Today in Physics 237: quantum harmonic oscillator, the easy way

* Its Schrodinger equation, and the relation of the
ideal 1-D quantum simple harmonic oscillator to
vibrational states of diatomic molecules.

* Commutators, and the canonical commutator of
x and p

* Raising and lowering operators

* Operator-algebra solution to the time-
independent Schrodinger equation for the
qguantum simple harmonic oscillator.

* Ground state, and nonzero zero-point energy
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The 1-D quantum harmonic oscillator

 Start with the potential energy of a classical 1-D simple
harmonic oscillator,

V(x)= %kx2 = %mwzx2 )

where x is the displacement from the oscillator’s equilibrium
position.

* m could be a single quantum subject to a spring-like restoring
force, or the reduced mass m’ of two quanta which are bound
together by a spring-like force but otherwise free, like an
isolated diatomic molecule.

mcmo 12x16

u= u==6.86u |,
mC +mo 12+16

* For example, CO: m'=

where u is the atomic mass unit.

n nod? 1 2.2
* Thensolve HY)=| ———+—mw"x° (Y =EY
2mdx? 2
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https://www.pas.rochester.edu/%7Edmw/phys237/constants.html

The 1-D quantum harmonic oscillator (continued)  °7; XX Cha

0.6 1
* Most diatomic molecules, particularly the heavier ones, are described
well by the simple harmonic oscillator potential, meaning that the

vibrational states are approximately uniformly spaced. 01 +1 co
v=1-0
* The effect of anharmonicity is usually that the energy spacing 04 WWJ] ” x \“l“ AJ=+1

decreases with increasing energy, as marked with the arrows at right
for the emission spectrum of cosmically-very- abundant *2¢*®0.

g ¢ co
ot L, 2
* COis not ' ' ' X J | “L L X2
particularly heavy. By the third excited state, the energy 3
spacing has decreased by about as much as that of the first . ¢ co
excited state in the next-more-massive diatomic molecule ] Mm \mwh H“l“ m m v=3-2
13161 (13CO). o LA X5
0.1
* The forest of emission lines on either side of the wavelength of Bco
the vibrational transitions at right are the rotation-vibration Jﬁﬂﬂ mmu . V5= 1-0
Ll x

transitions of the molecule, which we will discuss in due time. 0~0-—‘111#‘
4.4

* The quantum anharmonic oscillator is not hard to solve. However, A
the uniformly-spaced energies of the quantum simple harmonic

oscillator allow us easy access to a diabolically useful technique. Data from JWST/NIRSpec; Henning et al, 2024
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https://ui.adsabs.harvard.edu/abs/2024PASP..136e4302H/abstract

Solution by operator algebra

We will solve the quantum simple harmonic oscillator in two ways: by an algebraic shortcut now, and by brute-force
solution starting next class. The short way:

. L . nd® 15, (a2, 222
* Again, the time independent S.E.:. HY=| ——+—mw*x L,UZZ—(p +m-wx )L/J:ELp
m
It would easy to solve if we could factor the term in brackets to have the form Q;Q,.

* Let’s consider two operators which come close to providing this factoring:

N\

1

B (—ip + mwx)

1

m(+iﬁ+ mwx )

a, =

~Nn 1 o« N
> or, more compactly, a+:ﬁ($lp+mwx) .
n 2mhw

a =

* Multiply them with ¢, to remind us that there are operators here; we must keep x and d/dx in their original order:



Solution by operator algebra (continued)

G_a. Y= zmlhw(iﬁ +mwx)(—ip+mwx)P = ﬁ(ﬁz +m?w?x® —mwxip + ipmwx)(,b

1
2mhw

[/52 +m2w?x® —imw(xp— [)x)]cp

This is almost the Hamiltonian operating on , apart from the cross term we are trying to simplify away.

* Now define the commutator of two operators as [ﬁ,é] =PQ—QP; then we see that the cross term contains the
commutator of xand p:

A 1 i n
a_a+¢1=2mhw(p +m2w2x2)¢—ﬁ[x,p]¢:

* And, magically, that last term has a simple and memorable form, though it doesn’t vanish:

s o ody d - ¢¢' Q(lij_ . Canonical
[x,pl¢= Ih(xdx dXXL/J) it e dx }/dx ing = |[x,p]=in commutator




Solution by operator algebra (continued)

* And we are left with

A A 1 . A~ 1 ~ . 1
a_a+¢:2mhw(p +m2w2x2)¢—§(/h)tp = H—zm(p +m2w2x2) -hw(a_aJr—E)

* Also, a_ and a, do not commute, i.e. their commutator is not zero. To see this quickly, repeat the last page but start
with these two operators in the reverse order:

a.a_y= ﬁ(—i@rmwx)(iﬁ +mwx )P = ﬁ(ﬁz +m2w?x® + mwxiﬁ—ipmwx)cp

1 [.2 222 . A 1 [ i }
— +MmM WX +imw(xp— px =~ | H+-(=ih)
thw[p ( p=p )]"b hw 2 ¥

n A~ oA 1 ~ o~ 1 A a
= H:hw(a+a_+£)::hw(aia¢i£j = |[a_,a,]=1

subtract upper line from lower




Solution by operator algebra (continued)

A L - . - .~ . 1
* In terms of our new operators d., the time-independent Schrédinger equation becomes Hy = hw(ai% iijw =EyY
* To see what these operators actually are, we next consider the states a4, and the eigenvalues of the Hamiltonian
operating on these states. Remember throughout that ¢ stays on the right; and that operators H,a,,d_ do not
commute with one another but do commute with constants E, iw,1/2. And use [G_,4, |=1. Here goes:

N ~ o~ 1), . N ~ (A 1 A a A a
H(a+¢):hw(a+a_+E)(a+¢):hw(a+a_a++Ea+)¢:hwa+(a_a++5)(/) Used_d, =a.4_+1

:é+hw(é+é_ +1+%)¢=a+(ﬁ+hw)¢=a+(5+hw)<p=(f+hw)a+¢ ;

A . . 1), . A~ oA o~ 1, N | A
H(G_¢)= hw(a_mr —E)(a_cp) = hw(a_aJra_ —Ea_)Lﬂ = hwd_ (a+a_ —E)Lp Used,G_=d_a, —1

=é_hw(é a, —1——)¢ =6_(A-hw)Y=a_(E—hw) =(E—hw)d_y



Solution by operator algebra (continued)

* Summary: |H(é,¢)=(E+thw)(d4sy) .

* In English: when d, or G_ operate on a state ¢ which is a
solution to the S.E. with energy eigenvalue E, the result is
another state which is a different solution to the S.E., that has
energy eigenvalue E + iw or E —hw, respectively.

* In other words: @, and d_ raise and lower, respectively, the
energy of the system by the amount Ziw. They are therefore
called raising or lowering operators, respectively, or ladder
operators, collectively.

 Originally called creation or annihilation operators,
respectively. Lots of particle physicists still call them that.

* Invented by Paul Dirac in the 1940s; first treated extensively
in the third edition of his quantum-mechanics textbook.

G&S Figure 2.5.


https://ui.adsabs.harvard.edu/abs/1947pqm..book.....D/abstract
https://ui.adsabs.harvard.edu/abs/1947pqm..book.....D/abstract
https://ui.adsabs.harvard.edu/abs/1947pqm..book.....D/abstract

The ground state

* According to Problems 2.2 and 2.3 on last week’s assignment, there cannot be a solution to the Schrodinger equation
with an energy eigenvalue less than the minimum of V.

* So if one starts with a solution ) and repeatedly applies to it the lowering operator a_, one will eventually get zero,
or a non-normalizable solution.

* Suppose the result is zero. That can be used to determine the last state ¢y just before zero:

1 d d mw :
a_yn = h—+mwx =0 => —Yyg=—"x Separate and integrate
Yo N2mhw ( dx ijO dx Yo h Yo

Gaussian; use Lecture 2
dg _ mw xdx = Ingn=—"Y21a = ¢ :Ae—mwxz/Zh green pages to integrate
0 2 0

Yo and normalize
? 2 1/4 2
1:I¢S¢de=\A\2 J g MWX /hdx=\A\2 ’:—Z =1 ¢ =(%) e /2 | Ground state
—00



https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_02.pdf

The ground state (continued)

* The energy of the ground state:
0

. o a 1 hw
Hyg = hw(a+q4+5¢0) :—2 Yy
hw :
= | Eg :7 , Zero-point energy

* And all the excited states and their energies:

g, (x)=A,(6,) Yo(x)

1
E, :(V+E)hw , v=0,1,2,...

We'll find the normalization constants next time.

Potential energy V/he, 1/em
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