Today in Astronomy 241: model stellar interiors

* Summary of the equations of stellar
structure

* There are no analytical solutions to the
network of equations

* Methods of solution of the equations to
produce a stellar structure:

* Cheat on one equation

e Cheat more blatantly but more
productively: polytropes

* MESA

* Reading: C&O pp. 329-335
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Time-dependent structural models: Bahcall+2001



https://ui.adsabs.harvard.edu/abs/2001ApJ...555..990B/abstract

Hydrostatic equilibrium:

dP _ GM,p

dr r2

Mass conservation:

dM,
dr

= 4nr2p

Energy generation:

dL, )
——=4nr-pe
dr P

The equations of stellar structure, and the problem to solve

Radiative energy transport:

aT 3 p L
dr 16073 4512

Adiabatic temperature gradient:

(ﬂj = [ 1= | OV
dr )4 v) k 2

Convective instability if:

T dpP
TdP_ v

PdT y-1

Given M and initial composition (X,Y,Z), solve for P(r), p(r), T(r), Rstar @and L, @s functions of time if desired.



Constitutive relations

Pressure equation of state: P =P(p,T,composition) in general
4
pkT 40T
= + throughout most normal stars
umy 3¢
Rosseland mean opacity: K=K (p,T,composition) in general
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Constitutive relations (continued)

Nuclear energy generation: € =€ (p,T,composition) in general
~2.38x10° ,oX2T6_2/3e_3’3'80T6_1/3 erg gm'1 s pP-p
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Convective energy flux, in mixing-length theory:
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Boundary conditions

M, —0 ' iti

r a5 F 50 No singularities.
L, —0
T—0 ... Or match to
P—>0;: asr— Ry - solution for
p—0 atmosphere.

Usually bookkept with the boundary conditions is the Vogt-Russell “theorem:” the mass and composition of a star
uniquely determine its radius, luminosity, internal structure, and subsequent evolution.

* Not a theorem, as it’s never been proven, and most of us think it can’t be proven. But it’s often assumed.

* Maybe better to think of it as a wish, or a hope.



There are no general, analytical solutions to these equations.

But that doesn’t mean we get to go home now. There are three tactics which can be used to build your modelling skills:

* Cheat. Assume a solution to one of the equations; there are choices which yield analytical solutions for the rest of
the network.

* We will explore one of these in the in-class problems today.

* Cheat even worse, but more productively: the polytrope.

* Most of the trouble is the link between the energy-generation and energy-transport equations.

* If we ignore them, and instead suppose an adiabatic equation of state — P =KpY :Kp1+1/” — then we get a
network with analytical solutions for three values of n -0, 1, and 5 — and straightforward numerical solutions for
other values. Such models are called polytropes, after the Greek for multifaceted, or versatile.

* In the Odyssey, Odysseus is normally referred to as polytropos Odysseus.

* We will explore polytropes in the homework this week and next.



There are no general, analytical solutions to these equations (continued).

* Give up, and calculate stellar structures by numerical integration of the network.

* Because of mixed boundary conditions, start either from the star’s center or edge, and integrate to the other
bound; adjust and iterate til the boundary conditions are satisfied.

* This is generally called a shooting method.

* We will take this up next week and keep it up for most of the rest of the semester, while learning simpler
concepts on the side.

* C&O offer a simple program called StatStar which does this, and which was used in previous editions of ASTR 241.

* In FORTRAN here or there, in python 2 here, in python 3 over here. “Here” is where Michael Richmond (RIT) has gathered
these resources, for RIT’s PHYS 370.

* Instead we will use the Modules for Experiments in Stellar Astrophysics (MESA), mostly via the MESA-Web
implementation by Rich Townsend (University of Wisconsin at Madison).



http://spiff.rit.edu/classes/phys370/lectures/statstar/statstar.f
https://www.cambridge.org/highereducation/books/an-introduction-to-modern-astrophysics/140DDF8A480C3841DCCD76D66984D858/statstar-a-stellar-structure-code/32AF1E6E0E677597233F898C11942519
http://spiff.rit.edu/classes/phys370/lectures/statstar/statstar.py
http://spiff.rit.edu/classes/phys370/lectures/statstar/statstar_python3.py
http://spiff.rit.edu/classes/phys370/lectures/statstar/statstar.html
http://spiff.rit.edu/classes/
http://user.astro.wisc.edu/%7Etownsend/static.php?ref=mesa-web-submit
https://www.astro.wisc.edu/staff/townsend-richard/

Today’s in-class problems

Assume that the run of density in a staris p(r)=py(1-r/R).

A.

Integrate the equation of mass conservation, thereby obtaining expressions for mass as a function of radius, M,,
and the central density, Pg.

It will be convenient to leave pg in the equations, and to use x = r/R as the independent variable.

Then integrate the equation of hydrostatic equilibrium, to get the pressure as a function of radius, and the central
pressure.

Then use the ideal gas law to get the temperature as a function of radius, and the central temperature. Note that

5-24x” +28x> ~9x* = (1-x)?(5+10x -9+’

Assume that radiative energy transport dominates, and that a Kramers law can be used for the opacity, to obtain
an expression for dT/dr. Evaluate it at r = R/2.



Today’s in-class problems (continued)

E. Then produce an expression for dT/dr from the result of problem C, similarly evaluated at r = R/2.

Set equal the results from problems D and E, and obtain an expression for the luminosity generated within r = R/2 —

which, because of the strong temperature dependence of energy generation, should be equal to the total
luminosity of the star.



Hints for the last set of in-class problems

1. Doneinclassin ASTR 111, e.g. on 31 October 2023. The differential equation can be integrated directly — both
sides integrate to natural logs — and all you need to do is choose a convenient integration constant. | called mine
In(K).

2. Mostly this is relatively simple algebra and substitution; the only feature by which people seemed confused is the
introduction of B:

Ve =Bvs = B—z<fnm>f
o


https://www.pas.rochester.edu/%7Edmw/astr111/Lectures/Lect_16.pdf
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