Relativistic Quantum Mechanics

Homework 10 (solution)

December 3, 2007

1
1.1
From the equation of motion for a harmonic oscillator (% = —w?z) we have
z(t) = z(0)cos(wt) + ]?sin(wt)
and ) ]
(1), 2(0)} = {p(0), z(0 smwt):7sm(wt) 1
{a(0),2(0)} = {p(0), 2(0)} -
Now let’s calculate the Schwinger function G(t) which satisfies.
d? 2
(G TG = - (2)
G(t) = G°(1) 3)
G(=t) = =G@) (4)
dw/ —iw’
Gty = [ aw) )
2 -
(@ +w?)G(t) = \/% dw'e” ™ (—w? + W G(W)
™
_ _QL dw/e—iw/t
™
= N 1 1
=GW) = ori —a?
1 [dw'e ™'t
Doing the contour integration one finds
sin(wt
G = ™
So we see that
{z(t),z(0)} = =G(?) (8)



1.2

In the free particle case we have

d2x
="
z(t) = z(0) + p(0)t
and
{z(t),2(0)} = —t 9)
G(t) in the limit that w — 0 is also
lim sin(wt) — lim tcos(wt) .
w—0 w w—0 1
=Gt) = t (10)
2
2.1
In the Heisenberg picture
[ (K),a™ ()] = 0= [ (K)ot (k") (11)
[ (F),at" (k") = 6%k — k") (12)
In a new picture
aV(k)=S8"ta(k)S a™™(k)=S5"tdH(k)S (13)
(&), (k)] = S (K)SS 1 (K")S — S~ a® (k")S5~a (%)S
= Sl (%),a" (E")S
0 (14)
Similarly,
™ (%), a™ (k") = 0 (15)
(™ (K),a™ (k) = 8*(k — ) (16)
2.2
5, HS) = / P kB [a5 k), a5 (K)o (k)]

= / d°kEy{[a” (k), a" (K)]a” (K) + T (K) [a” (k), a® (K')]}
= / dkEw % (k — ka® (K')
= Epa®(k) (17)



a®Hy = Hya® —[HF,a%]
= HOSaSJrEkaS

a® (Hg)"

S HE (S
(Hg + Bp)a®(Hg )"

= (Hg + Ep)a®Hg (Hg)" ™
... (induction)

= (Hg + Ey)"a®

7S _iyyS
IP ezHotaSe iHt

_ GiHSt,S ) (=it)" (HS)"

n!

iHS (_Zt)n n
= eHotZTaS(HoS)

iHy (_Zt)n 7
= e Hotz - (Hy + Ey)"a®
n

cr7S - S
ezHO tefzt(HO +Ek)a5

— e*’itEk aS

3
o(x) = Th__(ikna(i) + o (k)

V/ (2m)32k0

3
biz) = /éﬁ;w@4Mmm+aMM&»

[a(k), a(k')] = [a' (k), ' (K')] = [a(k), b(k')] = 0
[b(k), b(K")] = [ (k), b (k')] = [a' (k), b (k')] = 0

(19)



(0T (¢(2)¢' (1))]0) =

O | s e = el 110 e h0) - )
(5 — a0 (MK + VT (6)) (e a(lo) + e ()}0)

0 [ s d’gdw’jT 2~ ) (e okl ()

+(5” — ) (KT (1)} 0

0 [t dgg’;ko{@ PO 1 0(50 — ) o)

= —i(0]0(2" —y")Gt(z —y) — O()° — 2°)G™ (z — )|0)
= (0liGr(z —y)|0) (30)

Similarly

3.2

Q

(OIT (6" (2)d())|0) = (0iGr(x — y)|0) (31)

1@ =i [ @) - 6o )
i / (zgzg%(eikw(k) + e~ Th(k)) (—ik" e~ F Ta(k') + ik bt (K'))
—(—ik0e T *Th(K!) + ik * T (K)) (e a(k) + bt (K'))
. / Prd K

(27)32VEOK0
(—z’k’oa(k’)b(k)e_“’(kJrk/) +ikloaT(k)bT(k/>eix(k+k’)
+ikb(k)bT (K )e =R — 0% (K )a (K )e B =H))
—(—ikb(k )a(k)e =D 1 ikOf (k)a (k')ei B+
+ika’ (K )a(k)e " E ) — ik 0p(k )b (K )e' = H))

. /d%d%'

2VkOK0
{—ik"a(K)b(k) + ik"a’ (k)bT (k') + ik"°b(k )a(k) — ik"bT (k)al (K')}6(k + k')
+{ik"b(k)bT (K') — ik"a’ (K)a(k') — ika’ (K )a(k) + ik"b(k )T (k) }o(k — k')

[d%k
i{k%a(—k)b(k) — k%a’ (k)b'(—k) — k°b(—k)a(k) + k°bT (k)a'(—k)} +
i{k%b(k)bT (k) — k% (k)a(k) — k%a’ (k)a(k) + kOb(k)bT (k)}

T

/d K(at ()a(k) — b)HI (k) (32)



	
	
	

	
	
	

	
	
	


