Today in Physics 237: rotational symmetry and degeneracy

Rotational symmetry and
angular momentum
conservation

Degeneracy

Selection rules for scalar
operators

* Reduced matrix elements

Calculations to guide the experimental

determination of rotational degeneracy in H.
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Rotation about a single axis

* Just as translations are generated by linear momentum, rotations are generated by angular momentum:
f(a)=e @Ph ﬁz(cp):e_i‘pLz/h .
* Check with a very small rotation 6, so that a first-order approximation applies: ,L?Z ~ 1—%[2 ;SO
second order

b SN i5-N it is.. 827 ise. -
X :Rz*sz ;(1+%Lz)x(1—%sz:x+%L2x—%xLz %Lz ;x+%[Lz,x]:x—6y )

using the commutator you calculated in G&S problem 4.22 (assignment 9). Similarly y' =I§’z+9l§z ~y+6X ,
§=R,ToR, =2
1 -6 0x Recall that, for first order in 6,
cosd =1 andsind =4,
Or, all together, yl=i6 1 0y so this is the usual form for

the rotation matrix (c.f. Lecture 9)



https://www.pas.rochester.edu/%7Edmw/phys237/Quizzes/ps_09.pdf
https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_09.pdf

Rotation in 3-D

* As F?z(cp):e_iprz/h — e iPEL/h , we see that a rotation about any unit vector 7 would be, unsurprisingly,
Ra(g) =@t

* Any operator which transforms the same way under rotations as the position operator 7 is also a vector operator. For
infinitesimal rotations, the transformation of a vector operator V would follow from a commutation relation with L;
in Cartesian components with x,y,z=1,2,3,

A 3-DLevi-Civitatensor
L3,V | =ihe gk =1if k=123 or2310r312; —1ifijk=3210r213 or132; O otherwise

« Summary: Parity Rotation Examples

Vector V {ﬁ,\?,-

:ﬁ i+ iﬁ:O :[I,Vj}:IhEUka f,ﬁ
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1, 7] 0 FoF
Pseudoscalar f {ﬁ,f} = 0
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I

Scalar triple product of three vectors



Continuous rotations and angular momentum conservation

* A central potential V(r)=V(r) (Lecture 14, p. 7), independent of the angular coordinates & and ¢, is a scalar.

 And ﬁz =p-p = 1%V is a scalar because p is a vector.

* In this case the Hamiltonian H :—h2V2/2m+V(r) is a scalar, and commutes with a rotation by any angle about any
axis:| A,R; (@) |=0.

. i6 ., - . :
* This includes infinitesimal rotation, R;(6)=1——n-L, and therefore continuous rather than discrete angular
displacement. Therefore [H,L] =0:this Hamiltoﬁian commutes with all three components of L, and thus with 2.

« And if [ has no explicit time dependence (i.e. if 8[/8t :O) then, according to the generalized Ehrenfest theorem
(Lecture 11, p.5),

d v i/p e A d d d, \_ Angular momentum
_<L>_—<[H,L]>—O ; also —(L) <Ly> (L,)=0 < conserved

precisely as in classical mechanics, via Noether’s First Theorem.


https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_14.pdf
https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_11.pdf

Continuous rotations and angular momentum conservation (cont’d)

e Since this Hamiltonian commutes with % and all three components of £, the three observables 4, 2 and [, comprise
a complete set of compatible observables.

* We noticed this to be true for the spherical quantum well and the hydrogen atom, but now we have
demonstrated that they would be a complete set for any central potential.

* And the same quantum numbers would suffice to specify a bound state, in any central potential problem:

I:I‘»bnfm = Enwnfm
[zl.pn[m =£(£+1)h2¢n[m

Lzlpnfm — mh(pnﬁm



Symmetry and degeneracy

* Now we have three cases of symmetry involving operators which commute with the Hamiltonian: translation, parity,
and rotation.

* Symmetry leads to states which share the same energy eigenvalue. For if [/—7,52] =0, and Q transforms state Y into ¢/,
then

FI‘L/JI,7> = H(é‘wn» = ém‘/}n> = éEn ‘¢n> = Ené‘¢n> =E, ‘L/J;7> .
states ¢ and ¢’ share the same E,,. If ¢ and ¢’ are different, orthogonal states, this makes them degenerate.

« If Q is the only symmetry operator for which [/—Al,é] =0, then ¢ and ¢’ could be the same state, part of the two
common complete set of eigenstates which can be chosen if[l—?,Q] =0.

* But suppose there are two operators, Q and A, which commute with the Hamiltonian but not with each other. Then
there cannot be a complete set of states which are all eigenstates of all three operators H,Q and A.



Rotational degeneracy

Example (G&S 6.3): Consider a system with a central potential, states Yn¢m and their energy eigenvalues E,,. Use the
fact that the Hamiltonian for a central potential commutes with any component of L, and therefore also with Ly, to
show that Yp,ym+1 are degenerate with ¢y,

« Since [ A,L; |=0, AL g = AANLL+1) —m(m+ 1P, gy

= iI'AIL/Jan =Ep Ai‘pnﬁm = Enh\/f(f"‘l)_m(m as 1)¢n£mir1 ’

Appmi1 =EpPnemsr » tocompare with A, =EWnsm  9-€.d.

* This explains a 2/ +1—fold degeneracy, due to the spherical harmonics, and common to all central potentials.

* Each state of hydrogen has a total degeneracy of n? >24+1. The balance is accounted for by conservation of the
Laplace-Runge-Lenz vector, M =(pxL—Lxp)/2m —ezr/r , an extra symmetry of some central potentials including 1/r.

* This is demonstrated in G&S problem 6.34, on assignment Never.



Translation symmetry and parity degeneracy

G&S problem 6.18: Consider the free quantum in one dimension: H =/52/2m. This Hamiltonian commutes with both
the translation and the inversion operators.

a. Show that translation and inversion don’t commute.

b. Because of the translational symmetry, we know that the eigenstates of Hcan be chosen to be simultaneously
eigenstates of momentum, f,,. Show that the parity operator turns f,(x) into f,(—x); these two states must have
the same energy.

c. Alternatively, because of the inversion symmetry we know that the eigenstates of A can be chosen to
simultaneously eigenstates of parity, namely

icos(ﬂj and isin(ﬂj
NTth h NTth h

Show that the translation operator mixes these two states together; they therefore must be degenerate.



Translation symmetry and parity degeneracy (continued)

a. [ﬁ,f'(a)]fp(x) =017 (a) f, ) =T ()Nf, () =0f, (x—a) - Tf, (=x) = £, (~x—a) - f, (~[x —al)

= fp(=x—a)—f,(—x+a)#0 ; theydon'tcommute.

b. As we saw long time ago, the (nonnormalizable) time-independent free-quantum solutions are of the form

ipx
fp (X) = : ipX e—ipx
h =f,(— :
V2n nf, (x) =" TN = fp(=x)

fp(ix) have the same energy, differing only in direction of travel once the e factor is included.

vy () ofoel)_ oo a2

f\/}lr_hSin(,;Xj:\/llr_hsin(p[xh—a]):J%{Sln(phxjcos(pha) Cos(lf;lxjsm(l@haﬂ .




Selection rules for scalar operators

A scalar operator is one for which [L,]=0: [[z,f]:O , [Ifi,ﬂzo , [fz,f]:o (page 3).

* As we did for parity, we can find selection rules for scalar operators by considering their matrix elements between

eigenstates of [, and i2, ném) and |n'4'm’), which of course have definite angular momentum. L, :([z) Y

<n'€’m’\[[2,f]n£m>:o = (n'4'm'|L,f|nem)—(n''m'|fL,|ntm)=(m'=m){n'¢'m'| f|ném)=0 .
(i,,f]=0 , [i.,f]=0 , [2,7]=0 .

e Similarly,

n

(n''m’ [fz,f]\n£m>:o = (n"¢m’ [zf\n£m>—<n'£'m’f[z\n£m>:hz[f'(£'+1)—£(£+1)]<n'£’m’fn£m>:0 .

* So the selection rules for quantum transitions mediated by a scalar operator include [A¢=0,Am=0.| Now for the
ladder operators:

(ne'm'|[ L, f |ntm)=0 = (n'€'m'|L,F|nem)—(n'"t'm'|fL,|ntm)=0 .




Selection rules for scalar operators (continued)

* Noting that the ladder operators are each other’s Hermitian conjugate, and as we found in Lecture 21 (see also G&S
problem 4.21 on assignment #9):

(n'0'm'|Lfnem) =10’ (€' + 1) —m'(m' £1) (n'€'m' F1|f |nem) = 80 00ms1m

(ne'm’|f L |nem) =104+ 1) —m(m =) (n'€'m'| f|nm£1) =89Sy a1

* These terms are both zero unless ¢'=¢ and m'=m+1. When both of these are true, the square-root factors are
equal, and the last expression on page 10 becomes

(n'em| f|ném)=(n"tm+1|flném+1) .

That is, the matrix elements of a scalar operator are independent of m. And since they are, we can write

(e T ntm) Sy Sy )



https://www.pas.rochester.edu/%7Edmw/phys237/Lectures/Lecture_21.pdf
https://www.pas.rochester.edu/%7Edmw/phys237/Quizzes/ps_09.pdf

Selection rules for scalar operators (continued)

+ This new symbol (n'2|f|n€) is called a reduced matrix element.

At this point it is just a notation indicating that the integrals which would be involved in the calculation of
<n'£'m' f\nﬁm} are independent of m and are zero unless ¢'=¢ and m'=m. But we’ll give them more todo in a
little while.

G&S example 6.4: (a) Find <r2> for all four of the degenerate n = 2 states of a hydrogen atom.

f2 ,f;2 f2

fZ

* First £=1, of which there are three, m=1, 0, and -1: <211

211)=(210

210)=(21-1

21-1)=(21

21)

* To calculate the reduced matrix element just pick any of the normal matrix elements:

(21l|21) = (210/7%|210) = [ g1 dr
1 (Normalized)
00 2nm 00 2 2 ®© I A2
= [r*Ryy (PP ar [ v inddode = [r* " e/%gr =% [ b dy =27 3002
Ir Ry1 (r)) rj_ﬂ A sin ® jr 24a3aze r 24J.u e V=" a

0



Selection rules for scalar operators (continued)

FZ

» The other oneis £=0: (20 72

20)=(200

200> = Irz “'/JZOO ‘2 dt
1 (Normalized)

o0 21Tt

—[r* Rzo(r)zdr Yg(ﬁ sinddddep
Ryo (r)
0

Ta 1, 1r
= J.r4—3[1———je_r/adr=4202
0

e The angular integrals didn’t have much to do this time, and a slick theorem will do away with them altogether next
time.
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