Today in Physics 237: the hydrogen atom

* The radial equation, the solution to
which is long and tedious

* The Bohr series

* The complete H wavefunction

As chemists like
to picture H-atom
orbitals

As physicists like
to picture H-atom
orbitals
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Solution of the radial part of the time-independent Schrodinger equation

Protons and neutrons are about 1836 times more massive than
electrons. To excellent approximation, the H atom’s center of mass is

the proton’s location; r is distance from there. ax10”
* The potential energy of the electron-proton system is, of course, oo 1x10 T
5 ]
e . . . ~
V(r)=—— (ln cgs units; replace e? with e2/4neo for SI) 2 0
r <=
> _1x10” 1
* Including the centrifugal term (Lecture 14, page 13), the effective
potential energy is
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Using u(r)=rR(r) as in Lecture 14, the radial equation becomes
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The radial part (continued)

* Now one usually makes some substitutions to render the equation dimensionless:

o 2meE ek o 2m, e’
NTeE hokr , py=
h K

so that
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* Not a differential equation for which we know the solution. This time it will help to look at two solutions for
asymptotic forms of the equation, which will give multiplicative factors of the solution. We would do so in hope that
the rest of u(p) will be solved more easily than via the differential equation above.

* If p— o0, the first termin [...] is much larger than the other two, which gives a familiar differential equation:
, 0, to keep the wavefunction normalizable as p —

d“u _ _

——~u = u=Ae p+/gep=Ae P

p—>0: 5
dp



The radial part (continued)

* In the other, p — 0, limit, the f(f+1)/p2 dominates:

d’u _£(¢+1)
dp2 - pz

p—>0: u

* As those who took PHYS 217 (their Lecture 10, pp. 3-4) are aware, one should try u=Cp? for such equations. | will

suggest that u=Cp%"! may save a step:

2
%=((x+1)CPa : d—lzjza(owl)Cpa_z =L+ % ;
dp dp

?+ra-L(4+1)=0 = oz:%(li\/1+4€(€+1)) -

2 —{ or
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The radial part (continued)

* So in this limit, the solution of the radial equation must converge on

0, to keep the wavefunction normalizableasp —> 0

p0: u=cpltl +}gp—£ _ ottt
* Now we return to the full radial equation, and this time seek a solution of the form

1 —
u(p)=p" e Pv(p) ,
which has the correct behavior as p— 0 and p — w, to seek the new function v(p).

* Convert the derivatives of u to those of v, doing the algebra slowly. First derivative:

M _ (g4 D plePv—ple Py +pttle™® av_ ple P (4+1-p)v+ pﬂ
dp dp dp



The radial part (continued)

* Second derivative:

2 2
d—gz(ﬁpf_le_p—pfe_p){(€+1—p)v+pﬂ}+p£e_p —v+(£+1—p)dv+dv+pd ‘2/
dp dp do do  dp
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The radial part (continued)

« Combine in the radial equation to produce a differential equation for v(p):

2
ﬂ: 1_p0+f(f42-1) U =
P P

2
iy {£(£+1)_2(£+1)+p}v+2(£+1_p)dv+pdZ _ ptHlep 1_po+e(e:1) ,
p do dp P p
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dp % ﬁ
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That helped more than it probably looks; all the terms in 1/p are gone.



The radial part (continued)

o0
* And since all the terms in 1/p are gone, it works better to propose a power-series solution, v(p) = Z c,o"

n=0
* ... at the risk of re-admitting the solution we rejected by setting D = 0 on page 3; see below, page 11.

» Again calculate the derivatives:

dv o0 n1 o0 . 5 o0 _ d2V o0 1
= ncp" = Y (j+)cjap! =100+ Y (j+1)cjap’ =D i(i+1)cjqp
e 2 — j=—1 P ico dp” o

* Into the differential equation they go:

d%v dv
——+2(L+1-p)—+[pg—2(L+D|v=0
P o2 ( p)dp [0 ]

Z/(/+1)cj+1p +2(€+1)Z(/+1)C1+1p 22(/+1)c1+1p +1+[p0—2(£+1)]2cjp -
J=0 Jj=0 Jj=0 j=0



The radial part (continued)

* The third term can be re-indexed for ease of comparing coefficients ofpj:

o0 o0 (0 0)
: ' . Can start sum at zero instead of 1
2 +1)ci 40" =2 e p"=2% jeip! . ’
jg‘)(j ) j+1P nz_‘i nf Zl P since the first term is zero regardless.

Jj=0
* This leaves Z/(/+1)Cj+1pj+2(£+1)Z(j+1)cj+1pj_ZZijPj+[Po—2(£+1)]2ijj =0 , or
j=0 j=0 j=0 =0
< .
Y ALG+1)+2+D(+1)]cjg +[po —2(£+1)-2j]c;} o’ =0
j=0

* For this to be valid at all values of p, the coefficient of each pj must be zero:



The radial part (continued)

o 2(£+1)+2j-pg oL 2(£+j+1)—pg .
MG+ +26+D(+1) | (j+1)(j+2£+2)

* |If we know any of the Cj this formula gives us all the rest.

* We can always count on knowing one — say, ¢y — from normalization. Thus we almost have the solution.

* However, one nuance remains, as suspected on page 8. Consider the coefficients at large j, for which

2j 2

i>1: ¢4 =2———C;i=——c;
! MG+ T

* In this limit, C1=—Cn, CH=—C ="“c , CR=—Cy= Cch, ... C;i=—cC
1=, @ 1754 B=3973,7¢ =



lonization and normalization

* |f this were an exact result instead of an approximation, then the radial solution would be

o0
v(p)=2 c;p’ Coz (ZP)J‘C e = u(p)=p"*ePv(p)= cp£+1e+pﬁoo
. y

That is, it would not be normalizable: with the power-series form for v(p), we have inadvertently re-admitted the
D # 0 solutions we ruled out on page 3.

* So, out they go again. The easiest way to exclude them is to terminate the sum, rather than taking it to infinity. That
is, there is some index N such that

2

cn-1#0 , =0, N1 = N

) eee CMZN:O

* Good news: there is a natural point at which to terminate the sum, as follows.



lonization and normalization (continued)

2 N)—
= (£+ ) pOCN_1=O = «€+N:p—0
N(N+2£+1) 2

From page 10, for j= N, we have ¢

Define n=N+£ , n=1,2,3,... Principal quantum number

Then, from page 3,

2 2
_2mge”  2mge

p = =
0 th 7R [—=2m E

mee4 1 mee4 . . .
] — in Sl units Bohr series
2h° n

=2n = |E,=-
" (4ngg )2 212 n’

The Bohr series limit, and in turn the truncation of the sum on page 11, corresponds to the fact that the H atom can
be ionized.

Before Bohr, the energy spectrum of H was measured accurately by Johannes Rydberg to be E,, = —Ry/n2 ,n=1,2,3,...,
where Ry = 2.18x10 1 erg =13.6 eV. Bohr’s triumph was in showing — much differently than we just did —that Ry is
a product of more fundamental constants (mee4/h2 , rather than being an independent physical constant.



The wavefunction of hydrogen

* Furthermore, K=

_— = , a: 2

meezl 1 n? 4neoh2
n? n na m,e mee

in Sl units} Bohr radius

* Finally, we can write out the wavefunction, by undoing all our various substitutions and abbreviations:

Unem (r,9,0) =Ry ()Y (8,00)

¢
Rne (r)= # - %p£+1e—pv(p) i i(Lj e—r/navnz (L) ’

na\na na

where v is a polynomial in p given by the terminated sum on page 11:

n—{-1 _
v (p)= Z cjo’ , where ¢y
j=0

2(L+j+1)—pg
= C:
(j+1)(j+20+2) "




Normalization of the ground-state H wavefunction

* The lowest energy (ground) state of H has n=1,¢£=m=0. From the past few pages above, and from the discussion of
spherical harmonics in Lecture 14,

N
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Associated Laguerre functions

n—{-1 _
* All the other coefficients in v, (p) = Z cjp/ come from this value of ¢, and c¢j 4
j=0

_2(£+j+1)-py
(j+1)(j+2¢+2) "

* An applied mathematician would recognize the expression v, (p) and cj+1/cj. They would write it as

p
V() =125 (20) , where Lg(x)z(—l)p(:—xj Lpig(x)

is called the associated Laguerre function, and where

X q
L (x)= e—(i) (x%e7)
4 g!\dx

is the (gth) Laguerre polynomial. A few of each are listed in the next pages, which we show to prevent fear that they
are dangerous beasts: they are, after all, polynomials. It doesn’t — or shouldn’t — scare you to perform any
mathematical operation on a polynomial.



Laguerre polynomials

g Ly(x)
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Normalized H wavefunctions

In all, the H wavefunctions are

3 ¢
wnzm(r,ﬁ,cp)=J( 2) (”‘2‘1)%*/”"(3) L%,‘L}zh[z—”j Y (9,0) -

na) 2n(n+4)! na na

And, as we are getting used to, they are orthonormal:

27T T 0

J Hcp,i,kemnpn@m' r?drsin9ddde = Snn000Omm’
000

They are quite a chore to visualize, though. See G&S page 153 for some monochrome attempts, but don’t neglect to
search the web for color-coded renditions which may make more sense to you. Page 1, for example.

Next time: example use of the H wavefunctions
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