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1.1

S3 u+(p) =
1
2

(
σ3 0
0 σ3

) (
ũ(p)

−→σ ·−→p
E+m ũ(p)

)
=

1
2

( ±ũ(p)
σ3

−→σ ·−→p
E+m ũ(p)

)
(1)

6= const. u+(p)

So u+(p) is an eigenstate of S3 (ũ(p) is an eigenstate of σ3) if it commutes with
−→σ · −→p or equivalently if p1 = p2 = p3 = 0 (or when p = 0).

[σ3,
−→σ · −→p ] = σ3

−→σ · −→p −−→σ · −→p σ3 = 0 ⇔
[σ3, σi] pi + σi [σ3, pi] = 0 ⇔
p1 = p2 = p3 = 0 (2)

Similarly for the negative energy solutions.

1.2

u+(p, h) =

√
E +m

2m

(
ũ(p, h)

−→σ ·−→p
E+m ũ(p, h)

)
(3)

u−(p, h) =

√
E +m

2m

(
−

−→σ ·−→p
E+m ṽ(p, h)
ṽ(p, h)

)
so that

u+(p)u+(p) = 1
(4)

u−(p)u−(p) = −1
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with

h(p) ũ(p,±1
2
) = ±1

2
ũ(p,±1

2
) (5)

⇒
−→s · −→p
|p|

(
α
β

)
= ±1

2

(
α
β

)

⇒
(

p3 p1 − ip2

p1 + ip2 −p3

) (
α
β

)
= ±|p|

(
α
β

)
(6)

(p3 ∓ |p|)α+ (p1 − ip2)β = 0
⇒ (7)

(p1 + ip2)α− (p3 ± |p|)β = 0

For α = 1 we then have β = p1+ip2
p3±|p| , so ũ(p,± 1

2 ) = a1

(
1

p1+ip2
p3±|p|

)
. And a1 is

given by

ũ†±ũ± = 1 ⇒
(8)

a1 =

√
|p| ± p3

2|p|

and

u+(p,±1
2
) =

√
E +m

2m
·

√
|p| ± p3

2|p|



1

p1+ip2
p3±|p|

−→σ ·−→p
E+m

−→σ ·−→p
E+m

p1+ip2
p3±|p|



u+(p,±1
2
) =

1
2

√
(E +m)(|p| ± p3)

m|p|



1

p1+ip2
p3±|p|

−→σ ·−→p
E+m

−→σ ·−→p
E+m

p1+ip2
p3±|p|


(9)

Similarly one finds

v−(p,±1
2
) =

1
2

√
(E +m)(|p| ± p3)

m|p|



−
−→σ ·−→p
E+m

−
−→σ ·−→p
E+m

p1+ip2
p3±|p|

1

p1+ip2
p3±|p|


(10)
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2

We have

x = x(t, x)
x2 = 〈x|x〉 = t2 − x2

|x〉 = t |et〉+ x |ex〉
〈x|x〉 = t2 〈et|et〉+ t x 〈et|ex〉+ x t 〈ex|et〉+ x2 〈ex|ex〉

= t2 − x2 (11)

From Eq.11 we have

〈et|et〉 = 1 (12)
〈ex|ex〉 = −1 (13)
〈et|ex〉 = 〈ex|et〉 = 0 (14)

Therefore the completeness relation can be written as

|et〉〈et| − |ex〉〈ex| = 1 (15)

So that

1 · v = (|et〉〈et| − |ex〉〈ex|) · (v1 |et〉+ v2 |ex〉)
= |et〉 〈et|v1|et〉+ |et〉 〈et|v2|ex〉 − |ex〉 〈ex|v1|et〉 − |ex〉 〈ex|vx|et〉
= v1 |et〉+ v2|ex〉 = v (16)

3

3.1

xµ → x′µ = Λµ
νx

ν

ψ(x) → ψ′(x′) = S(Λ)ψ(x) (17)

Dirac equation becomes

(iγµ∂µ −m)ψ(x) = 0 → (iγµ(∂µ)′ −m)ψ′(x′) = 0 (18)

(iγµΛν
µ∂ν −m)S ψ(x) = 0

⇒ (iΛν
µS

−1γµS∂ν −m)ψ(x) = 0
S−1γµS=Λµ

νγν

⇒ (iγν∂ν −m)ψ(x) = 0 (19)

where γµ transforms under parity as follows

S−1γ0S = γ0

(20)
S−1−→γ S = −−→γ
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Since

(γ0)−1γ0γ0 = γ0

(21)
(γ0)−1−→γ γ0 = −−→γ

We can see that one possibility is that S = ±γ0. From Eq.19 we see that the
Dirac equation is invariant under a parity transformation.

3.2

ψ(x) → ψ′(x0,−−→x ) = Sψ(x) = ±γ0ψ(x)

ψ(x) → ψ
′
(x0,−−→x ) = ψ(x)S−1 = ±ψ(x)γ0

ψψ → ψS−1Sψ = ψψ (scalar)
ψγ5ψ → ψS−1γ5Sψ = ψγ0γ5γ

0ψ = −ψγ0γ0γ5ψ = −ψγ5ψ (pseudoscalar)
ψγµψ → ψγ0γµγ0ψ = Λµ

νψγ
νψ (vector)

ψγ5γ
µψ → ψS−1γ5γ

µSψ = ψS−1γ5SS
−1γµSψ = −Λµ

νψγ5γ
νψ (pseudovector)

ψσµνψ → ψS−1(
i

2
(γµγν − γνγµ))Sψ

=
i

2
ψ[S−1γµSS−1γνSS−1γνSS−1γµS]ψ

= Λµ
ρΛ

ν
σψσ

ρσψ (tensor)

3.3

u′+ = γ0

(
ũ

−→σ ·−→p
E+m ũ

)
=

(
ũ

−−→σ ·−→p
E+m ũ

)
(22)

u′− = γ0

(
−

−→σ ·−→p
E+m ṽ

ṽ

)
=

(
−

−→σ ·−→p
E+m ṽ

−ṽ

)
(23)
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