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Abstract
We discuss properties of SU(2), especially in relation to its double-covering of SO(3). We
first point out the double covering, then we show the isomorphism of the Lie algebras of SU(2)
and SO(3). We then explicitly find the elements of SU(2) and show how they map to rotations.
We also discuss the pseudoreality of the fundamental representation of SU(2), and the finally
show that U(1) & SU®2)/zy x U(1), discussing some of the subtleties in applications.

1 Introduction

SU(2) is important in both physics and math. In physics, it originally became important as
a tool for studying electron spin, and Heisenberg, reasoning by analogy, used it to predict the
existence of isospin. Mathematically, it has many of interesting properties, especially its rather
intricate relationship with SO(3). Historically, physicists needed to master the mathematics of
SU(2) before moving to SU(3) and beyond. Thus, just as when studying SO(N) we generally
begin with SO(3), it’s instructive to begin studying SU(N) by considering the specific case of
SU(2), which is interesting in its own right.

2 SU(2) is locally isomorphic to SO(3)

One of the most interesting properties of SU(2) is its aforementioned relationship to SO(3), namely
that the two are locally isomorphic. Essentially, this means that, in a neighborhood of any U €
SU(2), SU(2) and SO(3) are isomorphic. This manifests itself as an isomorphicm of their Lie
algebras. As we shall see, this does not hold globally, ie not restricted to a small neighborhood.

To prove this local isomorphism, first consider that any 2-by-2 Hermitian traceless matrix X
can be written as a linear combination of the Pauli matrices:

_ (01 _ (0 —i _ (1 0 (1)
171 0 2=\ o =0 -1
We can state this more succinctly (and often more usefully) as X = & - &, where ¥ = (x,y, 2).
Explicitly,
P ( z T zy) (2)
x +y —Zz

Pick any arbitrary element U of SU(2), and consider X’ = UTXU. We want to show that we can
associate some rotation R with this arbitrary U (ie, define a map that takes U — R)



First, X’ is Hermitian:
(X" = WUtx) =U'X'U =UTXU = X’
since X is Hermitian by assumption. Also, X’ is traceless:
tr(X') = tr(UTXU) = tr(X) =0

using the cyclicity of the trace.
Now, since X’ is Hermitian and traceless, we can write X’ = 2’ - @, just as we did with X. We
see that  and 2’ are linearly related: taking & — AT for a real number \ also takes &’ — A\Z":

X =UXU & -d=U(Z-¢
Now compute the determinant: notice that
det(X) = =22 — (z —dy)(z + iy) = —(2* + y* + 2%) = -7
for a general X. So,
det(X') = —(7)? = det(UTXU) = det(U") det(X) det(U) = det(X) = —7°

So # and &’ are linearly related and have the same magnitude. Then by definition, they are related
by a rotation! So we can associate a rotation R with U.

3 SU(2) covers SO(3) twice

f: U — R is actually 2-to-1, since f(U) = f(=U): ie, UTXU = (-U)'X(~U), so U and —U are
mapped to the same R. We say that SU(2) double-covers SO(3).

Since the map U — R is 2-to-1, not 1-to-1, SO(3) and SU(2) clearly can’t be isomorphic groups.
However, for a sufficiently small neighborhood around the identity, that neighborhood will include
exactly one of U and —U, YU € SU(2). So locally, in a neighborhood of the identity, they are
isomorphic.

There are hints of this in many other areas of the usual discussion around representations of
SU(2) and SO(3). For example, SU(2) has a three-dimensional representation. This is exactly its
correspondence with SO(3).

4 Properties of the Pauli Matrices

Since the Pauli matrices form the basis for the fundamental two-dimensional representation of
SU(2), understanding their behavior allows us to understand all of SU(2). So let’s study them in
a bit more detail.

First, we will enumerate some of their properties. It turns out that:

o2=1 Va (3)
Additionally, they skew-commute:

04,0y = —0p0g Ya,b,a # b (4)



We'll check this explicitly for a =1, b = 2:
0 1\/0 =i\ (i 0\ .
oJ\i o) \o —i) "3
-\ (0 1\ _ (- 0\ _ .
o)\1 o)~ \o i)~ 7"
Notice the correspondence with o3! In fact, distinct Pauli matrices give the other with a factor of

=44 in front.
We can summarize these two properties with the following equation:

—_

. O

040 = Ogpd + t€qpe0e (5)

If @ = b, the second term vanishes and we have I. If not, the first term vanishes, and we’re left
with +io,.
Interchanging a and b, we also have

0b0q = Opad — 1€apcOe (6)
We can then add and subtract (5) and (6) to get

{O’a, O’b} = 25ab (add) (7)
[Ca,0b] = 2i€qpeo. (subtract) ()

Note the factors of 2! They are critical in what is to come.
Now, the Lie algebra for SU(N) is given by

[Ta, Tb] — Z-fabCTC (9)
where the f2’s are the structure constants of the algebra. Dividing (8) by 2, we get

Oa Ob . Oc
[?a: ?:| = leabcé (10)
which matches up with (9) perfectly. Thus, the generators of the fundamental two-dimensional
representation of SU(2) are represented by the o,/2, with structure constants €gpe.

Recall that the Lie algebra for SO(3) is given by
[Jaajb} = i€aqbcde (11)

We can see that by identifying the T of the SU(2) representation with the J,, the Lie algebras of
SU(2) and SO(3) are isomorphic; in other words, identical!

Given all of this, we don’t need to do anything more to find the representations of SU(2), as
we can replicate exactly the steps for analyzing SO(3). Just define T+ = T' 4+ T2, which has the
commutation relations

T3, 7% =+T , [T+, 77 =213

and continue from there. Just as with SO(3), the representations will be (2¢ 4+ 1)-dimensional,
t =0,1/2,1,3/2,2,.... This, in a sense, “explains” the intuitive strangeness of the two-dimensional
representation of SO(3); it’s simply the fundamental representation of SU(2).



5 The Group Elements of SU(2)

Every element of SU(2) can be written as

U = ¢i%ava/2 ew‘;.&/z

where repeated indices are summed. Let’s look at what these are in more detail.

(12)

We denote (5 = ¢q§, where ¢ is the magnitude of q_; and qAS is a unit vector pointing in the same

direction, and expand (12) in a Taylor series:

U — ¢i®3/2 _ Z L"' ((bé&)
n.

n=0

To figure this out, we need to work out what (¢ - )"
For arbitrary # and 7,

(@ &) (- &) = uvoqu0o
= u*v® ((5(11,] + ieabcac)
=(W- V) +i(ix7v)-&
Soifﬁ:ﬁzd_)’,weget =
(¢-0)* =91

Now we can split up (13) into even and odd powers:
0 (—l)k (b 2k . 00 (_1)k ¢ 2k+1 R
(;) (2k)! (2) [ Z(2k+1) (2) 1

:cos((é))I—i—z sm(

Since we're free to align our coordinates, we’ll align Z with (;3, giving us

cos (g) I +io3sin <(§>

These are the elements of SU(2).

6 Half-angles become Full-angles

(13)

In section 2, we showed that for X’ = & - & and X = & - & related by X’ = U'XU for some
U € SU(2), then & and &' are related by a rotation. But which rotation is it? And how exactly do
the half-angles in (14) become full angle rotations? To see all of this, it’s instructive to compute

the rotation relating Z and &’ explicitly.

We will compute U XU by brute force. Without loss of generality, let (2) point along Z, so we

can use the form of U found in (14).



We'll first find UTo,U, and then use that to work out the result for a linear combination of og.

So,
Ulo, U = {cos(ﬁ)] — 103 sin<§)] Oq [cos<§)[ + i3 Sin(iﬂ

For a = 3, this becomes
= cos? ? o3 + sin? ? =03
2 2

Otherwise, a = 1,2. We first get the sin®(¢/2) coefficient:
030403 = —040303 = —0q

using (3)and (4). Then multiplying out, we get

st () (2o i £ o ) s £ s )
oo (£ s (2)o - (2 (2w

By (8), [03,01] = 2i0y and [03,02] = —2ic;. Then using the identities cos?(#) — sin?(#) = cos(26)
and 2sin(6) cos(d) = sin(), we get
UloU = 01 cos(¢) + aasin(ep) (15)
UloyU = —0 sin(¢) + a2 cos(p) (16)

Now plug in X:

X' =U'XU = U'(z0, + yoy + 203)U
= (xzcos(¢) — ysin(@))o1 + (xsin(¢) + y cos(¢))oa + zo3

So ' = x cos(p) —ysin(¢) and ¢y = zsin(¢) +y cos(@), exactly what we would expect for a rotation
about Z by an angle ¢.

7 Quantum Mechanics and the Double Covering

Now for a striking fact!

As before, set U(¢) = €'?73/2 which, as we just checked, leads to a rotation by an angle ¢ around
2. But notice: o

U(2m) = '2793/2 = ¢imos — <e _Oiﬂ> =-1 (17)
0 e

So by the time ¢ has gone from 0 to 27, U has only gone from I to —I! To reach I, ¢ needs to go
all the way to 47 - two “total rotations”.

Recall in section 3 that we showed SU(2) double-covered SO(3). This is the manifestation of
that. In this case, I and —I both map to the same rotation in SO(3), and in general, we’ll always
have U and —U mapping to the same rotation. More concretely

U(¢+ 27T) _ 6i(¢+27r)a3/2 _ 8i7r036i¢03/2 — _U(¢)



Since ¢ and ¢+ 27 are the same rotation in SO(3), these are two elements of SU(2) that correspond
to the same rotation.

All of this underlines (and relates back to) the mathematical statement that, while the Lie
algebras of SU(2) and SO(3) are isomorphic, making them locally work the same, the groups
themselves manifestly do not.

8 SU(2) and Tensors

SO(3) has special properties that SO(N) does not, in general, share. The situation is similar for
SU(2) and SU(N). These properties are best explored using tensor representations.

The tensors that furnish representations of SU(N) are precisely the traceless ones, notated
T;j;;;m These should have definite symmetry properties under permutation of the upper and
lower indices. For SU(2), since €;; and € carry only two indices, we can in fact remove all of the
lower indices from said traceless tensors.

It’s easier to see this from a specific example; it easily generalizes. So consider the the traceless

tensor T%. Then using the construction

pm gqnmijk _ qpgijk
ePmett s =T

we transform the lower indices into upper indices, just so! Thus we can get away with only consid-
ering traceless tensors with no lower indices.

But we can go further! In fact, it suffices to consider only tensors with the upper indices all
symmetrized under interchange. We will show this by induction.

Suppose the statement holds for tensors with fewer than four indices, and suppose T%*! has no
specific symmetry under interchange of ¢ and k. Then we can construct the tensors

Gidkl _ ikl | pkjil
Aiikl _ pijkl _ pkjil

€ AYF is a tensor with two upper indices, which we need not worry about by our inductive
hypothesis. And of course, S¥*! is now symmetric on i and k.

Of course, you couldn’t do any of this with, say, SU(5). This simplicity is what makes SU(2)
special.

We can use this understanding to count the dimensions of representations. Take the represen-
tation furnished by T%%im  Each i; can take on the value 1 or 2, and the tensor is invariant
under the interchange of any two indices. So we just count: 7ttt pll.12 pll..22 = p12..22
T?2--22 S0 the number of 2’s ranges from 0 to m, and thus there are m + 1 independent objects
(and thus the representation is m + 1-dimensional). If we write m = 2t, t = 0,1/2,1,3/2, ..., then it’s
2t + 1-dimensional.

So irreducible representations of SU(2) are indexed by ¢, which is either an integer or half-
integer, such that the dimensions are 2¢ + 1. This is precisely what we expect from the local
isomorphism with SO(3), and in fact we could see this from our reflections in section 4. Good to
know everything is consistent.



9 The Pseudoreality of SU(2)

Recall the purpose of upper and lower indices in tensor representations. For a tensor v, it’s necessary
to have 9; to stand in for v**. However, in the preceding discussion we were able to transform away
all of the lower indices. It seems like 1)’ must be invariant under complex conjugation; ie, that it’s
real.

But this clearly can’t be the case! After all, the group elements of SU(2) in equation (14) are
explicitly complex.

To understand this, we develop the concept of “pseudoreal” representations. We say that if, for

a representation D(g),

for all g € G and for some similarity transformation .S, then the representation is pseudoreal.

To show that the fundamental representation of SU(2) is pseudoreal, we will explicitly find
the S trar}sformation. First, note that the fundamental representation is given, as always, by
D(g) = €'*%/2 and the conjugate representation is given by D(g)* = e~*7"/2,

Notice that the only Pauli matrix that’s at all complex is g5. This suggests that oo should be
our attack vector (or rather, attack transformation). From our Pauli matrix identities,

0907109 = 090109 = —010902 = —01

090309 = 020303 = —030202 = —03

090509 = — 090903 = —09
Generalizing, we have 090092 = —0,. So,

*

- k
LNk >k .G o
2 (6“1"’/2) =0 Y 5o <¢2 ) oy = €'/ (19)
k=0 "

Thus, we can choose S = S~ = g5, which proves that the fundamental representation of SU(2) is,
in fact, pseudoreal.

Note that since our requirements for S are simply that STS = I and equation (18), S is only
determined up to a phase. If we instead use S = i09 = ((1) ’01), we can see the connection between

S and the tensor approach: namely, S = €;;, which connects P to ;.

10 U(N) and SU(N)

Now that we’ve discussed a bit about SU(2), we can make a few statements about U(N), which is
an important group for physics in its own right.

The definition of U(N) is very similar to that of O(N): all N x N matrices satisfying UTU =
I. With O(N), the analogous condition leads to the fact that det(OTO) = det(O”) det(O) =
(det(0))? =1 = det(O) = £1. With U(N) on the other hand, we get something slightly different:

det(UTU) = det(UT) det(U) = det(U)" det(U) = |det(U)|* = 1

which implies a continuum of possibilities: det(U) = e, 0 < a < 2r. We pull out SU(N) with
the additional condition that det(U) = 1.



U(N) also has another important subgroup: that of all matrices of the form Ie'®. Since this is
isomorphic to U(1), we label it as such (slightly abusing notation). We can use these subgroups to
better understand U (N).

First, notice that the intersection of SU(N) and U(1) is nontrivial. The matrices of the form
Ie@/™ are included in both subgroups (since det (Iem/”) = (eia/")n = 1. These are really just the
n*™ roots of unity, which is isomorphic to Z,. Again with a slight abuse of notation, since strictly
speaking Z,, € U(n), but it will do.

The remainder of this section will prove that

U(N) 2 SUMN)/zy x U(1) (20)

and briefly discuss what this means in the context of Lie algebras.
We will prove this in two steps, by proving the following two isomorphisms:

SUN)/zy x U(1) 2 SUWN)xUQ1)/zy =2 U(1) (21)
which we will do using the First Isomorphism Theorem:

First Isomorphism Theorem. Let G and H be groups, and let p : G — H be a homomorphism.
Then

1. ker(p) 4G,

2. Im(p) < H, and

3. Cfier(p) = Im(p)

Let’s prove the first isomorphism in (21) now, and then do the second.
Isomorphism 1. SUWN)xU1)/z, =2 SUN)/zy x U(1)

Proof. Let ¢ : SU(N)xU(1) — SUN)/zy xU(1) be a homomorphism, defined such that ¢(S, e*®) =
(S, el), for S € SO(N), a € [0,27), S € SUN)/z. Note that this is only a homomorphism because
SU(N) is a normal subgroup of U(N).

¢ is onto since V.S € SU(N)/zy, it’s represented by one of its elements S € SO(N). Thus, we
can always find at least one element (S, e®) that maps to (S, e®).

Furthermore, ker(p) = {(S,1) | S € Zy}, which is exactly the definition of Zy x {1} = Zy.

Thus, by the First Isomorphism Theorem, SUN)xU(1)/z, = SUN)/zy x U(1). O

Now, to conquer the second isomorphism in (21), we need the following lemma:

Lemma 1. Every U € U(N) can be written U = /NS, for some o € [0,27) and some S €
SU(N).

Proof. Note that, since U € U(N), det(U) = ¢’ for some « € [0,27). So write U = ¢**/N S, where
we let S = e */NU. Clearly e'*/N € U(1), so we just need to show S € SU(N).

det(S) = det (e /NU) = e~ det(U) = 1, and

51§ = e /Nyte=ie/Ny = T

So we're done. O

Finally we’re ready for the second isomorphism:



Isomorphism 2. SUWN)xUQ1)/z,y = U(1)

Proof. Let ¢ : SU(N) x U(1) — U(N) be a homomorphism, defined such that (S, e?®) = Set®.

By lemma (1), every U € U(N) can be written as ¢'®/NS for some S € SU(N). Thus, for any
U € U(N), there exists an element of SO(N) x U(1) such that (S, e’*/N) = ¢!*/N§ = U. Thus,
1 is onto.

Finally, ker(¢)) = {(Ie~**, &)} N SO(N) x U(1) = {(Ie~**/N e**/N)} which can be seen to be
isomorphic to Zy.

Thus, by the First Isomorphism Theorem, SUN)xU1)/z,y =2 U(1). O

At the level of the Lie algebra, we can in fact make the further simplification that U(N) =
SU(N) x U(1). While this isn’t strictly a true statement, there doesn’t end up being a practical
distinction between SU(N) and SU(N)/z, when talking about their Lie algebras.

To see why, write an element of U(N) as U = ¢* ~ I +iH, where H is some matrix. Then we
can see that H must be Hermitian: UTU ~ (I —iH)(I +iH) ~ I — iH' + iH = I, which means
HT = H. This ends up being the only restriction on H (unlike with SU(N), where we can find
that tr{H} = 0). Thus, the generators of the Lie algebra of U(N) are the generators of the group
of N x N Hermitian matrices and the identity I. Thus, the Zy part doesn’t need to be “removed”.
This is a very rough way of seeing it.

Ultimately, for typical applications in physics, the global properties of these sorts of groups
don’t matter at all. The theory of the strong, weak, and electromagnetic interactions is based on
the group SU(3) x SU(2) x U(1). For this group, we really only need worry about its Lie algebra
— its local, not global, properties. Thus, the distinction doesn’t end up being necessary, and we
can use it in its simpler form.



