Today in Physics 237: state vectors and Hermitian operators

 State vectors, Hilbert space, and infinite-
dimensional Hilbert space

* Observables and Hermitian operators

* The Schwartz inequality




Vectors

Familiar, fundamental
properties of vectors:

* behavior under
operations, prominently
the rotation operator;

* the inner (scalar)
product;

* the outer (dyadic, or
tensor) product.

A vector like E has three
components and finite
magnitude |[E|=+E-E
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Vectors (continued)

Now you have seen general solutions to the Schrodinger equation, made from linear combinations of stationary,
separation solutions, such as the quantum simple harmonic oscillator,
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and the free-quantum wavepacket:
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Vectors (continued)

These objects are also vectors. For example, a state of the quantum simple harmonic oscillator is represented by a
vector with components A 4, (x)e ", (For simplicity, take the A, to be constant here.)

e Such a vector can be transformed by operators:
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OK to write it either way.

* The vector participates in inner products with other vectors:
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Vectors (continued)

* As we will see, such a vector also participates in outer products:
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* And of course it has a finite magnitude; that is, it is normalized: I \UJ\Z dx=1 ,or (W|W)
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* Our new compact expressions are in Dirac bra-ket notation. This will seem abstract at first, so keep in mind that there

are equivalent expressions in our ordinary language of functions and their integrals, and in the language of explicit
matrices and their algebra.

* Our new vectors, e.g.|W), are called state vectors.



State and basis vectors (continued)

* The stationary states are the basis vectors which define the orthogonal “coordinates:” for example,
one of the “unit vectors” in the coordinate system of the simple harmonic oscillator.
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* Each component of a state vector is a projection of the vector onto one of the orthogonal “coordinates” of the space
in which the vector is defined. Just like X-E =E, is the x component of E, ({, |W) = A, is the v component of |W).

* As we have noted all along, physical wavefunctions are normalizable: that is, square-integrable.

* The name for a vector space like this is 12 (mathematicians), or Hilbert space (physicists). We have been using the
whole 1-D axis, —0 < x <00, s0it’s Lz(—oo,oo).

* The basis set for the simple harmonic oscillator thus occupies an infinite-dimensional Hilbert space. Don’t worry
about the infinite dimensionality; this causes no additional problems compared to finite dimensions.

* So state vectors have importantly familiar properties, and represent a potential simplification in calculations: one can
freely use all the techniques of linear algebra.



Vectors (continued)

Some useful properties of Hilbert space on the interval (—o0,0):
o0
* If|f(x)) and |g(x)) belong to Hilbert space, then (f(x)|g(x))= _[ F(x)" g(x)dx exists and is finite.
% | 2,2
* In 2- or 3-D this is a consequence of the triangle inequality, e.g. a-b<va“b”. Here itis a consequence of the
triangle inequality’s generalization, the Schwartz inequality (see today’s green pages): [(f|g)|< \f\z\g\z

* Thus [(f1g)=(g| f)

e If {‘fv (x)>} is a complete orthonormal set, as the stationary states of the quantum simple harmonic oscillator are,
then this set shares the useful properties of the QSHO:
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g(x)chva(x) , ¢, ={f,0)]gx)) ,

for any other function g(x) which belongs to the same Hilbert space.



Hermitian operators

* An observable is an operator which has a real-valued expectation: <Q>* :<Q> :ff*éfdx=(f|éf>

« But as we just showed, (f|Qf)Y=(Qf|f)"; since the LHS is real-valued, so is the RHS, and the complex conjugation
comes off:

Hermitian operator
(same Hermite as the polynomials)

(flafy=<fif)

Observables are Hermitian operators, and vice versa.

* Few operators are Hermitian. Momentum is, for example:
0
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The raising and lowering operators are not, quite apart from being complex: as in the lemma we proved in Lecture 6
(pp. 2-3),
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https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_06.pdf

Hermitian operators (continued)

* But the combinations d,d_ and d_a, are Hermitian, as one can show with two applications of the lemma:

(fléséef)= [ £ (6205 )dx= [ (65f) (6zf)ax= [ (6:65f)" fobx=(Bsbef | F)

They better be, as they appear in the Hamiltonian for the quantum simple harmonic oscillator.

* An operator Q" such that (f|Qg) :<é+f|g>, for all fand g, is called the Hermitian conjugate, or adjoint, of Q.

* For example, the raising and lowering operators are each other’s Hermitian conjugate, as we just showed in the
last line of page 8.

* A Hermitian operator is equal to its own Hermitian conjugate; it is self-adjoint.
* Related terminology: a state is called determinate for observable Qif it is an eigenfunction of Q.

* Also related: two unique states are called degenerate if they share the same eigenvalue for an observable Q.



The Schwartz inequality

Suppose f(x) and g(x) are square-integrable, nonzero, and that
inner products involving ‘f(x)> and ‘g(x)> exist. Then
(flg)|<|fllg|, with the equality corresponding to linearly-
dependent f and g.

* No matter how many dimensions in their Hilbert space,
f) and |g) define directions in that space, and the two of them
define a plane in that space.

* In that plane, we can use the Pythagorean theorem.

* So construct a right triangle with |f), its projection onto |g), and
the vector difference of this projection with | f), which we will call

h):
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The Schwartz inequality (continued)

* Then find the length of |h):
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* And rearrange: \f\z \g\z —(flag)xXalf) z\g\z\h\z >0 , asthe RHS is positive definite. Now recall

(Flgy=[ frgdx , (glfy= [ g"fax=(flg)" ;so| (flg)*<|f*lg® |, aed.

« Equality would mean |hi* =0; that is, f) and |g) differ by a multiplicative factor (are linearly dependent).
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