PHY405 Geometrical Methods in Physics Spring 2004 S. G. Rajeev
Problem Set 1

1 Let V be a real vector space and V' its dual (space of linear functions valued
in R). Show that the dual of the dual,(V')" is contained in V. If V is finite

dimensional, find a basis in V' given a basis e - -+ e, in V.

2 A positive inner product is a bilinear function g : V x V — R which is

symmetric and positive:
glu,u) >0 and g(u,u) =0 <= u=0. (1)
Prove the Schwartz inequality
l9(u, 0)* < g(u, u)g(v,v) (2)
for any pair of vectors in the real vector space V.

3 Find the formula for the metric tensor and the Laplace operator in R? in
polar co-ordinates

x=rcosf, y=rsinb. (3)
3.1 Show that the Laplace equation is separable in these co-ordinates.

3.2 What is the most general potential V (r, §) for which the Schrodinger equa-

tion is separable in these co-ordinates?

4 Show that the Schrodinger equation for the hydrogen molecular ion H, is

separable in elliptic co-ordinates.
x = acoshpcosf, 1y = asinhpsiné. (4)

There are two protons at rest with a single electron orbiting them. Assume for simplicity that
the wave function is invariant under rotations around the axis connecting the two protons.
You have to find the potential energy and kinetic energy of the electron in elliptic co-ordinates;
show that the wave equation can be reduced to ordinary differential equations. This is the
hardest of this set of problems. Do the best you can but don’t get too worried if

you can’t do it all yet.
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5 The metric on the sphere is, in polar co-ordinates, ds? = df? + sin? 0d¢?.

5.1 Show, by finding an appropriate change of co-ordinates, that it can be can

dzdz
(1422)2 "

be expressed as ds? = 4

5.2 Show that the transformation

az+b
M(z) = Tt lal* + 0> =1 (5)

is a symmetry of the above metric.
5.3 What is the relation of this transformation to a rotation?
6 The metric on hyperbolic space is ds? = df? + sinh? 0d?.

6.1 Find the transformations that takes metric to the form

dw? + dw3

2 b)
w3

ds®> =4 wy >0 (6)

6.2 Show that the Mobius transformation defined by real numbers a, b, ¢, d

aw + b

M(w):m7 w=wy +iwy, ad—bc=1 (7)

is a symmetry of the above metric.

6.3 Show that any point on the upper half plane can be mapped to ¢ using a

Mobius transformation;

6.4 And that there is a transformation which maps any pair of points Py, P>

to ¢ and ¢y for some real number y > 0.

7 Derive the geodesic equation for the hyperbolic metric (6) on the upper half

plane.

7.1 For two points that lie on the imaginary axis, show that the geodesic of the
hyperbolic metric is just the straight-line between them. What is the distance
of a point to the orgin? (Contd. next page)



7.2 By using the Mobius transformation above, find the geodesic between a

pair of arbitrary points.
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8 Derive the conditions for a linear transformation # = A¥x" to preserve the

Minkowski metric. These are called Lorentz transformations.

8.1 Show that the Lorentz transformation that involves only 2° and 2! is of

the form
cosh® sinhfd 0 O

sinhf® coshf® 0 O
0 0 1 0

0 0 0 1
What is the relation of 8 to velocity?

8.2 If we compose two such transformations A(f;) and A(62), what is the

result? Derive the relativistic law of addition of velocities from this.

9 The momentum and energy of a particle combine to form a four-vector p,,

in space-time.

9.1 Show that the relativistic relation between energy and momentum is (in
units with ¢ = 1)

" pupy = m? (9)
In the limit of small kinetic energy ( compared to m) how does this reduce to

usual formula in Newtonian physics?

9.2 Using the usual rules of quantum mechanics

0
= —h FE =ih— 1
p = —ihV, iha (10)

derive the relativistic analogue of the Schrodinger equation for a free particle of
mass m:

B2 9,0, + m2p = 0. (11)

This is called the Klein-Gordon equation.



10 Define a 2-form F = FW% on space-time with Fy; = E; the electric

field and Fy5 = Bs, Fo3 = By, F31 = Bs being the magnetic field.

10.1 Show that the source less Maxwell’s equations can be written as dF' = 0

or equivalently as

OuFve + 0, Fg, + 0o Fu = 0. (12)
10.2 Show that the above equations are solved by F' = dA or
F,, =0,A, -—0,A, (13)
for some one-form A. What is the physical meaning of the components of A?
10.3 .

In terms of the Minkowski metric, show that the remaining Maxwell’s equations
become

nHVaHFVU = jo (14)

What do the components of j mean physically?
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U1
(G

11 ¢y = . is a scalar field on space-time with n complex components.

Un

11.1 Under a gauge transformation i (x) — g(z)¢(z), where g(z) is a unitary

matrix, show that the derivative transforms as v — g[d,1 + g~ 10,97]

11.2 Let A, (x) be a vector field whose components are anti-hermitean matri-

ces. How should A,, transform in order that the covariant derivative
V,p = 0t + At (15)
transform as V¢ — ¢[V ] under a gauge transformation?

11.3 Show that V,V,9¥—V,V 9 does not involve any derivatives of 1). Define

the curvature F,,, by

vuvuw - Vuv;ﬂﬂ = Fuuw- (16)

Obtain a formula for F},, in terms of A,,.
12 How does F},, transform under gauge transformations?

12.1 Find a definition of covariant derivative for F},,, such that under a gauge

transformation

VoFuw = 9[VoFuwlg™ (17)
12.2 Show the identity
VoFuw +V,F,, +V,F,, =0. (18)
12.3 Show that the Yang-Mills field equations are gauge invariant:

VHFE,, =0. (19)



13 Show that in the special case n = 1 show that the above equations (18,19)

reduce to Maxwell’s equations.

13.1 In the general case, show that to leading order in A,, the Yang-Mills
theory describes a collection of n? massless particles, analogous to the photon;
i.e., that if we ignore the non-linear terms, the n? components of A, satisfy

Maxwell’s equations.
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14 Define the covariant derivative by

Vo =09, Vu'=09"+T} 0" Vv, =00, 17,0, (20)

nv

Extend it to tensor fields in the natural way, thinking of them as linear combi-
nation of products of vector fields.Postulate zero torsion and the preservation
of the metric:

V;Lvu(b = Vvv,u(bv V;Lgvp =0. (21)

14.1 Derive a formula for the Christoffel symbols I'/,, in terms of the partial

derivatives of the metric tensor.

14.2 Show that the anti-symmetric part of the second covariant derivative does

not involve derivatives of the vector field. Define the curvature tensor by
VoVarh = Va Vvt = R j0” (22)

Derive a formula for R 5 in terms of derivatives of I'. . Note the analogy with

the definition of the Yang-Mills field strength.

15 Derive the following identities for the curvature tensor. Some are obvious,

others require a lot of calculation to verify

Rgaﬁ = _RZUB
Roapy = Rpuca, where Roapy = Ry 5 guv
Rsapy = —Roaup
Rl s+ Rog, + Ry = 0
VVRQ_‘QB + VaRff,,B + v,,RgVB =0 (23)

The last one is called the Bianchi identity. What is its analogue for Yang-Mills
theory?



16 Define the Ricci tensor and the Ricci scalar by
Rcrﬁ = R?aﬁv R = gaﬁRa’ﬁ' (24)
Using the identities above show that
1
VoGop =0, Gop=Rop— gﬂyggR. (25)

G, is called the Einstein Tensor.

17 The density of energy and momentum together forms a symmetric tensor

T,v- In Minkowski space, show that the equations
Vi, =0 (26)
imply that the total energy-momentum
P, = /T#Od?’x (27)
is a conserved quantity.
18 Einstein’s equations that determine the gravitational field are
Gy = kT, (28)

In the Newtonian approximation, show that this reduces to Poisson’s equation.

Determine the relation of the constant & to Newton’s constant.



