
1 Low Energy Neutrino Scattering Overview
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Figure 1: Total neutrino and antinuetrino cross sections (devided by energy)
versus energy compared to the sum of quasielastic, resonance, and inelastic
contributions (from D. Casper, Private Communication)

There are several formalisms used to discuss electron-nucleon and neutrino-
nucleon (CC and NC) scattering, and the corresponding reactions on nuclear
targets.

Inclusive lepton scattering can be described in either structure function lan-
guage or in terms of form factors for the production of resonant �nal states.
The two descriptions are equivalent and there are expressions that relate form
factors to structure functions. In electron scattering, the vector form factors
can be related to the two structure functions W1 and W2 (which are di�erent
for neutrons and protons) or equivalently F2 and R.

In neutrino scattering, there are three structure functions W1, W2 and W3

(or F2, R and xF3), which are di�erent for the scattering from neutrons and
protons, and contain both a vector and an axial vector component. In addition,
because of the �nite mass of the �nal state muon, there are additional structure
functions (which are only important at very low energies) which are depend on
the muon mass. These muon mass dependent structure functions can be related
to the other structure functions within the framework of theoretical models.

From CVC, the vector structure functions (or form factors) measured in
electron scattering can be related to the corresponding vector structure functions
in neutrino scattering for speci�c isospin �nal states. For elastic scattering from
spin 1/2 quarks or spin 1/2 nucleons, these relationships for the vectro form
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factors are simpler. For production of higher spin resonances, the relations are
more complicated and involve Clebsch-Gordon coeÆcients.

In contrast, the axial structure functions in neutrino scattrering cannot be
related to electron scattering, except in certain limits. For example, within a
quark parton model at high energies with V=A. At low Q2, the axial and vector
form factors are di�erent, e.g. because of the di�ernet interactions with the pion
cloud around the nucleon.

Another di�erence is the issue of nuclear e�ects in inclusive neutrino versus
electron scattering. The nuclear e�ects can be di�erent for axial and vector
parts of the scattering (e.g. shadowing e�ects). They can also be di�erent for
the various structure functions (e.g. di�erent for valence and sea quarks).

There are several theoretical constraints and sum rules that can be tested
in electron and neutrino reactions (or equivalently included as a constraint in
the overall anlaysis of data. Sum of the sum rules and constraints are valid
at all values of Q2, and some are only valid in certain limits. These include:
(a) The adler sum rules, which are separate sum rules for the axial and vector
parts of W1, and W2, and for W3 and are valid at all values of Q2 (since they
are based on current algebra considerations). At high Q2, these sum rules are
equivalent to the statement that the number of u valence quarks in the proton
minus the number of d valence quarks is equal to 1. Other sum rules such as
the momentum sum rule (sum of the momentum carried by quark and gluons is
1) and the Gross-LLewelyn-Smith sum Rule (number of valence quarks is equal
to 3) have QCD corrections and break down at very low Q2.

At very low Q2, there is the constraint that the vector structure functions
are related to the photoproduction cross section. At high Q2 it is expected that
the structure functions are described by QCD and satisfy QCD sum rules.

Quasielastic scattering(QE), resonance production, and inelastic scattering
are all important components of neutrino scattering at low energies. We should
clarify that the neutrino community uses the term `quasielastic' to describe
a charged-current process in which a neutrino interacts with a nucleon and
produces a muon (or an electron) in the �nal state. The nucleon can be a free
nucleon or a nucleon bound in the nucleus. The term `quasielastic' refers to
the fact that the initial state neutrino changes into a di�erent lepton, and there
is a single recoil nucleon in the �nal state (which changes its charge state).
In contrast, the electron scattering community refers to the case of electron-
nucleon scattering with a single recoil nucleon as `elastic' scattering. The term
`quasielastic' scattering is used by the electron scattering community to describe
elastic electron-nucleon scattering from bound nucleons in a nucleus. Here the
term `quasielastic' refers to the fact that the bound nucleon is quasi-free. Both
of these interpertations are used in the literature.

In order to describe speci�c �nal states, one either uses the langauge of
structure functions, followed by fragmentation functions at high values of Q2.
At low values of Q2, many experiments describe the cross sections for speci�c
exclusive �nal states. Both of these pictures need to be modi�ed when the
scattering takes place on a complex nucleus.

Figures1 (a) and (b) show the total neutrino and antineutrino cross section
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(per nucleon for an isoscalar target) versus energy (at low energies) compared
to the sum of quasielastic, resonance, and inelastic contributions. The sum is
constructed to be continuous in W as follows. For W > 2 GeV the Bodek-Yang
model is used with the axial structure functions calculated with Z = 0:5. The
Rein-Sehgal model is used used for W < 2 GeV . In addition, a fraction of
the Bodek-Yang cross section is added to the Rein-Sehgal cross section between
W = 1:7 GeV and W = 2 GeV . The fraction increases linearly with W from
0 to 0.38 between W=1.7 and 2 W=2 GeV. These two �gures also show the
various contributions to the neutrino and antineutrino total cross-sections that
are investigated in this proposal.

2 Quasielatic charged-current scattering

Quasielastic scatteing is discussed in detail in two recent papers by Budd, Bodek
and Arrington [2]. Here we give a brief summary of the results of these two
papers.

2.1 Total Quasielastic Cross Sections

Figures 2, and 3 show the QE cross section for � and � with BBA-2003 Form
Factors and MA=1.00 GeV. The normalization uncertainty in the data is ap-
proximately 10%. The solid curve uses no nuclear correction, while the dashed
curve [29] uses a NUANCE [32] calculation of a Smith and Moniz [30] based
Fermi gas model for carbon.

This nuclear model includes Pauli blocking (see Figure 12) and Fermi mo-
tion, but not �nal state interactions. The Fermi gas model was run with a 25
MeV binding energy and 220 MeV Fermi momentum. The dotted curve is the
prediction for Carbon including both Fermi gas Pauli blocking, and the e�ect of
nuclear binding on the nucleon form factors as modeled by Tsushima et al [33]
(see Figure 13). Note that this model is only valid for Q2 less than 1 GeV 2,
and that the binding e�ects on the form factors are expected to be very small
at higher Q2. Both the Pauli blocking and the nuclear modi�cations to bound
nucleon form factors reduce the cross section relative to the cross section with
free nucleons.

The MINERvA experiment will be able to measure these quasielastic cross
sections with much greater precision. In addition, for the �rst time, precision
measurements of the axial form factors of the nucleon for Q2 greater than 1
GeV 2 will be done. At lower values of Q2, where the nuclear corrections on
Carbon are larger the qausielastic axial form factor is rather well known from
neutrino experiments on deuterium. Here, the contribution of MINERvA will
focus on understanding the nuclear e�ects at low Q2 (which give the largest
contribution to the integrated quasielastic cross section).
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Figure 2: The QE neutrino cross section along with data from various experi-
ments. The calculation uses MA=1.00 GeV, gA=�1:267, M2

V=0.71 GeV2 and
BBA-2003 Form Factors. The solid curve uses no nuclear correction, while the
dashed curve [29] uses a Fermi gas model for carbon with a 25 MeV binding en-
ergy and 220 Fermi momentum. The dotted curve is the prediction for Carbon
including both Fermi gas Pauli blocking and the e�ect of nuclear binding on
the nucleon form factors [33]. The lower plot is identical to the upper plot with
the E� axis limit changed to 2 GeV. The data shown are from FNAL 1983 [17],
ANL 1977 [15], BNL 1981 [14], ANL 1973 [22], SKAT 1990 [23], GGM 1979 [24],
LSND 2002 [25], Serpukov 1985 [26], and GGM 1977 [27].
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Figure 3: The QE antineutrino cross section along with data from various ex-
periments. The calculation uses MA=1.00 GeV, gA=�1:267, M2

V=0.71 GeV2

and BBA-2003 Form Factors. The solid curve uses no nuclear correction, while
the dashed curve [29] uses a Fermi gas model for carbon with a 25 MeV binding
energy and 220 MeV Fermi momentum. The dotted curve is the prediction for
Carbon including both Fermi gas Pauli blocking and the e�ect of nuclear bind-
ing on the nucleon form factors [33]. The data shown are from SKAT 1990 [23],
GGM 1979 [28], Serpukov 1985 [26], and GGM 1977 [27].

2.1.1 Input from Electron Scattering Experiments

Recent experiments at SLAC and Je�erson Lab (JLab) have given precise mea-
surements of the vector electromagnetic form factors for the proton and neutron.
These form factors can be related to the form factors for QE neutrino scattering
by conserved vector current hypothesis, CVC. These more recent form factors
can be used to give better predictions for QE neutrino scattering.

The hadronic current for QE neutrino scattering is given by [3]

< p(p2)jJ
+

� jn(p1) >=

u(p2)

�
�F

1
V (q

2) +
i���q

��F 2
V (q

2)
2M + �5FA(q2) +

q�5FP (q
2)

M

�
u(p1);

where q = k� � k�, � = (�p � 1) � �n, and M = (mp + mn)=2. Here, �p
and �n are the proton and neutron magnetic moments. We assume that there
are no second class currents, so the scalar form factor F 3

V and the tensor form
factor F 3

A need not be included. Using the above current, the cross section is
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gA -1.267
GF 1.1803�10�5 GeV�2

cos �c 0.9740
�p 2.793 �N
�n -1.913 �N
� 3.706 �N
M2

V 0.71 GeV2

MA 1.00 GeV

Table 1: The most recent values of the parameters used in the `BBA-2003'
calculations.

d��; �

dq2
=
M2G2

F cos
2�c

8�E2
�

�

�
A(q2)�

(s � u)B(q2)

M2
+
C(q2)(s � u)2

M4

�
;

where

A(q2) =
m2 � q2

4M2

��
4�

q2

M2

�
jFAj

2

�

�
4 +

q2

M2

�
jF 1
V j

2 �
q2

M2 j�F
2
V j

2

�
1 +

q2

4M2

�
�
4q2ReF 1�

V �F 2
V

M2

�
;

B(q2) = �
q2

M2
ReF �

A(F
1
V + �F 2

V ); C(q2) =
1

4

 
jFAj

2 + jF 1
V j

2 �
q2

M2

�����F 2
V

2

����
2
!
:

Here

q2 = q20 � ~q23 = �4E0E
0 sin2

�

2
= �Q2 :

Although we have have not shown terms of order (ml=M )2, and terms in-
cluding FP (q2) (which is multiplied by (ml=M )2), these terms are included in
our calculations [3].) The form factors F 1

V (q
2) and �F 2

V (q
2) are given by:

F 1
V (q

2) =
GV
E (q

2) �
q2

4M2G
V
M (q2)

1� q2

4M2

; �F 2
V (q

2) =
GV
M(q2)� GV

E(q
2)

1� q2

4M2

:

We use the CVC to determine GV
E (q

2) and GV
M(q2) from the electron scat-

tering form factors Gp
E(q

2), Gn
E(q

2), Gp
M(q2), and Gn

M (q2):

GV
E (q

2) = Gp
E(q

2) �Gn
E(q

2); GV
M(q2) = Gp

M(q2)� Gn
M(q2):

The axial form factor FA and the pseudoscalar form factor FP (related to
FA by PCAC) are given by

FA(q
2) =

gA�
1� q2

M2
A

�2
; FP (q

2) =
2M2FA(q

2)

M2
� � q2

:
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In the expression for the cross section, FP (q
2) is multiplied by (ml=M )2. There-

fore, in muon neutrino interactions, this e�ect is very small except at very low
energy, below 0.2 GeV. FA(q2) needs to be extracted from QE neutrino scat-
tering. At low Q2, FA(q2) can also be extracted from pion electroproduction
data.

For later use in Adler sum rule, we express the following functions used by
Adler[4] in the notation of C.H. Llewellyn Smith [3] (which we use here).

jFV (q
2)j2 = jF 1

V (q
2)j2 �

q2

M2

�����F 2
V (q

2)

2

����
2

gV (q
2) = F 1

V (q
2) + �F 2

V (q
2)

Note that FA(q2) in our notation is the same as gA(q2) as de�ned by Adler,
and FP (q2) in our notation is the same as hA(q2)=M as de�ned by Adler. Also,
Adler de�nes q2 as positive, while we de�ne q2 as negative and Q2 as positive.

Previously, people have assumed that the vector form factors are described
by the dipole approximation.

GD(q
2) =

1�
1� q2

M2
V

�2 ; M2
V = 0:71 GeV 2

Gp
E = GD(q

2); Gn
E = 0; Gp

M = �pGD(q
2); Gn

M = �nGD(q
2):

Note that Gp
E , G

p
M , and Gn

E are positive, while Gn
M and the axial form factor

FA are negative.
We refer to the above combination of form factors as `Dipole Form Factors'.

It is an approximation that has been improved by Budd, Bodek and Aring-
ton [2]. Here we use the updated form factors to which we refer as `BBA-2003
Form Factors' (Budd, Bodek, Arrington) which are described below. Previous
neutrino experiments used gA=�1:23, while the best current value is �1:267.
The previous world average value from neutrino experiments for MA was 1.026
� 0.020 GeV [6]. The value ofMA extracted from neutrino experiments depends
on both the value of gA and the values of the electromagnetic form factors which
are assumed in the extraction process. Here we use the updated value [2] ofMA

1.00 � 0.020 GeV, which has been re-extracted from previous neutrino data
using the better known values for gA and the updated `BBA-2003' vector form
factors. This value of MA is in good agreement with the theoretically corrected
value from pion electroproduction [6] of 1.014 � 0.016 GeV.

Figure 8 shows the `BBA-2003' �ts to �pG
p
E/G

p
M . Note that at present there

is a discrepancy between two di�erent ways of measuring the ratio of electric
and magnetic form factor of the proton. The �t including only cross section
data (i.e. using Rosenbluth separation) is roughly at versus Q2 (Q2 = �q2)
and is consistent with form-factor scaling. This is what is expected if the electric
charge and magnetization distributions in the proton are the same. However,
the new technique of polarization tranfer yields a much lower ratio at high
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Figure 4: Fits to Gp
E=GD, using cross section data only (solid), compared with

`BBA-2003' combined �ts to both the cross section and polarization transfer
data (dashed). The diamonds are the from Rosenbluth extractions and the
crosses are the Hall A polarization transfer data. Note that the �t is to cross
sections, rather than �tting directly to the extracted values of Gp

E shown here.
Since the di�erence between the two is only at high Q2, the two �ts yield similar
results for the predicted neutrino-nucleon cross sections.

Q2, and indicates that there is a di�erence between the electric charge and
magnetization distributions in the proton. At present the polarization transfer
technique is believed to be more reliable and less senistive to radiative e�ects
from two photon corrections.

If the electric-charge and magneization distribution in the proton are very
di�erent, then a test of the high Q2 behavior of the axial form factor is of
interest as an additional input to understand the origin of this di�erence. This
is one of the measurementc that can be done in MINERvA. At present, there are
several proposal at Jlab to further investigate this issue. In addition, there are
several groups investigating two photon corrections to elastic electron scattering
in order to see if the two measurements can be reconciled.

In the BBA-2003 analysis a combined �t is done, using the cross section data
combined with the polarization tansfer ratio, the ratio decreases with Q2 in the
combined �t to cross section and polarization transfer data. The combined �t
to both cross section and polarization transfer data is used as the default BBA-
2003 form factors. Although the polarization transfer measurement is believed
to have smaller systematic error, especially at high Q2, the origin of this dis-
agreement is not known. If this disagreement comes from radiative corrections
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to the electron, in particular two-photon exchange terms, then the polarization
transfer extraction will give the correct ratio, but the overall scale of Gp

E at low
Q2 would be shifted down by �3%. Because the �t is constrained as Q2 ! 0,
there will not be an overall shift in Gp

E at low Q2, but there will be some un-
certainty in the low Q2 behavior. Current experiments at JLab aim to better
understand the source of the disagreement by looking at the recoil proton in
elastic electron-proton scattering, thus minimizing the sensitivity to the domi-
nant sources of uncertainty in previous Rosenbluth separations. However, since
this discrepancy is most prominent at high Q2, and the �t is constrained at
low Q2, it has only a relatively small e�ect on the neutrino QE scattering cross
section.

The fractional contributions of Gp
M ,Gn

M ,Gp
E, G

n
E and FA to the distribution

in Q2 for quasileastiv events in neutrino running and antineutrino running with
the NUMI low energy beam con�guration are shown in Figure 5. These contri-
butions were determined by looking at the di�erence between the cross section
calculated usintg BBA-2003 form factors and the cross section when each of
the following form factors Gp

M ,Gn
M ,Gp

E, G
n
E and FA are set to zero. Because of

intereference terms, the sum of the fraction does not have to add up to 1.0.

Figure 5: The fractional contributions of Gp
M ,Gn

M ,Gp
E, G

n
E and FA to the distri-

bution in Q2 for quasielastic events in neutrino (top) and antineutrino (bottom)
running with the NUMI low energy beam con�guration.
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data a2 a4 a6 a8 a10 a12
Gp
E CS + Pol 3.253 1.422 0.08582 0.3318 -0.09371 0.01076

Gp
M CS + Pol 3.104 1.428 0.1112 -0.006981 0.0003705 -0.7063E-05

Gn
M 3.043 0.8548 0.6806 -0.1287 0.008912

Gp
E CS (test) 3.226 1.508 -0.3773 0.6109 -0.1853 0.01596

Gp
M CS (test) 3.188 1.354 0.1511 -0.01135 0.0005330 -0.9005E-05

Table 2: The coeÆcients of the inverse polynomial �ts for the Gp
E , G

p
M , and

Gn
M . The combined �ts for the proton include both the cross section data and

the Hall A polarization transfer data. Note that these di�erent polynomials
replace GD in the expression for Gp

E , G
p
M , and Gn

M . The values in this the
table (CS+POL) along with the �t of Gn

E Krutov et. al. [12] (see text) will
be referred to as `BBA-2003 Vector Form Factors'. The CS (test) is a �t which
ignores the polarization transfer data.

2.2 Input from Electron Scattering Quasielastic Scatter-
ing

Table 1 summarizes the most up to date values of the coupling constants and
magnetic moments that we use in our calculations of quasielastic cross sections.

2.3 `BBA-2003' updated form factors

The `BBA-2003' updated �t to the proton electromagnetic form factors is similar
to the one described in Ref. [7], but using a slightly di�erent �tting function
(described below), and including additional data to constrain the �t at low Q2

values. Note that in contrast to the functional form used in Ref. [8], we only
include even powers of Q in our �t. This is because odd powers of Q are not
theoretically allowed. For example, one can use analyticity [9, 10] to show that
there are no odd terms in Q in the limit Q! 0.

The vector form factors can be determined from electron scattering cross
sections using the standard Rosenbluth separation technique [7], which is sensi-
tive to radiative corrections, or from polarization measurements using the newer
polarization transfer technique [11]. The polarization measurements do not di-
rectly measure the form factors, but measure the ratio GE/GM . Figures 4, 6,
and 7 show the ratio of the �ts divided by the dipole form, GD.

To account for the fact that deviations from the dipole form are di�erent for
each of the di�erent form factors, the electron scattering data are �t for each of
the form factors to an inverse polynomial

GN
E;M (Q2) =

GN
E;M (Q2 = 0)

1 + a2Q2 + a4Q4 + a6Q6 + :::
:

Table 2 shows the parameters of the `BBA-2003' �t to the proton data using
both cross section data together with the polarization transfer data from JLab
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Figure 6: `BBA-2003' �ts to Gp
M=�pGD. The lines and symbols have the same

meaning as Figure 4.

Figure 7: `BBA-2003' �t to Gn
M=�nGD. The lines and symbols have the same

meaning as Figure 4.
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Figure 8: Ratio of Gp
E to Gp

M as extracted by Rosenbluth measurements and
from polarization measurements. The lines and symbols have the same meaning
as Figure 4.

Figure 9: Data and �ts to Gn
E . The dashed line is the Galster et al. �t [13],

and the solid line is the Krutovet al. �t [12].
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Figure 10: Ratio versus energy of predicted neutrino (antineutrino) QE cross
section using BBA-2003 Form Factors to the prediction using the dipole approx-
imation with Gn

E=0 (with MA kept �xed).

Hall A. For Gp
E, the parameters in Table 2 are used for Q2 < 6 GeV2. For

Q2 > 6 GeV2, the ratio of Gp
E=G

p
M is assumed to be constant:

Gp
E(Q

2) = Gp
M (Q2)

Gp
E(6 GeV2)

Gp
M (6 GeV2)

Since the neutron has no charge, Gn
E must be zero at q2=0, and previous

neutrino experiments assumed Gn
E(q

2)=0 for all q2 values. However, it is non-
zero away from q2=0, and its slope at q2=0 is known precisely from neutron-
electron scattering. At intermediate Q2, recent polarization transfer data give
precise values of Gn

E(q
2). Our analysis uses the parameterization of Krutov et.

al. [12]:

Gn
E(Q

2) = ��n
a�

1 + b�
GD(Q

2); � =
Q2

4M2
;

with a = 0:942 and b = 4:61. This parameterization is very similar to that of
Galster et al. [13], as shown in Figure 9. The parameters in Table 2, along with
the �t of Gn

E of Krutov et. al. [12], are referred to as `BBA-2003 Form Factors'.
For BBA-2003 Form Factors, both the cross section and polarization data are
used in the extraction of Gp

E and Gp
M .

Figure 10 shows the ratio versus neutrino energy of the predicted neutrino
(antineutrino) QE cross section on nucleons using the `BBA-2003' Vector Form
Factors to the prediction using the Dipole Vector Form Factors (with Gn

E=0

13



and MA kept �xed). This plot indicates that it is important to use the updated
form factors.

Figure 11: Extraction of the Fermi Gas model parameters i.e. the e�ective Kf

and nuclear potential binding energy � from 500 MeV electron scattering data
(from Moniz. [30]. (a)Carbon, (b) Nickel and (c) Lead

3 Nuclear E�ects in Quasielastic Scattering from

Bound Nucelons

There are three important e�ects on the inclusive quasielastic cross section on
nuclear targets. These are (a) Fermi Motion, (b) Pauli Blocking and (c) Binding
corrections to the nucleon form factors due to distortion of the both the nucleon
size or distortions of the pion cloud around the nucleon in the nucleus. Figure 12
shows the nuclear suppression versus Q2 from a NUANCE [32] calculation [29] of
a Smith and Moniz [30] based Fermi gas model for carbon. This nuclear model
includes Pauli blocking and Fermi motion (but not �nal state interactions). The
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Figure 12: The Pauli blocking suppression for a Fermi gas model for carbon
with a 25 MeV binding energy and 220 MeV Fermi momentum.

Fermi gas model was run with a 25 MeV nuclear potential binding energy � and
220 MeV Fermi momentum Kf . Figure 11 from Moniz et. al. [30] shows
how the e�ective Kf and nuclear potential binding energy � (within a Fermi-
gas model) for various nuclei was extracted from electron scattering data. The
e�ective Kf is extracted from the width of the electron scattered energy, and
the nuclear potential binding energy � is extracted from the shifted location
of the quasielastic peak. Figure 27 shows the e�ective Kf for various nuclear
targets.

Figures 13 and 14 show the prediction for the nuclear binding e�ect on the
nucleon form factors (i.e. the ratio of bound to free nucleon form factors for F1,
F2, FA) in neutrino scattering, and for the vector form factors Gp

E , G
n
E , G

p
M

and Gn
M in electron scattering as modeled by Tsushima et al [33]. At low Q2

the e�ect of the nuclear binding e�ects from this model are similar to what is
observed in experiments at Jlab [10]. Both the Pauli blocking and the nuclear
modi�cations to bound nucleon form factors reduce the cross section relative to
the cross section with free nucleons. However, it is more likely that the low Q2

deviations are not actually modi�cations of the actual nucleon form factors, but
rather e�ects of interaction with the pion cloud for Q2 less than 1 GeV 2. Note
that experiments from Jlab indicate that the binding e�ects on the form factors
are expected to be very small at higher Q2 (as described in the next section).
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Figure 13: The ratio of bound nucleon (in Carbon) to free nucleon form factors
for F1, F2, and FA from ref [33]. Note that this model is only relevant for Q2

less than 1 GeV 2, and that the binding e�ects on the form factors are expected
to be very small at higher Q2. At low Q2 the e�ect of the nuclear binding e�ects
from this model are similar to what is observed in experiments at Jlab [10].

4 Detection of recoil nucleons

The calculation for the inclusive cross section assumes that only the �nal state
muon is detected. In neutrino experiments, detection of the recoil nucleon is
sometimes required in order to di�erentiate between quasielastic and inelastic
events. Therefore, the �nal state interaction of the �nal state proton with the
remaining nucleons also needs to be modeled (which leads to a reduction of
the number of identi�ed quasielastic events). Similarly, quasielastic scattering
with nucleons in the high momenta region of the spectral functions also needs
to be modeled. This requires more sophisticated models than the simple Fermi-
Gas model. Conversely, inelastic events (such as in resonance production) may
be misidenti�ed as quasielastic events if the �nal state pion is absorbed in the
nucleus. The best way to model these e�ects is to do an analysis on samples of
electron scattering data on nuclear targets (including the hadronic �nal states)
in order to test the e�ects of the experimental cuts on the �nal state nucleons.
This kind of study is being planned by a Rochester group in collaboration with
the Hall B CLAS collaboration. Such an investigation also tests the validity of
the binding o�-shell corrections to the nucleon form factors for nucleons bound
in a nucleus.

Current e,e'p experiments at intermediate Q2 are not well described by the
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Figure 14: The ratio of bound nucleon (in Carbon) to free nucleon form factors
for Gp

E , G
n
E , G

p
M and Gn

M from ref [33]. Note that this model is only relevant
for Q2 less than 1 GeV 2, and that the binding e�ects on the form factors are
expected to be very small at higher Q2. At low Q2 the e�ect of the nuclear
binding e�ects from this model are similar to what is observed in experiments
at Jlab [10].

impulse approximation with distortion e�ects. One is forced to introduce a
quenching factor which is large for low Q2 � 0:3 GeV2. This e�ect has been
modeled by Tsushima et al [33] as binding corrections to nucleon form factors.
However this factor cannot be strickly interpreted as a change of the form factor
of the nucleus because for large Q2 the suppression becomes much smaller and
may be practically gone [10] by Q2=2 GeV2.

The interpertation of M. Strikman and others [10] is that one is dealing
here with renormalization of the interaction of nucleons at low energy scale
(natural in the Fermi liquid theory) which is essentially gone at large Q2. What
this implies for low Q2 is basically the statement that the theory is not good
enough and hence it is diÆcult to calculate cross section in �A scattering at
low Q2 from �rst principles. It is not clear how well the rescaling from e,e' to
�A will work under these conditions. There may be some di�erences since the
pion �eld plays a rather di�erent rols in two cases (as can be seen from the
di�erent masses entering in the axial and vector electromagnetic form factors).
Therefore, one should take the predictions of the model of Tsushima et al [33]
only as an indication of the possible magnitude of these e�ects (and use it only at
low Q2). More theoretical and experimental studies are needed. MINERvA can
address this question by investigating nuclear and binding e�ects in Carbon in
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neutrino scattering, and compare the data to nuclear e�ects observed in electron
scattering at Jlab.

One example of this is shown in �gure 15 for Helium 3. The �gure shows
the ratio of GM/GE measured for nucleons bound in Helium3 (by looking at
the polarization of the recoil protons) devided by the theoretical pedictions for
this ration which include all known nuclear e�ects for two models. One model
(which is valid at low Q2 ) uses Optical Potentials. The other model (which
is valid at higher Q2) uses the Glauber approach. The curves labled (QMC)
are the model predictions if we include the binding e�ects in the nucleon form
factors modeled by Tsushima et al [33]. These data indicate that at high Q2,
there is no evidence for for nuclear binding e�ects in the form factors.

Polarization Transfer in 4He(�e, e′�p)3H : results

2 [ 2]

(P
′ t/P

′ l) H
e/(P

′ t/P
′ l) H

RMSGA
RMSGA + QMC

ROMEA
ROMEA + QMC

0.8

1

1.2

0 1 2 3

p +3 He optical potentials : W.T.H. van Oers, PRC 25 (1982) 390.
Data : S. Dieterich et al., PLB 500 (2001) 47 and S. Strauch et
al., PRL 91 (2003) 0523011.

Figure 15: The ratio of GM/GE measured for nucleons bound in Helium 3 (from
the polarization of the recoil protons) devided by the theoretical pedictions
including all known e�ects for two models. One model (which is valid at low Q2

) uses Optical Potentials. The other model (which is valid at higher Q2) uses
the Glauber approach. The curves labled (QMC) are the model predictions if
we include the binding e�ects in the nucleon form factors modeled by Tsushima
et al [33]. These data indicate that at high Q2, there is no evidence for for
nuclear binding e�ects in the form factors.

As mentioned earleir members of the Rochester MINERvA group (Steve
Manly) in collaboration with Jlab (Will Brooks) will be working CLAS collab-
oration to study hadronic �nal states in electron scattering on nuclear targets
using existing Jlab Hall B CLAS data. This analysis will provide information
on hadronic �nal states in quasielastic and inelastic resonance production in
electron scattering (for testing theoretical models to use in both electron and
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neutrino experiments)
In addition, the we wiil be collaborating with the Ghent nuclear physics

group in Belgium [35], to model both electron and neutrino quasielastic scatter-
ing on nuclei over the entire range of Q2. This will give us the theoretical tools
do a precise extraction of the axial form factor of the nucleon using our data on
Carbon by performing the same analysis on neutrino and electron scattrering
data in the same range of Q2

An example of this is shown in �gure 16 where the di�erence between elec-
tron scattering data in the quasielastic region (for Carbon) for which both the
�nal state electron and proton are detected is compared to the prediction of the-
oretical models versus the momentum of the recoil proton. Extension of these
models to neutrino scattering is currently under way.

12C(�e, e′p) : ε=2.2 GeV and QE kinematics
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Figure 16: The di�erence between electron scattering data in the quasielas-
tic region (for Carbon) for which both the �nal state electron and proton are
detected, compared to the prediction of theoretical models versus the momen-
tum of the recoil proton. Extension of these models to neutrino scattering is
currently under way.

4.1 A re-extraction of the axial form factor from previous
neutrino data on deuterium

Previous neutrino measurements, mostly bubble chamber experiments on deu-
terium, extracted MA using the best known assumptions at the time. Changing
these assumptions changes the extracted value of MA. Hence, MA needs to be
updated using new form factors and up-to-date couplings. Budd, Bodek and
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Arrington updated the results from three previous deuterium bubble chamber
experiments. These are Baker et al. [14], Barish et al. [15], Miller et al. [16], and
Kitagaki et al. [17]. Barish et al. and Miller et al. are the same experiment,
with the analysis of Miller et al. including the full data set, roughly three times
the statistics included in the original analysis. On average, correcting for the
various assumptions in form factors and couplings results in a decrease of 0.026
in the extracted value of MA. This is why we use a value of 1.00 instead of the
previous world average of 1.026.

Figure 17: A comparison of the Q2 distribution using 2 di�erent sets of form
factors. The data are from Baker et al. [14]. The dotted curve uses Dipole Form
Factors with Gn

E = 0 and MA = 1:10 GeV . The dashed curve uses BBA-2003
Form Factors with MA = 1:05 GeV . The two curves cannot be distinguished
from one another. This illustrates that it is important to use the most up to
date information on vector form factors from electron scattering experiments
when extracting the axial form factor from neutrino data.

Figure 17 shows the Q2 distribution from the Baker et al. [14] neutrino
experiment compared to the prediction assuming Dipole Form Factors with
Gn
E=0 andMA=1.10 GeV. Also shown are the prediction using BBA-2003 Form

Factors andMA=1.050 GeV. When we modify the electromagnetic form factors,
we can use a di�eernt MA to describe the same Q2 distribution. Although
the overall total cross sections are di�erent, there is no modi�cation of the
Q2 dependence when a contribution to the distribution is shifted between the
electromagnetic and axial form factors. Therefore, we conclude that with the
same value of gA, the use of Dipole Form Factors (and Gen =0) instead of the
BBA-2003 form factors lead to an error in extracted value of MA of 0.050 GeV,
independent of the details of the experiment.
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4.2 Extractions of the axial form factor in MINERvA

Current and future high statistics neutrino experiments at low energies (such
as MiniBoone, JPARC and MINERvA) use an active nuclear target such as
scintillator (e.g. Carbon). As shown in Figure 18 The maximum Q2 values
that can be reached with neutrino energies of 0.5, 1.0, 1.5 and 2 GeV are 0.5,
1.2, 2,1 and 2.9 GeV 2. Since MiniBoone and JPARC energies are in the 0.7
GeV range, these experiments probes the lowQ2 < 1 GeV 2 region where nuclear
e�ects are very large (see Figures 12 and 13) and where the axial from factor
is already known very well from neutrino data on deuterium (see Figure 17).
The low Q2 (Q2 < 1 GeV 2) MiniBoone and JPARC experiments can begin
to investigate the various nuclear and binding e�ects in Carbon in neutrino
scattering versus those observed in electron scattering at Jlab.

Figure 18: Q2 distributions for di�erent incident neutrino and antineutrino
energies illustrating the maximumQ2 reach at each energy

At higher Q2 GeV 2, as shown by the BBA-2003 �ts to the vector form
factors, the dipole approximation can be as much as factor of 2 wrong for the
vector form factors for Q2 > 2GeV 2. Therefore, there is no reason for this
form to also be valid for the axial form factors. As can be seen from Figure 17
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there is very little data for the axial form factor in the high Q2 region (where
nuclear e�ects are smaller). Both the low Q2 (Q2 < 1 GeV 2) and high Q2

(Q2 > 2 GeV 2) regions are accessible at higher energy experiments such as
MINERvA at Fermilab (which can span the 2-8 GeV energy neutrino range).

Figure 19 shows the ratio of the fractional error in the di�erential cross
section for neutrinos (a) and antineutrinos (b) versus Q2 to the fractional error
in the various form factors. As can be seen in the plot, the fractional error in
the axial form factor is almost the same as the factional error in the measured
di�erential cross section. In contast, the di�erential cross section at high Q2

is not very sensitive to the values of Gp
E and Gn

E at high Q2. This is because
the fractional contribution of the electric form factors to the di�erential cross
section in this region is small as illustrated in Figure 5.

Figure 19: Ratio of the fractional error in the di�erential cross section versus
Q2 (for neutrinos and antineutrinos) to the fractional error in the various form
factors. As can be seen in the plot, the fractional error in the axial form factor is
almost the same as the factional error in the measured di�erential cross section.

Note that the high Q2 region does not contribute much to the total quasielas-
tic cross section. Therefore, it does not contribute much to the uncertainties
in the total cross section. The measurement of the axial form factor in the
high Q2 region (which can be done in MINERvA) is mostly of interest in the
investigation of the vector and axial structure of the nucleon.

For example, for 1 year of running in the medium energy beam (ME) and
a �ducial volume of 1.4m by 1.4m by 1.4m of active scintillator the number
of quasielastic events is 115,000. Figure 20 (linear) and Figure 21 (log) show
the extracted values and errors of FA from a sample of 115.000 events in the
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Figure 20: Linear plot (a) neutrinos and (b) antineutrinos : The extracted
values and errors of FA from a sample of quasielatic events in the MINERvA
active Cargon target under the assumption that FA is described by the dipole
form factor with MA of 1 GeV. This corresponds to a total of the currently
planned 4 years of running in the Low Energy Beam Con�guration.
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Figure 21: Logarithmic plot (a) neutrinos and (b) antineutrinos: The extracted
values and errors of FA from a sample of quasielatic events in the MINERvA
active Cargon target under the assumption that FA is described by the dipole
form factor with MA of 1 GeV. This corresponds to a total of the currently
planned 4 years of running in the Low Energy Beam Con�guration.

24



Figure 22: (a) Neutrino, (b) Antineutrino. The extracted ratio and error in
FA/FA(Dipole) under the assumptions that this ratio is described by the ratio
of Gp

E(Cross-Section+POLARIZATION)/G
p
E (Dipole) (which is the currently

assumed form factor in the BBA2003 parametrization for Gp
E ). Note a ratio of

1.0 is expected if the axial form factor is described exactly by the dipole form.
This corresponds to a total of the currently planned 4 years of running in the
Low Energy Beam Con�guration.
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Figure 23: (a) Neutrino, (b) Antineutrino.The extracted ratio and error in
FA/FA(Dipole) under the assumptions that this ratio is described by the ratio
of Gp

E(Cross-Section+POLARIZATION)/G
p
E (Cross-Section). Note a ratio of

1.0 is expected if the axial form factor is described exactly by the dipole form.
This corresponds to a total of the currently planned 4 years of running in the
Low Energy Beam Con�guration.
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Figure 24: (a) Neutrino, (b) Antineutrino. The extracted ratio and error in
FA/FA(Dipole) under the assumptions that this ratio is described by the ratio of
Gp
E(Cross-Section)/G

p
E (dipole), which was the the accepted result for Gp

E before
the new polarization transfer measurement. Note a ratio of 1.0 is expected if
the axial form factor is described exactly by the dipole form. This corresponds
to a total of the currently planned 4 years of running in the Low Energy Beam
Con�guration.

27



MINERvA active Cargon target under the assumption that FA is described
by the dipole form factor with MA of 1 GeV. We use the various measure-
ments of of Gp

E to illustrate the values and the errors on possible outcomes
of MINERvA. Figure 22 show the extracted ratio and error in FA/FA(Dipole)
under the assumptions that this ratio is described by the ratio of Gp

E(Cross-
Section+POLARIZATION)/Gp

E (Dipole) (which is the currently assumed form
factor for Gp

E in the BBA2003 parametrization). Figure 23 show the extracted
ratio and error in FA/FA(Dipole) under the assumptions that this ratio is de-
scribed by the ratio ofGp

E(Cross-Section+POLARIZATION)/G
p
E (Cross-Section).

Figure 24 show the extracted ratio and error in FA/FA(Dipole) under the as-
sumptions that this ratio is described by the ratio ofGp

E(Cross-Section)/G
p
E (dipole),

which was the the accepted result for Gp
E before the new polarization transfer

measurement. Note a ratio of 1.0 is expected if the axial form factor is described
exactly by the dipole form.

5 Appendix D: An Introduction to Nuclear Ef-

fects

5.1 Plane Wave Impulse Approximation (PWIA)

A. Free protons
Although we plan to use much more sophisticated models in our analysis

(in collaboration with the Ghent nuclear theoryh group), it is instructive to
describe the use of the Fermi Gas model as an example of a model in which
nuclear parameters are extracted from electron scattering data and applied to
neutrino scattering experiments. Here we describe an treatment of Bodek and
Ritchie, and also add the e�ect of the nuclear binding potential � as described
in Moniz. [30]. Before we discuss the kinematics of the scattering from an o�-
shell nucleon in a deuterium or heavy target nucleus, we consider the case of
scattering froma free proton. We take the case of electron scattering to represent
the general lepton-nucleon scattering at high energies. The kinematics of the
scattering from a free proton of massMp is shown in Figure 25(a). The incident
electron energy is E0 and the �nal scattering energy in the laboratory system is
E0. The scattering angle in the laboratory is de�ned as �. The four-momentum
transfer to the target proton is q = (~q3; q0). We de�ne the following variables
in terms of laboratory energies and angles. The square of the invariant four-
momentum transfer q is

q2 = q20 � ~q23 = �4E0E
0 sin2

�

2
= �Q2 :

The square of the initial target proton four-momentum Pi is

P 2
i =M2

p :

The square of the �nal-state proton momentum Pf (which is equal to the �nal-

28



state invariant mass) is

P 2
f = W 2 = (Pi + q)2 = P 2

i + 2Pi � q + q2

= M2
p + 2M� � Q2 ;

where � = E0 � E0 = q0 (in the laboratory system) and x = Q2=2q � Pi =
Q2=2Mp�.

Figure 25: Kinematics for on-shell and o�-shell scattering and scattering from
o�-shell nucleons in deuterium and nuclei. (a) Free nucleons. (b) A nucleon

bound in the deuteron. (c) A nucleon with momentum j~Pij < KF in a heavy
nucleus of atomic weight A. (d) A nucleon bound in a heavy nucleus having

momentum j~P j > KF due to an interaction with another nucleon. See text for
details.

B. Scattering from an o�-shell nucleon in the deuteron
In the impulse approximation, the spectator nucleon in the deuteron is free

and is on the mass shell. It is totally una�ected by the interaction. The inter-
acting nucleon with momentumPi must be of the mass shell in order to conserve
energy and momentum in the scattering process. The kinematics is shown in
Figure 25(b). The Fermi motion does not change Q2 but it does change the
�nal-state invariant mass W and the quantity Pi � q. Because the interacting
nucleon is o� the mass shell, its e�ective mass is less than the mass of the proton
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and is a function of its momentum. The on-shell spectator has momentum ~Ps
and on-shell energy Es = (~P 2

s +M2
p )

1=2. The o�-shell interacting proton has

momentum �~Ps and o�-shell energy in the laboratory Ei = Md � Es, where
Md is the mass of the deuteron, i.e.,

~P = ~Pi = �~Ps and Ei = Md � (P 2
s +M2

p )
1=2 :

After the scattering the invariant mass of the �nal state (neglecting the free
spectator) is

P 2
f = W 02 = (Pi + q)2 = P 2

i + 2Pi � q � Q2 ;

W 02 = (E2
i � ~P 2

s ) + 2Ei� � 2P3j~q3j � Q2 ;

where P3 is the momentum along the direction of the ~q3 vector.
C. Scattering from an o�-shell nucleon in the nucleus (P < KF )
For momenta less than the Fermi momenta KF , the nucleon interacts with

the average potential of all the nucleons in the nucleus of atomic weight A.
Therefore, in the impulse approximation, the interacting nucleon has momentum
Pi which is balanced by a excited recoiling nucleus with A � 1 nucleons and
momentum PA�1 = �Pi. The interacting nucleon is o� the mass shell, and
the recoiling excited A� 1 nucleus is on the mass shell. After the collision, the
recoiling nucleus remains in its excited state, M�

A�1 and all the particles are on
the mass shell [see Figure 25(c)]. In the laboratory system we have

~P = ~Pi = �~Ps; Ei = (~P 2 +M2
p )

1=2 � � ;

where � is the e�ective depth of average nucleon potential energy in GeV (e.g.
25 MeV for Carbon) and

W 02 = (E2
i � ~P 2

2 ) + 2Ei� � 2P3j~qj � q2 :

This process leaves behind an A�1 nucleus in an excited stateM�

A�1, which does

not need to be calculated, but varies with ~P such that the following equation
also holds

(~P 2
s +M�2

A�1)
1=2 =MA �Ei ;

D. Scattering from an o�-shell nucleon in the nucleus (P � KF )
In the simple Fermi-gas model the nucleons cannot have momenta greater

than the Fermi momentum KF . However, such high momenta can come from
the interaction between individual nucleons through their hard-core potential.
In the case where the nucleon has acquired its high momentum by interacting
with another single nucleon, one may assume that a single nucleon is recoiling
against it. This case can be treated as having a quasideuteron in the nucleus
with a excited spectator nucleus of A� 2 nucleons which is at rest in the labo-
ratory system. If we neglect the excitation energy of the spectator nucleus, the
kinematics [shown in Figure 25(d)] are the same as the scattering from a nucleon
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Figure 26: Fermi Gas wave functions, with and without a quasideuton tail.
These momentum distributions used in the calculations of Bodek and Ritchie
for 12C, 28Si,56Fe and 208Pb. (a) 4�j~P j2�(~P )j2. (b) j�(~P )j2

bound in the deuteron. However (within this rather simpli�ed model for the
high mometum tails) one can also correct for the fact that the A�2 nucleons are
on average in an excited state because two nucleons each with average binding
potential energy � were removed:

~P = ~Pi = �~Ps and Ei = Md � (P 2
s +M2

p )
1=2 � 2� :

E. Nuclear Momentum Distributions
If the Fermi-Gasmodel is to used to predict neutrino cross sections on nuclei,

it is best to use Fermi-gasmomentumdistributions that are obtained from �ts to
quasielastic electron-scattering data from heavy nuclei. In the Fermi-gas model
the momentum distribution is constant up to the maximum Fermi momentum
KF and is zero above KF . One can also add a high-momentum tail to the
momentumdistribution (according to Moniz [31]) which is based on calculations
of nucleon-nucleon correlations in nuclear matter. The normalized momentum
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Figure 27: Fits to the e�ective Kf (within a Fermi-gas model) for various nuclei
from Moniz. [30] used by Bodek and Ritchie.

distributions with tail (e.g. if we use this model up to Pmax= 0.75 GeV) are:

j�(~P)j2 =
1

C

"
1� 6

�
KFa

�

�2
#

for 0 < j~P j < KF ;

j�(~P )j2 =
1

C

"
2R

�
KF a

�

�2�
KF

P

�4
#

for KF < j~P j < Pmax ;

j�(~P )j2 = 0 for j~P j > Pmax

with a = 2 (GeV/c)�1, C = 4

3
�K3

F , and R = 1=[1 � KF =(Pmax]. These mo-
mentum distributions satisfy the normalization

Z Pmax

0

j�(~P )j24�P 2dp = 1:0 :

The di�erence in the momentum distributions for protons and neutrons is taken
into account as follows:

Kp
F = KF

�
2Z

A

�1=3
;

Kn
F = KF

�
2N

A

�1=3

;

where A = A + N is the atomic weight. Z is the number of protons, and
N is the number of neutrons. For an isoscalar target Z = N = A=2 and
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Kp
F = Kn

F = KF . The momentum distribution for carbon (12C), silicon (28Si),
iron (56Fe), and lead (208Pb) are shown in linear and logarithmic scales in
Figures 26(b) and 25(a). The Fermi momenta that are shown are 0.221 GeV/c
for 12C, 0.257 GeV/c for 56Fe, and 0.265 GeV/c for 208Pb. These are from �ts
by Moniz, which also extracted � values of 25, 36 and 44 MeV, respectively.

Although in the original paper of Bodek and Ritchie the form for the ad-
ditional tail was used up to momenta of Pmax=4 GeV/c, it is probably better
to use this tail only up to Pmax=0.75 GeV/c. For a calculation which does not
include the additional tail, the expressions are:

j�(~P )j2 =
1

C
for 0 < j~P j < KF ;

j�(~P )j2 = 0 for j~P j > KF

F. Nuclear Spectral functions
The above Fermi Motion model, with or without tail is relatively easy to

use in Monte Carlo simulations. The Fermi gas model is a special case of a
spectral function with speci�c approximation to the momentum distribution
and nucleon removal energy. More re�ned models use electron scattering data
to extract spectral functions which give the correlated information between the
momentum of the nucleon and the nucleon removal potential binding for the
di�erent shell-model nucleons in di�erent energy levels in the nucleus.

However, it is important to realize that as long as the parameters within a
given nuclear model are empirically �t and extracted from electron scattering
data, these models can be used rather reliably to predict the corresponding
nuclear e�ects in neutrino scattering (especially for vector scattering).
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