
Tests for the code comparison

1 Introduction

The purpose of the code comparison project is:

• To serve as a cross-validation of our respective codes, by understanding
the qualities and limitations of each.

• To serve (the tests) as a reference for other practitioners during the
development and testing of their own codes.

• Applying our different codes to a real common problem of jet prop-
agation and ejection, to understand and estimate the intrinsic error
present in jet simulations.

At the end of the comparison, the results will be published in a web page,
and possibly, in a refereed publication too.
This document has been prepared with the collaboration of several people,
including (in strict alphabetic order) Matteo Bocchi, Miki Cemeljic, Fabio
De Colle, Turlough Downes, José Gracia, Thibaut Lery, Titos Matsakos,
Gareth Murphy, Andrea Mignone, and Jamie O’Sullivan.

2 Advection of a current-carrying cylinder

2.1 References

The test was introduced by DeVore (JCoPh 92, 142 1991). It was used by
Toth & Odstrcil (JCoPh, 128, 82 1996) and more recently by Gardiner &
Stone (JCoPh, 205, 509 1995) with different initial conditions.

2.2 Test purpose

This test can be used to study in detail the integration methods used to
solve the induction equation.
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2.3 Test setup

The problem setup is the following: 2d cartesian coordinates, ideal MHD
equations, periodic boundary conditions, problem domain: 0 ≤ x ≤ 2, 0 ≤
y ≤ 1, γ = 5/3, t = 2. The initial conditions for the variables are set to:{

ρ = p = 1 vx = 2 vy = 1 Az = A0(r0 − r) if r ≤ r0

ρ = p = 1 vx = 2 vy = 1 Az = 0 if r > r0

The magnetic field is initialized using the vector potential with A0 = 10−3

and a radius for the loop r0 = 0.3. The magnetic fields is computed using
B = ∇ × Az to guarantee ∇ · B = 0 initially. The magnetic field loop is
positioned at the center of the computational grid. We run the test using
200× 100 points.
The decay rate of the total magnetic energy (integrated on the domain, i.e.
B2/8π vs. time) is an indicator of the intrinsic dissipation of the integration
method.
All the variables are saved at the beginning and end of the simulation. Addi-
tionally, the magnetic pressure (B2/8π) integrated in all the computational
domain will be saved at each timestep, as funtion of the integration time.

3 MHD Kelvin-Helmholtz Instability

3.1 References

The test was introduced as part of a study on Kelvin Helmholtz instabilities
by Keppens et al. 1999 (J. Plasma Physics, vol.61, part 1, pp. 1-19). It is
based on the results from Miura & Pritchett 1982 (J. Geophys. Res. 87,
7431). Further references are: Baty et al. 2003 (Phys. Plasmas, Vol. 10,
No. 12), Malagoli et al. 1996 (Astrophys. J. 456, 708) and references within.

3.2 Test purpose

This test is designed to verify the general behavior of the Kelvin Helmholtz
instability in a magnetized plasma, with different initial values of the mag-
netic field and to check if the numerical code can reproduce correctly the
linear phase of the evolution of the instability. In particular the growth rates
will be tested against linear theory predictions.

3.3 Test setup

We follow here almost precisely the Baty et al. initial conditions: ideal
MHD equations, 2 dimensions, cartesian coordinates (x,y), grid of (x,y)=
(200,600) points, periodic boundary conditions in the x direction, outflow
boundary conditions in the y direction, problem domain: 0 ≤ x ≤ 1, -1.5 ≤
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y ≤ 1.5, γ = 5/3, tstop=100. The initial conditions for the variables are the
following:

ρ = 1 p = 1/γ

vx = 0.5 ·M · tanh(y/a)

vy = 0.01 · sin(2πx) · exp
(
− y

4a

)2

For the magnetic field:
Bx = B0 By = 0

or, with the vector potential notation:

Ax = 0 Ay = 0 Az = B0x

The problem has three parameters:

• a is the width of the shear and has to be small. In this test a will be
fixed at: a = 0.05

• M is the sonic mach number and in this test will be constant: M = 1

• B0 is the initial magnetic field strength. Using the equations in cgs
(µ0 = 1) and the normalization above (ρ = 1, sound velocity cs = 1,
p = 1/γ), one finds that B0 =

√
4π ·M/MA, with MA being the alfvén

mach number v/vA. Note that in some codes the factor
√

4π is in-
cluded in the magnetic field and therefore is not needed.
The test consists of four simulations with the following alfvén mach
numbers: MA = 1, MA = 3, MA = 10, MA = 40.

Following Keppens et al. we will determine the growth rate of the instability
by monitoring the vertical kinetic energy Ey =

∫ ∫
dxdy 1

2ρv2
y . Because the

cells in the simulation have the same size, this integral is just the sum of
the values over the whole domain. For this reason, the test requires to save
Ey quite often. For the case MA = 10, we prescribe to save Ey every 0.05
time units in the interval 0 ≤ t ≤ 10, and every 1 time unit in the interval
10 ≤ t ≤ 100. In this way a proper time resolution for further analysis is
assured. For the other three cases, saving every 1 time unit is sufficient.
All the variables are saved at the beginning and end of the simulation. Ad-
ditionally, Ey as a funtion of the integration time will be saved as described
above.
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4 The Two-dimensional Compressible MHD Vor-
tex of Orszag and Tang

4.1 Test purpose

The problem tests if the code can robustly handle the formation and inter-
action of MHD shocks in two dimensions. The problem also tests how well
the code preserves the ∇·B = 0 condition. 180◦ rotational symmetry should
be preserved in the simulation at all times.

4.2 Test setup

A number of differing initial conditions are found in the literature. Here,
the initial conditions are the following: 2d cartesian coordinates, ideal MHD
equations, periodic boundary conditions, problem domain: 0 ≤ x ≤ 1, 0 ≤
y ≤ 1, γ = 5/3, t = 0.48. We run the test using 400 × 400 points. The
variable are initialized with the following initial conditions:

U =



ρ = 25
36π

vx = −sin(2πy)
vy = sin(2πx)

vz = 0
Bx = −sin(2πy)/

√
4π

By = sin(4πx)/
√

4π
Bz = 0
p = 5

12π


(1)

Values for p, ρ, and γ are deliberately chosen, so that the speed of sound,
c =

√
γp/ρ = 1. Boundary conditions are periodic on all four sides.

All the variables are saved at the beginning and end of the simulation.

5 Oscillatory Instability of Radiative Shocks

5.1 References

This test is based on the phenomenon of the oscillatory radiative shock,
which was the subject of analysis by Chevalier & Imamura (ApJ, 261, 543,
1982, hereafter CI82) following the discovery of the existence of this insta-
bility in numerical simulations of the cooling region of accreting degenerate
dwarf stars by Langer, Changmugam & Shaviv (ApJ Letters, 245, L23,
1981).
The phenomenon was introduced as a test for codes by Stone & Norman
(ApJ, 413, 198 1993). However in their tests they used a time dependent
setup, allowing the shock to form at the wall and then settle to an equilib-
rium position after many oscillations. This makes the test more sensitive to
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the boundary conditions. Here instead the approach described by Mignone
(ApJ, 626, 373, 2005, hereafter M05) is used, whereby the steady state
solution is used as the initial condition for the system, and perturbations
occurring naturally at the boundary travel towards the shock and perturb
it.

5.2 Test Purpose

The aim of this test is to demonstrate a code’s ability to handle changes to
the energy budget of the system and reproduce the expected oscillations of
the shock. The test could, for example, highlight differences between non-
conservative codes, and conservative codes using a split method to solve the
advection and source parts of the energy equation separately. The test’s
sensitivity to the boundary conditions at the wall can be somewhat trouble-
some and we have attempted to use a setup and benchmarks which are not
overly reliant on the behavior at the wall. However, this sensitivity at the
boundary, although not quantified in this test, can also be illustrative.

5.3 Test setup

The test consists of a 1d cartesian grid on the domain 0.001≤x≤2.001, with
reflecting or fixed boundary conditions (see below) at x = 0.001 and inflow
at x = 2.001. The system to be solved is the set of HD equations, with
cooling due to optically thin radiative losses included via a power law cooling
function of the form

Λ(ρ, p) = aρ2
(

p

ρ

)α

where α = 1/2 (approximating bremsstrahlung) and a is a physical constant
depending on the cooling (and the units used). Here the value of a will not
be explicitly needed. An ideal equation of state is used, with γ = 5/3. With
the cooling function, the set of equations to be solved is then

∂ρ

∂t
+ ρ

∂v

∂x
+ v

∂ρ

∂x
= 0

∂v

∂t
+ v

∂v

∂x
+

1
ρ

∂p

∂x
= 0

∂p

∂t
+ v

∂p

∂x
+ γp

∂v

∂x
= −(γ − 1)Cρ2

(
p

ρ

)α

where C is a constant defined below. The steady state solution (ρ0, v0, p0) for
this system is used as the initial condition for the system, i.e, after the shock
has formed and settled at a distance xs from the wall. This is obtained by
linearising this set of equations and taking the zero order terms to simplify
the energy equation, which can then be integrated to obtain the dependence
of the velocity on the spatial coordinate (see CI82 and M05 for details).
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Expressing the density and velocity in units of their inflow values, with the
length scale normalised to the equilibrium position xs, the pre-shock flow
variables become ρ = 1, v = −1, and p = ( 1

γM2 ). For this test an incoming
flow of Mach 40 is prescribed.
Determining the post-shock initial values for the variables is not trivial. For
this reason, a file containing the steady state solution for v0 is available with
this document. In order to obtain the velocity as a function of the position,
one can interpolate linearly the solution posed in the file to obtain the values
of v when initialising the variables. The other variable are obtained using
the following relations:

ρ0v0 = −1

−v0 + p0 = m

where
m = 1 +

1
γM2

The boundary conditions for this problem will have a critical effect on the
behaviour of the system (see §4.2 of M05 for a discussion of this), more-
over this effect will depend on the code and method chosen. Thus, in order
to make a feasible test, a compromise between consistency and ease of im-
plementation must be made. In this case we specify that the simulations
be run with normal reflecting boundary conditions and/or fixed boundary
conditions at the left boundary, where the values at the boundary are kept
constant at their steady state values at x = x0 (or limited to a small multi-
ple of this value), where in this case we have specified x0 = 10−3. It is not
necessary to explicitly include perturbations for this test, as perturbations
will naturally arise at the reflecting boundary and move towards the shock,
perturbing it.
Once the test is set up, it should be run for a total of 500 of the code’s di-
mensionless time units to allow time for several oscillations and with output
sufficiently often in order to sample the shock position adequately in time
(every 0.1 time units is suggested). The test should be run for the following
resolutions: 800x1 and 1600x1 points.
Additional Note: In order to carry out this simulation with a dimen-
sional code one could use values for the incoming gas prescribed by Gaetz,
Edgar, and Chevalier, 1988, i.e. ρin = 1.66 × 10−23gcm−3, pin = 2.28 ×
10−11dynecm−2. The cooling length can be obtained from the expression

C = Lcaρin|uin|2α−3

which comes from the normalisation of the pressure equation as described
in CI82. For c.g.s units a = 2 × 10−27 1

m2
p
(mpµ

kB
)α. From the value for the

constant C computed above, for this setup we have calculated the cooling
length to be xs = 1.02888× 1020 for an incoming gas velocity of Mach 40.
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5.4 Test evaluation

We use two main criteria to establish that the code is solving the problem
correctly, in an attempt to evaluate the handling of the cooling without
excessive emphasis on the boundary conditions. The first two involve de-
termining the position of the shock. This is quite straightforward for this 1
dimensional setup, one can search for the position of the jump in pressure.

• The first criterion involves:

– (a) the qualitative observation that the shock position relative to
the reflective boundary oscillates about a fixed value

– (b) observation of the equilibrium position of the shock. With the
normalizations defined as above, the steady state shock position
is given by the unit length. However, the sensitivity of the shock
to perturbations from the boundary condition at the wall may
necesitate using the average value of the shock position over time,
if the oscillations do not completely disappear. The absoluteness
of this first criterion is further impaired by the effect of numerical
diffusion effects, which can cause the radiative losses to be over-
estimated. This effect is more pronounced at lower resolutions.

• As we start with the steady state solution and in principle observe
relatively low amplitude oscillations, the results of this test can be
compared with the linear analysis carried out in CI82. The power
spectrum of the shock oscillations which occur should show clearly a
peak at the fundamental mode of oscillation (ω = 0.305), and the first
(ω = 0.889) and second modes (ω = 1.504) may also be identifiable.
Note that the relative powers of the modes will depend on the bound-
ary conditions and the duration of the sampled signal, as a result of
the fact that for α = 1/2 the fundamental mode is damped, while the
overtones are growing (see Fig 2. in M05). However, having the peaks
at or very near the frequency values predicted from the linear analysis
is a good indication that the physics is being handled properly.

All the variables (in this case just ρ, P and vx) will be saved at the beginning
and end of the simulations. Additionally, the shock position will be saved
as function of time.

6 Jet simulations

6.1 Test Purpose

The purpose of these tests is to look for the differences in realistic simulation
of stellar jets, as due to different codes and schemes.
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6.2 Test setup

The initial conditions for the tests are the following: cyclindrical two - di-
mensional grid, with 400 × 1600 points in r and z respectively; the jet is
injected from a 30-points region on the r-axes, with r < rjet, with a velocity
vz varying with time (to produce knots similar to the observed ones) as:

vz = v0

(
1 + ∆vz sin

2πt

τ

)
(2)

The jet parameters are the following njet = 1000 cm−3, Tjet = 104 K,
v0 = 200 km/s, while in the ambient medium: namb = njet, Tamb = Tjet.
The other components of the velocity are initially fixed equal to zero ev-
erywhere. The mass density is calculated from the number density by:
ρ = nmHµ where mH = 1.66 × 10−24 and µ = 1.3 are the hydrogen mass
and the mean molecular weigth.
The pressure is obtained from the temperature using: P = nkBT , where the
Boltzmann constant is fixed equal to kB = 1.381× 10−16 cgs. The velocity
variations are calculated assuming ∆vz = 100 km/s, with a period equal to
2 crossing times (τ = 31.75 yrs).
The jet radius is supposed equal to rjet = 3 × 1015 cm, corresponding to a
resolution of 30 points. The grid size corresponds therefore to (Lx,Ly)=(4×
1016, 1.6× 1017) cm.
The boundary conditions are the following: gradient zero boundary condi-
tions everywhere except on the z-axes, and at z = 0 where the boundary
conditions are either set to inflow if r ≤ rjet or reflecting elsewhere.
The magnetic field, when present, is fixed equal to: Bz = B0 everywhere,
Bθ = 2B0r/rjet inside the jet (and Bθ = 0 in the ambient medium), and
Br = 0 initially everywhere. At t > 0, the same initial conditions are
imposed on the jet material except for Br, that is calculated using the∇· ~B =
0 condition.
Also, we include a cooling function in the energy equation:

∂e

∂t
+∇ · Fe = −n2Λ(T ) (3)

where the function Λ(T ) is given by a table (taking the values from Dalgarno
& McCray 1973). The cooling function will be fixed equal to zero for T ≤
10000 K. A simple Fortran subroutine is given as an example of a possible
implementation of the cooling function in the code.
We wun two simulations: first an hydrodynamics simulation, and second an
MHD simulation with B0 at equipartition, defined as: B0 =

√
8πP .

All the variables are saved at the beginning of the simulations, and each 100
yrs up to 500 yrs.
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