Unit 3-4-S: An Example

Suppose we have a sphere of magnetizable material of radius R and
permeability pu. The sphere is in an external magnetic field By = Byz.
What are the magnetic fields inside and outside the sphere?

Since there is no free current in this problem the macroscopic j = 0 and
B, we can then use V x H = %j = 0 to write H = —V ¢, where ¢,/ is
the magnetic scalar potential for H.

Note, since B = H outside the sphere, and B = pH inside the sphere,

with p spatially constant, we also have that V x B = 0 both inside

and outside (but not necessarily at the boundary) and so we could have

chosen a magnetic scalar potential o for B, so that B = —Vay,. If
you do things correctly, you will get the same results whether you work with ¢»; or ng; we will work with ¢ps, the
potential for H.

Since inside the sphere we have a magnetic material, B = H™.
Since outside the sphere we have only a vacuum, B°"t = H°ut,
Now V-B=0 = V- H=0 = -V,=0

and since the problem has rotational symmetry about the Z axis we know that we can write our solution for ¢, as a
Legendre polynomial series. We can therefore write,

Inside: ¢l = Z agrt Py(cos 6) (3.4.5.1)
£=0
Outside: @3f* = —Boz + Z £+1 (cos®) (3.4.8.2)
Note: in ¢y there are no e—é terms since ¢y should not diverge as r — 0. And in ¢34 there are no a,r¢ terms
rét

since ¢ must give only the external applied field at » — oo. The first term in ¢Q}* just gives the external magnetic

field Bo = Hy = —V¢); = BpZz, and we can rewrite this term as,
—Bopz = —Bgrcos = —BgrPy(cos6) (3.4.S.3)

Boundary Conditions

i) The tangential component of H is continuous across an interface on which there is no macroscopic (i.e. free) sheet
current, as is the case here. This is equivalent to saying that ¢,; must be continuous at the surface of the sphere.
This is completely analogous to the discussion in Notes 3-5 page 2, where we show that for E = —V ¢, the fact that
the tangential component of E is continuous at an interface implies that ¢ is continuous. So we have,

) oo oo b
(R, 0) = 63U (R,0) = Z agR*Py(cos0) = —BoRP;(cos 6) + Z RTi_lpz(COS 0) (3.4.5.4)
=0 £=0

Therefore, for £ # 1 we have,

b
e U ) (3.4.8.5)

while for £ = 1 we have,

b
@R=-BoR+ 15 = [h=(a+B)R (=1 (3.4.5.6)




ii) The normal component of B is continuous.

a¢m ad)out
B".# =B = uH" - f=H" ¢ =1 3.4.8.7
r r # t 87" r=R or lr=R ( )
= _ o~ (0+1)b
= 1> LagR " Py(cosb) = —BoPy(cos ) RM £ Py(cos ) (3.4.8.8)
£=0 =0
Therefore for £ # 1 we have,
-1 (E+1)b _ 2041
while for £ = 1 we have,
2b1 (pal + Bo)R
R e (3.4.8.10)
L
For £ # 1 we need both Egs. (3.4.S.5) and (3.4.S.9) to hold. This would imply that —um = 1, which in general
cannot be true; /(¢ + 1) < 1 and p is usually positive. Hence we must conclude,
’az =b=0 (# 1\ (3.4.5.11)
For ¢ =1 we need both Egs. (3.4.5.6) and (3.4.5.10) to hold. This gives,
+ Bo)R? 3Bg
Bo)R? = _(nar + Bo) 2 = =— 3.4.8.12
(a1 + Bo) 5 “=5, ( )
and substituting into Eq. (3.4.5.6) gives
1
by = (“ ) BoR® (3.4.8.13)
e+ 2
We have now determined all the unknown constants, and so our solution is,
Inside the sphere:
; 3B 3B
W = a1rPi(cos ) = ~3 +0M rcosf = ~3 +0H z, r < R inside (3.4.5.14)
and the magnetic field H inside is,
in in 3BO ~ . . .
H" =-Vo¢y = 2.2 is uniform inside the sphere (3.4.5.15)
W
the magnetic field B inside is,
; - 3uB
B" = " = 2H20 5 (3.4.8.16)
2+ p
and the magnetization density M inside the sphere is,
B-—-H -1 __. -1
M = il 3= g (3.4.8.17)
47 47 dr(p+ 2)

Assuming p > 1, the sphere thus has a paramagnetic response, with M || By, and a uniform magnetization M with
a total magnetic dipole moment,

4 R? pw—1 3 A
m=— M= ( +2) BoR’Z (3.4.5.18)




Outside the sphere:

b -1 R3
# = —Boyz + 7’% Py(cosf) = —Byz + (’Z+2) BOT—2 cos 0, r > R outside (3.4.8.19)

and the magnetic field B = H outside is,

Oyt 1 0%t ~ w—1 2cos0f +sin6 O
out __ gyout _ out _ M & = M _ 5 3
B — H — V¢I\/f 67" r r 89 9 BO Z + M + 2 BOR T3 (3.4.8.20)
2cosfF + sinf @
=Byz+m | =2 rrj i 1 (3.4.8.21)

The magnetic field outside the sphere is just that of the applied magnetic field By plus the field of a pure magnetic
dipole m. Recall, we saw such a solution earlier when we discussed a uniformly magnetized sphere in Notes 3-3.



