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Athermal	isotropic	compression-driven	jamming:	

work	has	focused	on	quasi-static	compression	and	
behavior	in	the	jammed	solid	phase	above	φJ 

We	are	interested	in	behavior	in	the	liquid	phase	below	φJ,	particularly	to	probe	
for	a	diverging	time	scale	as		φ → φJ  from	below.	

Ikeda	et	al,	PRL	124,	058001	(2020)	computed	the	relaxation	time	τ of	initial	unjammed	configurations	
below	φJ.		A	common	divergence	of	τ for	both	random	isotropic	configurations	and	for	configurations	in	steady-
state	simple	shear,	suggests	that	compression-driven	and	shear-driven	jamming	have	a	common	universality. 

Nishikawa	et	al,	J	Stat	Phys	182,	37	(2021)	have	questioned	Ikeda	et	al’s	results;		
find	τ	~ ln N	when	the	system	becomes	sufficiently	large,	so	τ	has	no	proper	thermodynamic	limit.	
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Do	stress-isotropic	(compression-driven)	and	stress-anisotropic	(shear-driven)	
jamming	have	the	same	critical	universality?	
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Q . 1 ) overdamped

Athermal	isotropic	compression	at	a	finite	compression	rate:	

We	probe	time	scales	below	φJ	by	compressing	at	a	finite	rate	
The	finite	rate	introduces	a	control	time	scale	with	which	to	probe	the	critical	time	scale	
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We	measure	the	bulk	viscosity,	which	we	find	to	diverge	at	φJ,	and	compare	to	the	shear	
viscosity	to	look	for	a	universality	of	stress-isotropic	and	stress-anisotropic	jamming	

Model:	 size-bidisperse,	soft	core	spheres,	in	non-Brownian	suspension	
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#one-sided	harmonic	elastic	contact	interaction	
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iviscous	dissipative	drag	due	to	host	medium	
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lim
✏̇!0

⇣ ⇠ (�J � �)��

<latexit sha1_base64="qwJwAY8f7x7VEV4b+dIQREw5eyQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahLiyJFHUjFNy4rGAf0IQymd60QyeTOA+hLf0SNy4UceunuPNvnLZZaOuBC4dz7uXee8KUUalc99vKra1vbG7ltws7u3v7RfvgsCkTLQg0SMIS0Q6xBEY5NBRVDNqpAByHDFrh8Hbmt55ASJrwBzVKIYhxn9OIEqyM1LWLfggK35S988ezsc911y65FXcOZ5V4GSmhDPWu/eX3EqJj4IowLGXHc1MVTLBQlDCYFnwtIcVkiPvQMZTjGGQwmR8+dU6N0nOiRJjiypmrvycmOJZyFIemM8ZqIJe9mfif19Equg4mlKdaASeLRZFmjkqcWQpOjwogio0MwURQc6tDBlhgokxWBROCt/zyKmleVLzLintfLdWqWRx5dIxOUBl56ArV0B2qowYiSKNn9IrerLH1Yr1bH4vWnJXNHKE/sD5/AHc1kkY=</latexit>

� = (1� q)z⌫

<latexit sha1_base64="WzsmXMb7kH7l2116k1UwB5MEpS0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgv2ANpTNdtMu3Wzi7kSIpT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW95gl3I/oQIlQMIpWamXXD09dlfbKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP0x1SiY5JNSNzU8oWxEB7xjqaIRN/54du6EnFilT8JY21JIZurviTGNjMmiwHZGFIdm0ZuK/3mdFMMrfyxUkiJXbL4oTCXBmEx/J32hOUOZWUKZFvZWwoZUU4Y2oZINwVt8eZk0z6reRdW9O6/UzvM4inAEx3AKHlxCDW6hDg1gMIJneIU3J3FenHfnY95acPKZQ/gD5/MHb2mPlw==</latexit>y = qz⌫

<latexit sha1_base64="EFyc35K7j305IEORPPFi8ynvHEk=">AAACFnicbVBLSwMxGMz6rPW16tFLsAj10LKroh4LXsRTBfuAbl2yadqGJtmQZIWy9Fd48X948uJBEa/izX9jtu1BWwcShvkeyUwkGdXG876dhcWl5ZXV3Fp+fWNza9vd2a3rOFGY1HDMYtWMkCaMClIz1DDSlIogHjHSiAaXWb1xT5Smsbg1Q0naHPUE7VKMjJVCtxQwysM06MQmIFJTFovAxNAbyUBTDouB7NNSdoXXR3fD0C14ZW8MOE/8KSlUSk8nGaqh+2U344QTYTBDWrd8T5p2ipShmJFRPkg0kQgPUI+0LBWIE91Ox7ZG8NAqHdiNlT3CwLH6eyJFXOshj2wnR6avZ2uZ+F+tlZjuRTulQiaGCDx5qJswaI1nGcEOVQQbNrQEYUXtXyHuI4WwsUnmbQj+rOV5Uj8u+2dl78amcQomyIF9cACKwAfnoAKuQBXUAAYP4Bm8gjfn0Xlx3p2PSeuCM53ZA3/gfP4ACX2haQ==</latexit>

lim
✏̇!0

p ⇠ (�� �J)
y

Critical	scaling	ansatz:	

<latexit sha1_base64="xdtRIDVkjNd1OM/BTbYOJIEYiF4="></latexit>

plot p/✏̇q vs (�� �J)/✏̇
1/z⌫ – data for di↵erent ✏̇

should collapse to a common curve.

<latexit sha1_base64="1p/OrFLYlRAZhMP4+D7havAagRM="></latexit>

� > �J : since p ! constant as ✏̇ ! 0,

then f(x ! +1) ! |x|qz⌫

<latexit sha1_base64="t7kWe/t2HBTvjaZD+GCyqgQpSjU="></latexit>

� < �J : since ⇣ ⌘ p/✏̇ ! constant as ✏̇ ! 0,

then f(x ! �1) ! |x|�(1�q)z⌫
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3D

(b)

<latexit sha1_base64="Dh51B/0QfyjfF4pEaULGV0q2ruU="></latexit>

p = ✏̇q f

✓
�� �J

✏̇1/z⌫

◆ <latexit sha1_base64="EFyc35K7j305IEORPPFi8ynvHEk=">AAACFnicbVBLSwMxGMz6rPW16tFLsAj10LKroh4LXsRTBfuAbl2yadqGJtmQZIWy9Fd48X948uJBEa/izX9jtu1BWwcShvkeyUwkGdXG876dhcWl5ZXV3Fp+fWNza9vd2a3rOFGY1HDMYtWMkCaMClIz1DDSlIogHjHSiAaXWb1xT5Smsbg1Q0naHPUE7VKMjJVCtxQwysM06MQmIFJTFovAxNAbyUBTDouB7NNSdoXXR3fD0C14ZW8MOE/8KSlUSk8nGaqh+2U344QTYTBDWrd8T5p2ipShmJFRPkg0kQgPUI+0LBWIE91Ox7ZG8NAqHdiNlT3CwLH6eyJFXOshj2wnR6avZ2uZ+F+tlZjuRTulQiaGCDx5qJswaI1nGcEOVQQbNrQEYUXtXyHuI4WwsUnmbQj+rOV5Uj8u+2dl78amcQomyIF9cACKwAfnoAKuQBXUAAYP4Bm8gjfn0Xlx3p2PSeuCM53ZA3/gfP4ACX2haQ==</latexit>

lim
✏̇!0

p ⇠ (�� �J)
y <latexit sha1_base64="WzsmXMb7kH7l2116k1UwB5MEpS0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ8OKxgv2ANpTNdtMu3Wzi7kSIpT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW95gl3I/oQIlQMIpWamXXD09dlfbKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP0x1SiY5JNSNzU8oWxEB7xjqaIRN/54du6EnFilT8JY21JIZurviTGNjMmiwHZGFIdm0ZuK/3mdFMMrfyxUkiJXbL4oTCXBmEx/J32hOUOZWUKZFvZWwoZUU4Y2oZINwVt8eZk0z6reRdW9O6/UzvM4inAEx3AKHlxCDW6hDg1gMIJneIU3J3FenHfnY95acPKZQ/gD5/MHb2mPlw==</latexit>y = qz⌫

<latexit sha1_base64="IEtORZbCCBFZz1HrmzLKnZNAfiE=">AAAB/XicbVDLSsNAFJ3UV62vqt25CRbBVU1E1I1QcOOygn1AE8pketMOnTyYuRHaUPwVNy4Ucet/uPNvnKRdaOuBgcM593DvHC8WXKFlfRuFldW19Y3iZmlre2d3r7x/0FJRIhk0WSQi2fGoAsFDaCJHAZ1YAg08AW1vdJv57UeQikfhA45jcAM6CLnPGUUt9coVZwJIb+Izpx+hA7HiIpOrVs3KYS4Te06q9Yqfo9Erf+k4SwIIkQmqVNe2YnRTKpEzAdOSkyiIKRvRAXQ1DWkAyk3z66fmiVb6ph9J/UI0c/V3IqWBUuPA05MBxaFa9DLxP6+boH/tpjyME4SQzRb5iTAxMrMqzD6XwFCMNaFMcn2ryYZUUoa6sJIuwV788jJpndfsy5p1r9u4IDMUyRE5JqfEJlekTu5IgzQJIxPyTF7Jm/FkvBjvxsdstGDMM4fkD4zPH0ufmAM=</latexit>

⇣ = p/✏̇
<latexit sha1_base64="Tqpu2t++Xb5n0PhXPq8gZBQE4Us="></latexit>

lim
✏̇!0

⇣ ⇠ (�J � �)�� <latexit sha1_base64="qwJwAY8f7x7VEV4b+dIQREw5eyQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahLiyJFHUjFNy4rGAf0IQymd60QyeTOA+hLf0SNy4UceunuPNvnLZZaOuBC4dz7uXee8KUUalc99vKra1vbG7ltws7u3v7RfvgsCkTLQg0SMIS0Q6xBEY5NBRVDNqpAByHDFrh8Hbmt55ASJrwBzVKIYhxn9OIEqyM1LWLfggK35S988ezsc911y65FXcOZ5V4GSmhDPWu/eX3EqJj4IowLGXHc1MVTLBQlDCYFnwtIcVkiPvQMZTjGGQwmR8+dU6N0nOiRJjiypmrvycmOJZyFIemM8ZqIJe9mfif19Equg4mlKdaASeLRZFmjkqcWQpOjwogio0MwURQc6tDBlhgokxWBROCt/zyKmleVLzLintfLdWqWRx5dIxOUBl56ArV0B2qowYiSKNn9IrerLH1Yr1bH4vWnJXNHKE/sD5/AHc1kkY=</latexit>

� = (1� q)z⌫
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2D

3D
(a)

<latexit sha1_base64="7WyV7nmfHBTw9smuT3HD1e42IgI=">AAAB7XicbVBLSgNBEK2Jvxh/0SzdNIaAqzDjQrMMuBFXEcwHkiH0dHqSNj3dQ3ePEIbsPIAbF4q49SYewJ0ewBN4ADufhSY+KHi8V0VVvSDmTBvX/XAyK6tr6xvZzdzW9s7uXn7/oKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDM8nfvOWKs2kuDajmPoR7gsWMoKNlRqdeMC6l9180S27U6Bl4s1JsVoo3X2/fX3Wuvn3Tk+SJKLCEI61bntubPwUK8MIp+NcJ9E0xmSI+7RtqcAR1X46vXaMSlbpoVAqW8Kgqfp7IsWR1qMosJ0RNgO96E3E/7x2YsKKnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgHI2BG/x5WXSOCl7p2X3yqZRgRmycAhHcAwenEEVLqAGdSBwA/fwCE+OdB6cZ+dl1ppx5jMF+APn9QdaX5Np</latexit>

�J

2.2

2.4

2.6

2.8

3.0

3.2

3.4

10−7 10−6 10−5

3D

2D

(b)

<latexit sha1_base64="QJGTavK+s/Bhj6Qzf4gaJR/H11M=">AAAB7HicbVC7SgNBFJ2Nrxhf0ZQ2iyFgFXYtNGXAxjKCmwSSJcxO7iZDZmeXmbtCWNLZ21goYuun+AF2+gF+gR/g5FFo4oELh3Pu5d57gkRwjY7zYeXW1jc2t/LbhZ3dvf2D4uFRU8epYuCxWMSqHVANgkvwkKOAdqKARoGAVjC6nPqtW1Cax/IGxwn4ER1IHnJG0UheNwCkvWLZqToz2KvEXZByvVS5+377+mz0iu/dfszSCCQyQbXuuE6CfkYVciZgUuimGhLKRnQAHUMljUD72ezYiV0xSt8OY2VKoj1Tf09kNNJ6HAWmM6I41MveVPzP66QY1vyMyyRFkGy+KEyFjbE9/dzucwUMxdgQyhQ3t9psSBVlaPIpmBDc5ZdXSfOs6p5XnWuTRo3MkSfH5IScEpdckDq5Ig3iEUY4uSeP5MmS1oP1bL3MW3PWYqZE/sB6/QG9C5MR</latexit>

�
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3D

2D

(c)

<latexit sha1_base64="FKEb3XEF5s5m4VJNYWs2fJz0MBY=">AAAB6HicbVC7SgNBFL0bXzG+oiltFkPAKuxaaMqAjWUC5gHJEmYnN8mY2dllZlZYlnR2NhaK2PoxfoCdfoBf4Ac4eRSaeODC4Zx7ufceP+JMacf5sDJr6xubW9nt3M7u3v5B/vCoqcJYUmzQkIey7ROFnAlsaKY5tiOJJPA5tvzx5dRv3aJULBTXOonQC8hQsAGjRBupnvTyRafszGCvEndBitVC6e777euz1su/d/shjQMUmnKiVMd1Iu2lRGpGOU5y3VhhROiYDLFjqCABKi+dHTqxS0bp24NQmhLanqm/J1ISKJUEvukMiB6pZW8q/ud1Yj2oeCkTUaxR0PmiQcxtHdrTr+0+k0g1TwwhVDJzq01HRBKqTTY5E4K7/PIqaZ6V3fOyUzdpVGCOLBzDCZyCCxdQhSuoQQMoINzDIzxZN9aD9Wy9zFsz1mKmAH9gvf4A4PKRag==</latexit>y

0.0

0.5

1.0

1.5

2.0

10−7 10−6 10−5

3D solid symbols

2D open symbols

(d)

<latexit sha1_base64="i1f9fgxT00dL36GsKgUZDwuvlW8=">AAAB/HicbVDLSsNAFJ34bOsr2o3gJlgEVzXpQrssunFZwT6giWUymbRDJzNhZiLEUPFP3LhQxI0LP8Sd4Mc4abvQ1gMDh3Pu5Z45fkyJVLb9ZSwtr6yurReKpY3Nre0dc3evLXkiEG4hTrno+lBiShhuKaIo7sYCw8inuOOPLnK/c4uFJJxdqzTGXgQHjIQEQaWlvll20ZDc1E7cCKqhiLKAh+O+WbGr9gTWInFmpNLYv/suPryfN/vmpxtwlESYKUShlD3HjpWXQaEIonhcchOJY4hGcIB7mjIYYellk/Bj60grgRVyoR9T1kT9vZHBSMo08vVknlHOe7n4n9dLVFj3MsLiRGGGpofChFqKW3kTVkAERoqmmkAkiM5qoSEUECndV0mX4Mx/eZG0a1XntGpf6TbqYIoCOACH4Bg44Aw0wCVoghZAIAWP4Bm8GPfGk/FqvE1Hl4zZThn8gfHxA/ZUl/A=</latexit>

�2/dof

test	of	sensitivity	of	fitted	parameters	to	size	of	data	window	used	in	fit	



Conclusions:	

2D	  β = 2.63 ± 0.09  
 y = 1.12 ± 0.04  

 β = 2.77 ± 0.20  [1],     β = 2.58 ± 0.10  [2]  
 y = 1.08 ± 0.03  [1],     y = 1.09 ± 0.01  [2] 

 β = 2.83   [4]	
 

3D	 β = 3.07±0.15  
y = 1.22±0.03  

 β = 2.56  [3],   β = 2.8  [4],   β = 2.94  [5],    
 β = 3.8 ± 0.1   y = 1.16 ± 0.01 [6] 

 β = 2.83   [4]	
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bulk	viscosity:		

pressure:	
<latexit sha1_base64="EFyc35K7j305IEORPPFi8ynvHEk=">AAACFnicbVBLSwMxGMz6rPW16tFLsAj10LKroh4LXsRTBfuAbl2yadqGJtmQZIWy9Fd48X948uJBEa/izX9jtu1BWwcShvkeyUwkGdXG876dhcWl5ZXV3Fp+fWNza9vd2a3rOFGY1HDMYtWMkCaMClIz1DDSlIogHjHSiAaXWb1xT5Smsbg1Q0naHPUE7VKMjJVCtxQwysM06MQmIFJTFovAxNAbyUBTDouB7NNSdoXXR3fD0C14ZW8MOE/8KSlUSk8nGaqh+2U344QTYTBDWrd8T5p2ipShmJFRPkg0kQgPUI+0LBWIE91Ox7ZG8NAqHdiNlT3CwLH6eyJFXOshj2wnR6avZ2uZ+F+tlZjuRTulQiaGCDx5qJswaI1nGcEOVQQbNrQEYUXtXyHuI4WwsUnmbQj+rOV5Uj8u+2dl78amcQomyIF9cACKwAfnoAKuQBXUAAYP4Bm8gjfn0Xlx3p2PSeuCM53ZA3/gfP4ACX2haQ==</latexit>

lim
✏̇!0

p ⇠ (�� �J)
y

<latexit sha1_base64="ZXxLdT/QwX3jPJvXgMu8F160oDU="></latexit>

lim
✏̇!0

p/✏̇ ⇠ (�� �J)
��

<latexit sha1_base64="owNhg4HAkxLcD3xbNDKM4JZdexM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUUVdScCOuKtgHTIeSSTNtaCYZkoxQhn6GGxeKuPVr3Pk3ZtpZaOuBhMM593LvPWHCmTau++2U1tY3NrfK25Wd3b39g+rhUUfLVBHaJpJL1QuxppwJ2jbMcNpLFMVxyGk3nNzmfveJKs2keDTThAYxHgkWMYKNlfx+MmY3+Te4H1Rrbt2dA60SryA1KNAaVL/6Q0nSmApDONba99zEBBlWhhFOZ5V+qmmCyQSPqG+pwDHVQTZfeYbOrDJEkVT2CYPm6u+ODMdaT+PQVsbYjPWyl4v/eX5qousgYyJJDRVkMShKOTIS5fejIVOUGD61BBPF7K6IjLHCxNiUKjYEb/nkVdJp1L3LuvtwUWs2ijjKcAKncA4eXEET7qAFbSAg4Rle4c0xzovz7nwsSktO0XMMf+B8/gD17pD+</latexit>

� > �J

<latexit sha1_base64="SlfYB7FPDWYK6iIcLkpnMdoQ0FI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUURcuCm7EVQX7gOlQMmmmDc0kQ5IRytDPcONCEbd+jTv/xkw7C209kHA4517uvSdMONPGdb+d0tr6xuZWebuys7u3f1A9POpomSpC20RyqXoh1pQzQduGGU57iaI4DjnthpPb3O8+UaWZFI9mmtAgxiPBIkawsZLfT8bsJv8G94Nqza27c6BV4hWkBgVag+pXfyhJGlNhCMda+56bmCDDyjDC6azSTzVNMJngEfUtFTimOsjmK8/QmVWGKJLKPmHQXP3dkeFY62kc2soYm7Fe9nLxP89PTXQdZEwkqaGCLAZFKUdGovx+NGSKEsOnlmCimN0VkTFWmBibUsWG4C2fvEo6jbp3WXcfLmrNRhFHGU7gFM7Bgytowh20oA0EJDzDK7w5xnlx3p2PRWnJKXqO4Q+czx/y2pD8</latexit>

� < �J

compression:	

pressure	on	yield	stress	line:	

pressure	analog	of	shear	viscosity:	

<latexit sha1_base64="owNhg4HAkxLcD3xbNDKM4JZdexM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUUVdScCOuKtgHTIeSSTNtaCYZkoxQhn6GGxeKuPVr3Pk3ZtpZaOuBhMM593LvPWHCmTau++2U1tY3NrfK25Wd3b39g+rhUUfLVBHaJpJL1QuxppwJ2jbMcNpLFMVxyGk3nNzmfveJKs2keDTThAYxHgkWMYKNlfx+MmY3+Te4H1Rrbt2dA60SryA1KNAaVL/6Q0nSmApDONba99zEBBlWhhFOZ5V+qmmCyQSPqG+pwDHVQTZfeYbOrDJEkVT2CYPm6u+ODMdaT+PQVsbYjPWyl4v/eX5qousgYyJJDRVkMShKOTIS5fejIVOUGD61BBPF7K6IjLHCxNiUKjYEb/nkVdJp1L3LuvtwUWs2ijjKcAKncA4eXEET7qAFbSAg4Rle4c0xzovz7nwsSktO0XMMf+B8/gD17pD+</latexit>

� > �J

<latexit sha1_base64="SlfYB7FPDWYK6iIcLkpnMdoQ0FI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqswUURcuCm7EVQX7gOlQMmmmDc0kQ5IRytDPcONCEbd+jTv/xkw7C209kHA4517uvSdMONPGdb+d0tr6xuZWebuys7u3f1A9POpomSpC20RyqXoh1pQzQduGGU57iaI4DjnthpPb3O8+UaWZFI9mmtAgxiPBIkawsZLfT8bsJv8G94Nqza27c6BV4hWkBgVag+pXfyhJGlNhCMda+56bmCDDyjDC6azSTzVNMJngEfUtFTimOsjmK8/QmVWGKJLKPmHQXP3dkeFY62kc2soYm7Fe9nLxP89PTXQdZEwkqaGCLAZFKUdGovx+NGSKEsOnlmCimN0VkTFWmBibUsWG4C2fvEo6jbp3WXcfLmrNRhFHGU7gFM7Bgytowh20oA0EJDzDK7w5xnlx3p2PRWnJKXqO4Q+czx/y2pD8</latexit>

� < �J

<latexit sha1_base64="WHaxsCpQXTpaiPvnVZj51NL/7/Y="></latexit>

lim
�̇!0

p/�̇ ⇠ (�� �J)
��

<latexit sha1_base64="Kg96YrIhgcVP3IvHaRdTT9Gw3TM="></latexit>

lim
�̇!0

pY ⇠ (�� �J)
y

shearing:	

Our	results	are	consistent	with	a	common	universality	for	stress-isotropic	compression-
driven	jamming	vs	stress-anisotropic	shear-driven	jamming	(though	3D	is	tentative)	


