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1.1

ψ(x) =
∑

h±1/2

∫
d3k

(2π)3/2
(a(k, h)e−ik·xu(k, h) + b∗(k, h)eik·xv(k, h)) (1)

ψ†(x) =
∑

h±1/2

∫
d3k

(2π)3/2
(a∗(k, h)eik·xu†(k, h) + b(k, h)e−ik·xv†(k, h)) (2)

ψ†(x)ψ(x) =
∑

h,h′±1/2

∫
d3k d3k′

(2π)3
[a∗(k′, h′)a(k, h)ei(k′−k)·xu†(k′, h′)u(k, h) +

a∗(k′, h′)b∗(k, h)ei(k′+k)·xu†(k′, h′)v(k, h) +

b(k′, h′)b∗(k, h)ei(k−k′)·xv†(k′, h′)v(k, h) +

b(k′, h′)a(k, h)e−i(k+k′)·xv†(k′, h′)u(k, h)] (3)

In the massive normalization

u†(k, h)u(k′, h′) =
k0

m
δk′kδh′h = v†(k, h)v(k′, h′) (4)

and
u†v = 0 = v†u (5)

So Eq.3 becomes

ψ†(x)ψ(x) =
∑

h±1/2

∫
d3k

(2π)3
(|a(k, h)|2 + |b(k, h)|2)k

0

m
(6)

Requiring that ∫
d3xψ†(x)ψ(x) = 1

we get ∑
h±1/2

∫
d3k (|a(k, h)|2 + |b(k, h)|2) =

8π3m

k0
(7)
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1.2

In the massless normalization

u†(k, h)u(k′, h′) = k0δk′kδh′h = v†(k, h)v(k′, h′) (8)

and we get ∑
h±1/2

∫
d3k (|a(k, h)|2 + |b(k, h)|2) =

8π3

k0
(9)
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2.1

Dirac Hamiltonian in the presence of a constant magnetic field (minimal cou-
pling) becomes

H = −→α · (−→p − e
−→
A ) + βm (10)

Defining −→
Π = −→p − e

−→
A (11)

we have
H = −→α ·

−→
Π + βm (12)

and

[Πi,H] = [pi + eAi, αj(pj − eAi) + βm]
= −αj [pi + eAi, pj − eAj ] (13)

We also see that
[Πi,Πj ]

[pi,Aj ]∼∂iAj∼ εijkBk 6= 0 (14)

since

[pi − eAi, pj − eAi] =
(pi − eAi)(pj − eAj)− (pj − eAj)(pi + eAi) =
pipj − epiAj − eAipj + e2AiAj − pjpi + epjAi + eAjpi − e2AjAi =
−e[pi, Aj ] + e[pj , Ai] = ie(∂iAj − ∂jAi) = −ieεijkBk 6= 0 (15)

And
−→
Π isn’t conserved (similarly −→p doesn’t commute with H).
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Total angular momentum
−→
J is conserved

[Ji,H] = [εijkxjΠk +
1
2
α̃i,H] =

[εijkxjΠk +
1
2
α̃i, αmΠm + βm] =

[εijkxjΠk, αmΠm] + [
1
2
α̃i, αmΠm] + [εijkxjΠk, βm] + [

1
2
α̃i, βm] =

εijkxjαm[Πk,Πm] + εijkαm[xj ,Πm]Πk +
1
2
[α̃i, αm]Πm =

εijkxjαm(−ie)εkmlBl + iεijkαmδjmΠk + iεimnαnΠm =
−ieεijkεmlkxjαmBl + iεijkαjΠk + iεimnαnΠm =
−ieεijkεmlkxjαmBl + iεijkαjΠk + iεijkαkΠj =
−ieεijkεmlkxjαmBl + iεijkαjΠk − iεijkαjΠk = 0 (16)

and

H2 {αi,β}=0
=

−→
Π 2 +m21 =

αiαj(pi − eAi)(pj − eAj) +m2 =

(
1
2
{αi, αj}+

1
2
[αi, αj ])ΠiΠj +m2 =

(δij + iεijkαk)ΠiΠj +m2 =
−→
Π 2 + iεijkαkΠiΠj +m2 =
−→
Π 2 + iεijkαk

1
2
[Πi,Πj ] +m2 =

−→
Π 2 + εijkαk

1
2
eεijmBm +m2 =

−→
Π 2 + αkδkmBm +m2 =
−→
Π 2 +−→α ·

−→
B +m2 (17)

Since [H,H2] = 0 we see that
−→
Π 2 +−→α ·

−→
B +m2 is a conserved quantity (such

as energy and total angular momentum).

2.2

Solving the characteristic equation for the Hamiltonian∣∣∣∣∣ (m− E)1 −→σ · (−→p − e
−→
A )

−→σ · (−→p − e
−→
A ) −(m+ E)1

∣∣∣∣∣ = 0 (18)

or

(−→σ · (−→p − e
−→
A ))(−→σ · (−→p − e

−→
A )) = E2 −m2

⇒ E2 −m2 = [(−→p − e
−→
A ) · (−→p − e

−→
A )− e−→σ ·

−→
B ] (19)
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We need to show that

u(p2)γµu(p1) =
(p1 + p2)µ

2m
u(p2)u(p1)−

i(p1 − p2)ν

2m
u(p2)σµνu(p1) (20)
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where,
(γµp1µ −m)u(p1) = 0, u(p2)(γµp2µ −m) = 0 (21)

We start with

u(p2)σµν(p1 − p2)νu(p1) =
u(p2)i[(γµγν − ηµν)p1ν − (ηµν − γνγµ)p2ν ]u(p1) =
u(p2)i[γµγνp1ν − pµ

1 − pµ
2 + γνp2νγ

µ]u(p1) =
u(p2)i[γµm− (p1 + p2)µ +mγµ]u(p1) (22)

or that

− i

2m
u(p2)σµν(p1 − p2)νu(p1) = −u(p2)[

1
2m

(p1 + p2)µ − γµ]u(p1) (23)

So that RHS of Eq.20 gives

RHS = u(p2)γµu(p1) (24)
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