darwin Term
The analysis of the Darwin term HD of Eq. (5a) is similar. Since it is also a purely spatial
scalar operator, its matrix element reduces as in Eq. (22),
π
hnℓjmj |HD |nℓjmj i = hnℓ0|HD |nℓ0i = Zα2 |ψnℓ0 (0)|2 ,
(27)
2
where the δ-function has allowed us to do the integral. Here
ψnℓm (r) = Rnℓ (r)Yℓm (θ, φ)

(28)
ℓ

is the normalized energy eigenfunction. But because of the boundary conditions Rnℓ (r) ∼ r for
√
small r, the answer will be nonzero only for ℓ = 0 (s-waves). Using Y00 = 1/ 4π and the property
of the hydrogen-like radial wave functions,
Rn0 (0) = 2
we can write the final answer in the form,

 Z 3/2
n

,

1
hnℓjmj |HD |nℓjmj i = (Zα)2 (−En ) δℓ0 .
n

(29)

(30)

9. The Spin-Orbit Energy Shift
Finally, we consider the spin-orbit term, HSO of Eq. (5b). Because of the identity,
1
L · S = (J 2 − L2 − S 2 ),
2
its matrix elements can be written,

(31)

Zα2
1
(32)
[j(j + 1) − ℓ(ℓ + 1) − s(s + 1)]hnℓjmj | 3 |nℓjmj i.
4
r
The remaining matrix element is again of a purely spatial scalar operator, which can be reduced to
a purely spatial matrix element as in Eq. (22). The result becomes the expectation value of 1/r3 ,
hnℓjmj |HSO |nℓjmj i =

which in a hydrogen-like atom is given by
D1E
r3

=

n3 ℓ(ℓ

Z3
.
+ 21 )(ℓ + 1)

(33)

This expectation value diverges for ℓ = 0. But in that case, the operator L is the zero operator, so
we seem to have the form 0/0 for the energy correction. The proper way to handle this is to smooth
out the Coulomb singularity at r = 0, whereupon the expectation value of 1/r3 does not diverge,
and the answer is seen to vanish for ℓ = 0. Altogether, we can summarize the answer for ℓ 6= 0 by
1 j(j + 1) − ℓ(ℓ + 1) − 43
hnℓjmj |HSO |nℓjmj i = (Zα)2 (−En )
2n
ℓ(ℓ + 12 )(ℓ + 1)

1

, j = ℓ + 21 ,


1
(ℓ
+
)(ℓ
+
1)
1
2
= (Zα)2 (−En )
(34)
1
2n 
1

.
.
j
=
ℓ
−
−
2
ℓ(ℓ + 21 )
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10. The Total Fine Structure Energy Shift
All three fine structure corrections, Eqs. (26), (30), and (34), are of order (Zα)2 times the
unperturbed energy levels, as predicted. When we add them up to get the total energy shift due to
the fine structure, the result simplifies after some algebra, and we find


n
1 3
−
∆EFS = (Zα)2 (−En ) 2
.
(35)
n 4 j + 21
The most remarkable thing about this answer is that it is independent of the orbital angular
momentum quantum number ℓ, although each of the individual terms does depend on ℓ. However,
the total energy shift does depend on j in addition to the principal quantum number n, so when we
take into account the fine structure corrections, the energy levels of hydrogen-like atoms have the
form Enj . Of course the levels do not depend on mj because the Hamiltonian is a scalar operator.
Factoring out the unperturbed energy levels, we can write the total energy of a hydrogen-like atom
in the form,
Enj =






n
(Zα)2 3
Z2
−
− 2 1−
+
.
.
.
.
2n
n2
4 j + 21

(36)

The ellipsis indicates higher order terms that we have not calculated, but it is easy to believe that
they turn into a power series in the quantity (Zα)2 .
11. Comparison With the Dirac Equation
The Dirac equation for a hydrogen-like atom can be solved exactly. This does not mean that
the answers agree exactly with the physics, because the Dirac equation, although fully relativistic,
omits some important physics that we will consider later. Nevertheless, it is interesting to compare
the results of the Dirac equation with the results of our perturbation calculation above. The Dirac
energy levels are
Enj = v
"
u
u
u1 +
t

mc2

n−j−

1
2

Zα
q
+ (j + 12 )2 − (Zα)2

#2 ,

(37)

where we revert to Gaussian units. When this expression is expanded in powers of Zα, we obtain,





(Zα)2
(Zα)4 3
n
6
Enj = mc2 1 −
.
(38)
+
O
(Zα)
+
−
2n2
2n4
4 j + 21

The first term in this expansion is the rest mass-energy, mc2 , the next contains the nonrelativistic

Bohr energy levels −(1/2n2 )(Z 2 e2 /a0 ), and the third contains the fine structure corrections (35).
Each term is of order (Zα)2 times the previous term.
There is no point in expanding the solution of the Dirac equation beyond the fine structure
term, because there are other physical effects that are not incorporated into the Dirac equation
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that are larger than the next term after the fine structure term. Most important of these are the
hyperfine effects, discussed in a subsequent set of notes, and the Lamb shift. The Lamb shift is a
shift in the energy levels of the Dirac picture that is due to the interaction of the electron with the
vacuum fluctuations of the quantized electromagnetic field. It has small effects on all the energy
levels, and its most notable feature is that the effect is different on levels with the same values of n
and j but different values of ℓ. Thus, including the Lamb shift, the energy levels in hydrogen have
the form Enℓj , and the only degeneracy is that due to rotational invariance. All extra or “accidental”
degeneracy is removed. For example, the Lamb shift causes the 2p1/2 level to be depressed about
1.0 GHz relative to the 2s1/2 level. This energy difference can be measured with high accuracy
with radio frequency techniques. The detection and theoretical calculation of the Lamb shift was an
important milestone in the history of quantum electrodynamics, because it was the first successful
application of renormalization theory. We will consider the Lamb shift in more detail in 221B.
12. Hydrogen-Like Energy Levels in the Fine Structure Model
Let us call the model of a hydrogen-like atom that includes the fine-structure perturbations
the fine structure model. It is a refinement on the nonrelativistic, spinless, electrostatic model we
have considered previously. We now examine some features of the energy levels in the fine structure
model of a hydrogen-like atom.
The energy shifts (35) are negative for all values of n and j, so fine structure effects depress
all energy levels. However, smaller values of j are more strongly depressed, so the total energy
(unperturbed plus fine structure) is an increasing function of j. Since the unperturbed levels did not
depend on j, fine structure effects have partially resolved the degeneracy in the unperturbed levels,
which now have the form Enj (instead of just En ). The fact that the levels still do not depend on ℓ
means that the hydrogen atom, even including relativistic corrections, still has some extra symmetry
that goes beyond rotational invariance (in particular, there is still a degeneracy between states of
opposite parity).
In first courses on quantum mechanics the spin-orbit term is frequently the only term considered
in treatments of the fine structure. It is true that this term alone is responsible for the j-dependence
of the perturbed energy levels, but unless the relativistic kinetic energy and Darwin terms are also
included, one misses the fact that the total fine structure energy shifts are independent of ℓ. It is
clear from the formula (37) that this ℓ-degeneracy persists to all orders in the expansion of the Dirac
equation in powers of α.
The standard spectroscopic notation for the states of hydrogen-like or alkali atoms is nℓj , where
ℓ is represented by one of the standard symbols, s, p, d, f , etc. For example, the ground state of
hydrogen is the 1s1/2 level. The low lying levels in a hydrogen-like atom are indicated schematically
in Fig. 1.
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3s1/2

3p3/2
3p1/2

2s1/2

2p3/2
2p1/2

3d5/2
3d3/2

1s1/2
Fig. 1. Energy level diagram for hydrogen or hydrogen-like atoms, including fine structure, with allowed electric dipole
transitions indicated (Grotrian diagram). Not shown are transitions only involving small energy differences, such as
3p3/2 → 3s1/2 . Diagram is schematic and not to scale; in particular, the fine structure splittings are of order (Zα)2
times the separation between the levels of different n.

13. Electric Dipole Transitions in Hydrogen-Like Atoms
Figure 1 also indicates the most important electric dipole transitions in a hydrogen-like atom.
Allowed electric dipole transitions, (n′ ℓ′ j ′ m′j ) → (nℓjmj ), are those for which the matrix element
hnℓjmj |rq |n′ ℓ′ j ′ m′j i

(39)

is nonzero, where rq is the component of the position operator r with respect to the spherical basis
(18.28). The operator rq is a k = 1 irreducible tensor operator, both under purely spatial rotations,
generated by L, and under rotations of the whole system, generated by J. Therefore the WignerEckart theorem can be applied twice. When it is applied to purely spatial rotations and combined
with parity, it gives the selection rule ∆ℓ = ±1 (∆ℓ = 0 would be allowed by the Wigner-Eckart
theorem, but is excluded by parity). When the Wigner-Eckart theorem is applied to total rotations,
it gives the selection rules ∆j = 0, ±1 and m′j = mj + q. There is nothing to exclude transitions
with ∆j = 0, and, in fact, such transitions occur. The selection rule involving magnetic quantum
numbers gives information about the polarization of the photon emitted on transitions from some
initial to some final magnetic substate.
Concerning parity, note that it is a purely orbital operator that has no effect on spin. Thus its
action on states of the uncoupled basis is
π|nℓmℓ ms i = (−1)ℓ |nℓmℓ ms i.

(40)

From this and from Eq. (18), the action of parity on the states of the coupled basis is
π|nℓjmj i = (−1)ℓ |nℓjmj i.

(41)
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14. Fine Structure in Alkali Atoms
Most of the analysis presented above for hydrogen-like atoms goes through for the alkali atoms,
with V (r) replaced by the appropriate screened Coulomb potential. The unperturbed (nonrelativistic) energy levels of the alkalis have the form Enℓ , and are already strongly split by the ℓ values
because of the non-Coulomb nature of the central force. See Fig. 22.1 for the case of sodium. The
three fine structure terms present in hydrogen are also present in the alkalis, but the relativistic
kinetic energy and Darwin terms are not very interesting, because they cause only small shifts in
the energy levels of H0 , without splitting them. That is, the energy shifts produced by these terms
have the form ∆Enℓ , and the energies already depend on n and ℓ. These terms are more interesting
in hydrogen, because of the degeneracy among the different ℓ values. However, the spin-orbit term
does split the alkali levels according to their j values, much as in hydrogen, and produces overall
energy levels of the form Enℓj . The analysis of the spin-orbit splitting in the alkalis proceeds much
as with hydrogen in Sec. 9, yielding
∆ESO =

D 1 dV E
α2
.
[j(j + 1) − ℓ(ℓ + 1) − 43 ]
4
r dr

(42)

The expectation value is with respect to the wave function ψnℓ0 ; it must be done numerically
since both V (r) and ψnℓ0 are only known numerically. But the formula (42) does give the correct
dependence on the quantum number j.
The levels of sodium displayed in Fig. 22.1 do not show the fine structure splitting, because it
is too small on the scale of that diagram. But, for example, if the 3p level is examined closely, it
will be found to be split into a 3p1/2 level and a 3p3/2 level, with the j = 3/2 level lying 0.00213 eV
above the j = 1/2 level. This causes the 3p → 3s transition (the yellow sodium D-line) to be a close
doublet. The selection rules in the alkali atoms depend only on the angular momentum quantum
numbers, and are the same as in hydrogen.

