Today in Physics 237: operators and expectation values

Probability density with continuous variables No workshop Friday (“Rochester Monday”).
Here are the next ones:

Normalization of W
Today, 4:50pm, 305 Hylan, with Hifsa

Operators and their expectation values Monday, 4:50pm, 102 Hylan, with Roshan

Office hours as regularly scheduled (e.g. Dan,
Friday 3-5pm, 418 B&L)

The Heisenberg uncertainty principle
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Probability, with continuous variables

Again develop the relations we will use, with a concrete example. (Similar to the book’s Example 1.2.)

Problem 1.11. Imagine a particle of mass m and energy E in a potential well, sliding frictionlessly back and forth
between the classical turning points a and b. Classically, the probability of finding the particle in the range dx (if, for
example, you took a snapshot at a random time t) is equal to the fraction of the time T it takes to get from a to b that it
spends in the interval dx. With p(x) as the probability density — see Lecture 1, page 5 — we have

dt (dt/dx)dx  dx

d = — = = ’
p(X) X T T V(X)T V(\)
T b
. 1
where v(x) is the speed, and szdt =J—dx :
v(x)
0 a
Thus p(x) = 1 .
v(x)T

This is perhaps the closest classical analogue to \LIJ\Z. i
a dx b



https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_02.pdf

Probability, with continuous variables (continued)

a. Use conservation of energy to express v(x) in terms of E and V(x).

E:Emv2+v = V= M
2 m

As an example, find p(x) for the simple harmonic oscillator, V(x):kxz/z. Plot p(x) and check that it is correctly
normalized.

_kb?

First find the turning points: b suchthatv=0,i.e. E=V: E= 5 — b’ =7 . The other one is a = -b.

(x . dx 27,2\
b 1 b b b—smu,b—cosudu,\/l—(u /b )—cosu

=11 u=-"5"
2 2

: Yes, you should always carry out the
—n/ k integrals in detail.



Probability, with continuous variables (continued)

10

Then the probability density becomes p(x) =

| 1 [k_ 1
v(x)T | V(X)H\E Vb2 — X2

p(x)

Check normalization: the particle lies somewhere between —b and +b,
leaving us with an integral we just calculated:

b b
J’p(X)dX=l\/EJ-LdX=1\/E}T\/E:1 A T 0 1
T m_bv(x) an\m \ k

—b x/b

c. For the classical harmonic oscillator in part b, find (x), <x2>, and o,. The sharp peaks in p(x) should
look familiar: the particle spends

b b 0 most of its time near the turning
The first one is easy: (x)= J‘ xp(x)dx:é J‘ (x/b)(dx/b) _ b J‘d“ do| points, and very little time at its
i e /1—(x/b)2 Znox/a highest speeds near the bottom

of the potential well.

Makes sense, too.



Probability, with continuous variables (continued)

The next integral takes a few more steps:

, b , b2 b x/b dx/b) B2 1 2du u=sinw, du=coswdw,
<x>:pr( dx—nJ. \/72
—b —b \1- X/b T N1-u w=—11/2 /2
2 2 2
b? & sinwcoswdu  b? nj/- sinwcoswdw b2 nJ/- )
= = sin“wdw .
cosw T cosw T
—1/2 —11/2 —1/2

But it offers a trick worth remembering: integrate by parts, with u=sinw, du=coswdw, dv =sinwdw, v =—cosw:
n/2 0 n/2 /2

I sinzde:uv—Ivdu:—siMff/z— j (—cosz W) dw = I cosZw dw (1),
—7'[/2 —7'[/2 —7'[/2
n/2 n/2 /2 /2

SO = j dw = J (sin2W+coszw)dW=2 j sinw dw = j sinzde=E
—1/2 —1/2 —1/2 —1/2



Probability, with continuous variables (continued)

_bim| b’
T 2 2

And so <x2>

The first result makes the standard deviation come out easy: o, = \/<x2>—<x>2

.




Normalization

* In the previous example, the probability density p(x) came normalized, out of the box: that is, the integral ofp(x)
over the whole domain of x is 1, so the particle is certain to be found within the domain.

* We can, and should, demonstrate the terms under which it is possible to normalize p(x), and to keep a normalized
wavefunction normalized as time goes on. In 1-D —

* The first part is easy: if LIJ’(x,t)is a solution to the Schrodinger equation, then so is AUJ’(x,t), where A is any
constant, real or complex. Thus as long as LIJ’(x,t) is square-integrable and is nontrivial (i.e.lU'(x,t) #0), A can be
chosen such that W(x,t)=AW(x,t) is normalized:

o0 o0 o0 o0 _1/2
“LIJ(x,t)‘zdx: “AUJ'(x,t)‘zdx:\A\z _[ lIJ’(x,t)‘zdx=1 = | |A]= J lIJ’(x,t)‘zdx

* Square-integrable means simply that the integral of \LIJ\Z is finite. This in turn means that LIJ(x,t) — 0 faster than

1/\/M does.

* Victims of PHYS 217 may recall similar conditions on E and B to keep electromagnetic energy finite.



Normalization (continued)

* For normalization to last, as time goes on, the time derivative of the square-integral of W must be zero:

d ¢ 2_008 2_006* _OO FOW oW
E_L‘W(x,t)‘ dx—_‘[oa‘tp(x,t)‘ dx—_[oaw LIdeJ;O(LIJ 8t+8twjdx

* Use the Schrodinger equation for W and for its complex conjugate:

* 2 2
+V |V —ihaqJ = h 82
ot 2m88X

Y dx:ﬂ Q )
2m Y Ox
—00

*
as longasWand W — 0 as x — *o0, consistent with the square-integrable condition for normalization.

ow [ n 8%
ih = 5
ot Zme OX

+v}w* ;

Ch Al AT PV IYTACh A T
oxX  OX 2m

and 1/i =—i; producing

2 0 2 20*
in (waw_aw
—00

2m ox®  ox?




Operators and their expectation values

z,the expectation value of f(x,t) — the value which would be returned in a measurement —is, in 1-D,

Given p=|W

)= [ FOotw(n)ax

—00
o0

So the expectation value of position is <x> = I x‘w(x,t)‘z dx.

—00
That this is the same as the average value above is misleading: on a given quantum, the first measurement of x
compels the wavefunction to assume a position x, after which the variance of x changes.

Because of what p is in the Copenhagen interpretation, this expectation value really is the average value returned by
measurements on an ensemble of identically-prepared quanta or systems. Here the meaning of ensemble, and the
ensemble average, is the same as what may be familiar to you from PHYS 227.

: : : " : : dix) 7 0
Since the integral is only over position, the expectation value can change over time: ﬁ: J- X ‘W(x,t)‘ dx.

Manipulating the time derivative of \LIJ\Z as we did two pages back, ... ac -



Operators and their expectation values (continued)

* ...we get d<X>: in J.XE W*a—w+aiw dx .
dt 2m OX OoX OX

—Q0

LOW oW LoV oW
* Integrate this by parts, with u=x, du=dXx, dv=E W a—+—LIJ dx,andv=y —+—WY:
OX ox  Ox ox  Ox

M = uv—jvdu = ihx[w* aLIJJrauJLIJj

o0 o %
S B A arT) Y
dt 2m ox  Ox

2m OX  OX

—00 —00

» As we noted three pages back, W(x,t)— 0 as |x| = faster than 1/\/M does, so the first term vanishes:

x| WL M,
ox  Ox

o0 w0 N
o o dx)__in j(w*eraﬁqu)dx .

—0 —00




Operators and their expectation values (continued)

* One more integration by parts on the last term in the last integral, with u=W, du—(g—wdx dv——aaidx andv=-W :
X X
d{x) in [ x0W  in T atu in ° i
=— jw dx——u +—jvdu——— j s M L f s jtu —dx
dt 2m i OX 2m 2m —0  2m i m -

We might as well call the left-hand side (v).

Since we’re working at nonrelativistic speed, we can also define (p)=m(v), the expectation value of momentum. So
we have three expectation values, which we will write in suggestive form:

o0

(x)= OJ? Lp*(x,t)[x] W(x,t)d jw [—%%}W(X,t)dx , (p)= J' w*(x,t){—iha%}W(x,t)dx

Important to remind: these expressions tell you averages expected for measurements on a ensembles of identically-
prepared systems. They do not pertain to any specific system! Neither (x), nor (v), nor (p) are the position, speed, or
momentum of a specific quantum.



Operators and their expectation values (continued)

* In reflection of this, we refer to the objects sandwiched between W and W as operators which represent position,
velocity and momentum: operators, because two of them need a function to their right to yield a result.

ih 0
XX, -, p&>—ih—
m Ox X
* From now on we will indicate operators with a carat:
. o ih 0 n e,
X=X , V=——— , p=—ih—
m Ox OX

* Other dynamical quantities which, classically, include position, velocity or momentum are therefore represented by

: L. . O : .
the corresponding combinations of these operators: Q(x,p) © Q(x,—:ha—j. Their expectation values are calculated
as above. Kinetic energy, for example: X

1 p T T n? o

_ 2_ A__ . * A _ k .

T=—m?=Cof= S (T)= [WTwdk= [ { zmaxz}wdx
—00

—Qo0



The uncertainty principle

As you have learned in PHYS 123 or 143, the most important feature of the position and momentum operators is that
their standard deviations are related by the Heisenberg uncertainty principle: 0,0, = 7/2.

* This of course means that the more precisely determined the position of an ensemble of identically-prepared systems
is, the less precisely determined is the momentum, and vice versa.

* We won’t get to prove the uncertainty principle for a few weeks, but with wavefunctions and basic probability tools
we can now begin to demonstrate its effects.
] _ —a[(mxz/h)ﬂt}
Problem 1.9. A particle of mass m has the wave function W(x,t) = Ae
constants.

, Where A and a are positive real

a. Find A.

0 o0 . . 0
That is, normalize the wavefunction: 1= j W Wx = A2 I e_a[(mxz/h)_lt}e_a[(mxz/h)ﬂt]dx —2A% J e_(zam/h)x2 dx

—00 —00 0



The uncertainty principle (continued)

* The integrand is a Gaussian. Some might not have seen it integrated before, but for now I'll just use the answer
which I'll work it out a couple pages hence. Note that the wavefunction is symmetrical about x = 0, so reduce the
integration bounds to 0 — o« and multiply by two:

0 ) 1/4
2A2je‘(2"””/h)" dx=n2 | _1 A:(Za_mj
2am th

0

b. For what potential function V(x) is this a solution to the Schroédinger equation?

Take the t and x derivatives, and plug it into the equation to see:

— =—jagAe =—jig¥ , —=Ae =— 5 v ,

oW —a[(mxz/h)JritJ _ oW —a[(mxz/h)ﬂtJ 0 _amxz_iat 2amx
ot OX Ox

o°W  2amx oW 2am W (Zamx jz 2am 2am| 2amx* v -
Ox> h Oox h '

w24
n n n n



The uncertainty principle (continued)

—+V ¥V = W=ji—+
2m8)(2 ot 2m 8x2

.haw_( W2 o J W AW
ot

2 2 2
V =ih(—ia)+ A7\ _2am 1— 2amx” 1| _ ha—ha| 1- 2amx” | | 2a°mx?
2m h h h

So it’s a harmonic-oscillator potential (oc xz).

c. Calculate the expectation values of x, xz, p, and pz.

First: the expectation values of x and p are both|zero, |because \LIJ\Z is symmetrical about x = 0 but both x and p are
antisymmetrical, changing signs at x =0. The —o0o— 0 and 0 — o portions of the expectation-value integrals cancel
each other.

Now the other values. Again, see below for the details of the integrals.



The uncertainty principle (continued)

2
< > ZAZJ' X2 Zamx/thZEZ zamj£1 h \/nh ): n ’
nth 42am \ 2am dam

2
< > 12 j v dx 1 j W Zam£1_20r;x jllex

X
—00 —00

o0 o0
=2amh I LIJ*UJ ax — 4azm2 j LIJ*XZLIJ dx =2amh — 40/2m2 i =amh
4am

—0o0 —00

c. Find the standard deviations of x and p. Is the product consistent with the uncertainty principle?

: h h
Because the expectation values of x and p are zero, 0,0, = <x2><p2> = 4—amh TS
am
So,|Yes,|it is consistent with the uncertainty principle. It is what we would call a minimum-uncertainty state.




Integration of Gaussians

o0

2 2
 Qur first integral is of the form /= J e~ /20 dx. It’s far easier to integrate its square, switching to polar coordinates:

—00
00 00 27T 0 o0
2
:.[ Ie x+y?) 207 dxdy = j.[ ~s*/20" sdsdep = 2n.[ $*/20° sds = 47'[02_[ udu:Znon'e_Vdv:Ziw2
—00 —00 00 0
2
So|l =0+ 2r;|that is, the normalized Gaussian function is g( ) 1 e X /20 . Above, 20° :i.
oN2nm 2am

2 2
e Our second integral is of the form J= I x’e /20 dx. It can be integrated the same way, though with an angular
—00
integral which is worse than the radial part. Summary and result, omitting the boring details of the angular integral:

T —x+y )/202 o X 2 /62 620 o0 .
I I x2 2e dxdy = Icoschsinz ¢d¢js4e_s 20 sds=(0\/§) jcosz cpsin2 cpdcpju4e_“ udu
—00 —00 0 0 0 0

=< \/—62nZ'ZdOOZ‘Va/—1 B[ (21 =270 =2n0°
_5(0 2) ‘([COS @sin” @ vae V—E(O' 2) (Zj(z.)—Zrto = |J=~2n0o

0



Boring details of angular integral

* When integrating powers of sines and cosines between bounds for which one or other is zero, there is usually
(always?) a way via integration by parts to make the original integral recur in the results, as we did above:

(First term: see page 5
2n 271 2n
j cos’ cpsin2 pdp = f(l—sinz <p)sin2 edp=mn— I sin® edp - u=sin> Q, du =3sin’ edp
0 0 0
dv =sinpdgp,v=—cos@
0 2
2 7
:n+sW —3.‘-sin2<pcoschd<p ;
0

2n
j cos’ cpsin2 edp =
0

n
4
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