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Understanding fluctuations of observables across stochastic trajectories is essential for various fields of re-
search, from quantum thermal machines to biological motors. We introduce a framework to analyze the statistics
of counting observables in subtrajectories, dubbed stochastic excursions, of processes out of equilibrium. Given
a partition of the state space into two sets A and B, an excursion is defined as the segment of the trajectory that
starts with a transition from A to B and ends upon the first return from B to A. Our approach offers analytical
expressions for the full distribution of counting observables (such as currents, heat, work, entropy production,
and dynamical activity) and the excursion duration, capturing their correlations and finite-time fluctuations. As
our main result, we uncover a nontrivial fundamental relation between fluctuations of counting observables at
the single-excursion level and the steady-state noise obtained from full counting statistics, offering a tool to
inspect noise sources. Interestingly, individual excursions preserve a fluctuation theorem structure and satisfy
a thermodynamic uncertainty relation, whose insights into precision-cost trade-offs are explored. We discuss
examples from distinct fields in which the excursion framework naturally addresses relevant questions and
explore in more detail how analyzing excursions yields additional insights into the operation of the three-qubit
absorption refrigerator.
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Introduction. A wide variety of phenomena in nature can
be characterized by two alternating phases: an inactive phase
A and an active phase B. Every once in a while, the system
becomes activated (e.g., when some energy enters the system),
transitioning from A to B. It then spends some random time in
B (e.g., performing some task) and eventually returns from B
to A [see Fig. 1(a)]. We term this sequence of events a stochas-
tic excursion. Problems of this form have been widely studied
across various fields, including biology [1–6], physics [7,8],
chemistry [9], and applied mathematics [10–13]. The concept
of an excursion of trajectories that leave and return to a single
reference state has been explored before [14]. The framework
presented here relies on a similar filtering of trajectories but
is distinguished in three aspects: It applies to Markov jump
processes rather than Brownian or Langevin dynamics; it is
centered on counting observables, which are defined through
the discrete transitions; and the final time is a random vari-
able, in contrast to Brownian excursions or bridges where the
excursion would end at some fixed later time [15,16]. Prior
works have largely addressed time-integrated functionals and
first-passage times [17–23], excursion areas and avalanches
[24–33], and connections with killed and reward renewal pro-
cesses [34], but transition-resolved counting observables have
been largely overlooked. This is where our framework rests.

As a motivating example, consider a salesman that per-
forms excursions leaving home (A) and visiting several cities
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(B) selling goods [see Fig. 1(b)]. Questions related to time,
such as how long on average the salesman takes to return
home, are certainly interesting. Equally interesting are ques-
tions such as how much money the salesman earned, how
many cities were visited, and what the total distance traveled
was. Those are all counting observables, and extending the
notion of stochastic excursions to account for them will be
the overarching goal of this Letter. Even more interesting is
the nontrivial interplay between excursion times and counting
observables. For example, if the salesman takes longer to
return home, does that mean he is more likely to earn more
or less?

The statistics of counting observables are addressed in
the framework of full counting statistics (FCS), a toolkit to
evaluate current and fluctuations of observables in classical
stochastic processes [35–39]. This framework, however, pri-
marily focuses on long-time properties. For instance, in the
salesman analogy, FCS effectively quantify the long-time av-
erage income and its fluctuations. However, if one wishes to
assess how those earnings fluctuate within each excursion,
then an extension of the full counting formalism is required.

While the traveling salesman example is useful to moti-
vate the main ideas, counting observables in excursions are
the natural language in many other physical problems. For
example, in molecular motors of ATP generation, once the
system returns to the state with minimal chemical energy,
the dynamics is reset and a new energy conversion begins
[40–45]. Here energy transfers per cycle are the physically
meaningful observable: Fixed-time averages obscure which
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FIG. 1. (a) General setup of stochastic excursions. A system undergoes stochastic dynamics on a finite set of states that are split into two
regions A (gray) and B (green). An excursion starts with a transition A → B and ends with the first transition B → A (red arrows). The states in
A do not have to be connected or clustered. (b)–(e) Examples of excursions in relevant problems. (b) The salesman performs excursions leaving
home and visiting cities. While questions related to time are interesting, a comprehensive characterization of the process requires counting
observables such as the amount of money earned or distance traveled per excursion and their interplay with excursion times. (c) Quantum
thermodynamic models such as heat engines or clocks are often modeled as a classical Markov jump process. Excursions around the ground
state provide information of cyclic heat transfer, work extraction, and cost of ticks through counting observables. (d) Cellular sensing is often
modeled as a stochastic process where some states represent unbound receptors while others represent bound. Subsequent occurrences of
unbound receptors mark excursions through bound states. Key quantities such as the environmental concentration of ligands are learned from
the properties of such excursions. (e) If states in B are hidden, trajectories within it form excursions; if duration and counting observables are
empirically available at the end of excursions, their statistics contain information for inferring properties of B.

part of the trajectory bears the thermodynamic cost. In heat
engines, one is often interested in studying cyclic heat trans-
port, where the state of lowest energy is consistently revisited;
heat and work currents are counting observables [8,46,47]. A
fixed-time approach would inevitably conflate partial cycles,
completed cycles, and idle periods. Many quantum systems
[see Fig. 1(c)] such as quantum dots, three-level masers, and
absorption refrigerators have been used to experimentally re-
alize these heat engines [48–51]. Recently, a quantum clock
was realized using a quantum-dot setup, where each tick is
precisely one excursion and the entropy produced per tick, a
counting observable, is the main object [52]. In cell sensing,
cells use membrane-bound receptors to sense the concentra-
tion of chemicals and perform chemotaxis [1,2,9]. Bounds on
the sensing accuracy are directly obtained from the fluctua-
tions in time spent on signaling states [4] [see Fig. 1(d)]. The
counting observable of entropy directly provides a cost of the
process. Other kinds of problems where counting observables
play a role include thermodynamic inference [53–68], where
region B is a hidden region. When the system delves into the
hidden region, it performs an excursion until it resurfaces at an
accessible state [see Fig. 1(e)]. Harnessing excursion proper-
ties aid the inference of properties such as violation of detailed
balance, topology, and bounds on counting observables.

In this Letter we provide a framework to analyze the statis-
tics of counting observables over excursions on Markov jump
processes out of equilibrium. In particular, we obtain a new
relation between fluctuations at the level of a single excursion
and the steady-state noise obtained from FCS [35–39], unrav-
eling different noise sources, that is, observable fluctuations,
fluctuations of excursion times, and their covariance, thus
opening an avenue to new insights into the nature of noisy
observables. We also show how individual excursions satisfy
a fluctuation theorem (FT) and a thermodynamic uncertainty
relation (TUR) [36,42,69–86]. The goal here is to introduce

the framework, discuss overarching ideas related to stochastic
excursions, and lay out the noise unraveling. In a companion
paper [87], we provide a suite of technical results, showing
how our framework provides a way to compute and charac-
terize distributions of any counting observable with simple
analytical formulas. We also discuss relevant examples.

Formalism. We consider a system that occupies a discrete
alphabet of states and evolves stochastically according to a
Markovian classical master equation. The probability px of
finding the system in state x obeys

d px

dt
=

∑
y �=x

Wxy py − �x px, �x =
∑
y �=x

Wyx, (1)

where Wxy is the transition rate from y to x. The framework is
easily extended to the case of multiple transitions between two
states [88] and the main findings still hold, as explicitly done
in [87]. In vector notation, Eq. (1) can be written as d|p〉/dt =
W |p〉, where |p〉 is a vector with entries px and

W = W − � =
{

Wxy, x �= y

−�x, x = y.
(2)

Here and throughout W is the matrix with entries Wxy for
x �= y, and zeros in the diagonal; conversely, � is the diagonal
matrix with �x in the diagonals. Assuming irreducibility of the
state space, it follows that Eq. (1) has a unique steady state
|pss〉 which is the solution of W |pss〉 = 0. Equation (1) de-
scribes the dynamics at the level of the ensemble. Conversely,
we can also describe the process in a single stochastic trajec-
tory such as x1 → x2 → x3 → · · · , where the system spends
a random amount of time in a given state before jumping on to
the next one. Such a trajectory is comprised of two elements: a
set of states {x1, x2, x3, . . .} that the system navigates and the
residence times τi, representing how much time the system
spent in state xi before jumping to xi+1.
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Suppose we split the alphabet of states into two arbitrary
regions, denoted by A and B. We then define an excursion as a
stochastic trajectory that begins whenever the system jumps
from a state in A to B and ends whenever the system first
returns from B to A. In between, the system spends a random
amount of time in B and navigates over a random number of
states in it [see Fig. 1(a)].

Counting observables. Our main goal in this Letter is to
describe the statistics of counting observables within single
excursions. We define a random variable N̂xy that counts how
many times the transition y → x was observed in one excur-
sion. A counting observable is then defined as

Q̂ =
∑
x,y

νxyN̂xy, (3)

with generic weights νxy [39]. The counting observable (and
the random variable N̂xy) records the first transition A → B, a
random number of transitions within B, and the last transition
B → A. A wide range of relevant quantities are constructed
this way. For example, νxy = 1∀x, y, yields the dynamical
activity Â, which counts the total number of transitions within
one excursion. Dynamical activity plays a key role in un-
certainty relations [89–91] and has attracted a great deal of
interest.

Linear counting observables also describe thermodynamic
currents, provided the corresponding weights are antisymmet-
ric νxy = −νyx [92]. Entropy production, a central quantity in
nonequilibrium thermodynamics, is the counting observable
�̂ := −∑

x,y β(Ex − Ey)N̂xy, with weights νxy = −β(Ex −
Ey), where Ex (y) are the energies of states x (y) and β is
the inverse temperature of the reservoir associated with the
transition [93]. Other fundamental thermodynamic currents,
such as heat and work, can be constructed similarly.

Excursion statistics. Under the split state space, the transi-
tion matrix (2) acquires the block structure

W =
(
WA WAB

WBA WB

)
, (4)

with the diagonal blocks WA = WA − �A and WB = WB − �B.
The diagonal blocks are not stochastic matrices since their
columns do not add up to zero. Next consider a set of r
counting observables Q̂α , defined as in Eq. (3), each with its
own set of weights να

xy. Introduce tilted matrices

(Wξ )xy =
{

Wxy exp(−i
∑

α να
xyξα ), x �= y

−�x, x = y,
(5)

with r counting fields ξα . Since excursions are constrained
only by the initial and final transitions and the visited states,
the duration of an excursion is a random variable that we
denote by T̂ . For an excursion starting in xA and ending in
yA, the joint probability density that each observable Q̂α takes
on a value qα and the total excursion time is T̂ = t reads

P(q, t ) = CxA→yA

∫ ∞

−∞

dξ1 · · · dξr

(2π )r
〈yA|WABξe

WBξtWBAξ|xA〉eiq·ξ,

(6)
where q = (q1, . . . , qr ), ξ = (ξ1, . . . , ξr ), and C−1

xA→yA
=

〈yA|WAB(−W −1
B )WBA|xA〉 is a normalization constant, which

is proportional to the probability that an excursion follows

the path xA → yA. For a proof of Eq. (6), see the companion
paper [87]. All other calculations follow from this result. Note
that if the span of Q̂α is discrete, then Eq. (6) will result in
weighted deltas centered around each point over the span of
the distribution. The counting fields ξ pick up all events that
occur during an excursion. We first count the starting jump
from A to B using WBAξ. Then we count an arbitrary number of
jumps within B using exp(WBξt ). Finally, we count the jump
from B to A with WABξ . With the tilted transition matrices
(5), each transition y → x picks up the correct factor of να

xy
for each counting field. The integral over all ξα in Eq. (6)
then takes us from the characteristic function to the actual
probability distribution.

Marginalizing over time t provides the distribution of
counting observables irrespective of excursion durations P(q),
and marginalizing Eq. (6) over q provides the probability
density function of excursion durations,

P(T̂ = t ) = CxA→yA〈yA|WABeWBtWBA|xA〉, (7)

a minor generalization of results in first-passage times [94].
Here we also discuss the physical meaning of the constant
CxA→yA that appears in Eqs. (6) and (7). Let P[xA → zB|xA]
denote the probability that an excursion starts with a jump
xA → zB conditioned on starting in xA. It is given by

P[xA → zB|xA] = 〈zB|WBA|xA〉
〈1B|WBA|xA〉 , (8)

where 〈1B| is a vector of length |B| with all entries equal to 1.
The denominator K xA

BA := 〈1B|WBA|xA〉 ensures normalization.
It is precisely the dynamical activity representing the average
number of transitions per unit time from xA to region B.

Similarly, let P[yA|zB] denote the conditional probability
that the excursion ends in yA given that, when it began, it en-
tered region B through zB (notice that this is now independent
of xA). This is given by

P[yA|zB] = 〈yA|WABM|zB〉, (9)

where the factor of M = −W −1
B accounts for the variable time

that the system spends in region B [cf. Eq. (7)]. Multiplying
Eqs. (8) and (9) and summing over all states |zB〉 yields the
probability that an excursion ends in yA given it started in xA:

P[xA → yA|xA] = 〈yA|WABMWBA|xA〉
K xA

BA

. (10)

Identifying that the quantity in the numerator is precisely
C−1

xA→yA
, we arrive at

C−1
xA→yA

= P[xA → yA|xA]K xA
BA. (11)

Thus, C−1
xA→yA

relates the probability of the excursion ending
in yA given its start in xA with the dynamical term K xA

BA, which
represents the rate at which excursions originate from xA.
Notice that it only depends on observables estimated from
excursions, thereby removing any dependence on the steady-
state probabilities.

Simple formulas for analytically calculating the moments
of Q̂α and T̂ , as well as their correlations, are provided in
Ref. [87]. We also provide details on how to evaluate some
counting observables of interest such as the dynamical activ-
ity. Equation (6) considers excursions between two specific
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states |xA〉 → |yA〉 in A. The analysis irrespective of initial and
final states amounts to replacing |xA〉 → |pss

A 〉 and 〈yA| → 〈1A|
(also in the normalization constant), where |pss

A 〉 is the part
of |pss〉 pertaining to region A and 〈1A| is a vector with the
dimensions of A, with all entries equal to 1. This is an average
over initial states and a marginalization over final states.

Fluctuation theorems exist for fixed-time trajectories
[69–72,95], but the excursions preserve such structure, even
if working at fluctuating times. Let PxA→yA (q, σ ) be the proba-
bility of a counting observable q with antisymmetric weights
(e.g., a current) and entropy production σ in an excursion from
xA to yA. Then

PxA→yA (q, σ )

PyA→xA (−q,−σ )
= CxA→yA

CyA→xA

eσ . (12)

The factor of CxA→yA/CyA→xA represents the ratio between the
probability of an excursion yA → xA and its opposite, acting
as a correcting term of the FT. Following the procedure of
Refs. [78,96], the FT implies a TUR given by

var(Q̂)xA→yA + var(Q̂)yA→xA

[E (Q̂)xA→yA + E (Q̂)yA→xA ]2
� 1

e[E (�̂)xA→yA +E (�̂)yA→xA ]/2 − 1
,

(13)

where averages and variances are conditioned over the initial
and final states of the constrained trajectories. This result
shows that the precision-cost trade-off symmetrically con-
strains the precision of forward and backward excursions: One
cannot simultaneously sharpen the fluctuations of a counting
observable in both directions without incurring a sufficient
entropy cost. Proofs for Eqs. (12) and (13) are detailed in
Ref. [87].

Connection with steady-state FCS. Counting observables
in FCS are defined as the weighted counting of transitions
over a fixed-time window [0, t]. We denote FCS counting
observables by Q̂(t ). Explicitly, Q̂(t ) = ∑

xy νxyN̂xy(t ), where
now N̂xy(t ) counts the number of transitions y → x within the
time window. In the limit of large t , the average current and
the diffusion coefficient (noise) are defined as

J = lim
t→∞

E (Q̂(t ))
t

, D = lim
t→∞

var(Q̂(t ))
t

. (14)

To establish the connection with excursions, we assume that
region A has a single state, rendering excursions statistically
independent. Let Q̂n and T̂n denote a counting observable and
the excursion time during the nth excursion, respectively. The
total cycle time of an excursion is T̂ cyc

n = T̂n + τ̂x,n, which
includes the residence time τ̂x,n that the system spends in x
between excursions n − 1 and n. Note that τ̂x,n and T̂n are in-
dependent. Finally, let N̂ (t ) denote the number of excursions
that took place in [0, t]. This random variable forms a re-
newal process [97]. For sufficiently large t , we can then write

Q̂(t ) � ∑N̂ (t )
n=1 Q̂n, with the global constraint

∑N̂ (t )
n=1 T̂ cyc

n � t .
The approximation error matters only in the boundary term
[98]. It is therefore subextensive and can be discarded in the
long-t limit.

With this construction in place, we now state the
main results (refer to the companion paper [87] for
the proofs). Let μ = E (T̂ cyc

n ) = E (T̂ ) + �−1
x and �2 = var

(T̂ cyc
n ) = var(T̂ ) + �−2

x denote the mean and variance of the
cycle time, respectively, with E (T̂ ) and var(T̂ ) computed
from Eq. (7). Here we also used the fact that τ̂x is exponen-
tially distributed with parameter �x. The steady-state current
in (14) is given by

J = E (Q̂)

μ
, (15)

with E (Q̂) computed from Eq. (6) once the joint distribution
P(q, t ) is marginalized over time. Next, and much less intu-
itively, the diffusion coefficient in (14) is given by

D = var(Q̂)

μ
+ �2

μ3
E (Q̂)2 − 2E (Q̂)

μ2
cov(Q̂, T̂ ), (16)

where var(Q̂) = E (Q̂2) − E (Q̂)2 and cov(Q̂, T̂ ) = E (Q̂T̂ ) −
E (Q̂)E (T̂ ). We derived closed-form expressions for variances
in Ref. [87]. Equation (16) provides a decomposition of the
FCS noise into three mechanistically distinct terms from
single-excursion statistics. The first captures the noise arising
from fluctuations of the counting observable; the second, the
noise due to random excursion durations; and the third, the
correlations between an excursion duration and its counting
observable. This decomposition has direct physical conse-
quences. It inspects contributions of different quantities to the
macroscopic noise, a question that FCS cannot answer, since
it delivers D only as a single aggregate number. As we will see
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FIG. 2. (a) Energy diagram of the three-qubit absorption refrig-
erator. Excursions from the ground state |000〉 can be classified as
success, where the cold current is +1; fail, where the cold current is
zero; or disaster, there the cold current is −1. The different arrows
show one example of each type. (b) Covariance between cold current
and excursion duration as a function of nc, for different values of �c

with fixed g = 10. Also plotted are the diffusion coefficient (noise)
and its decomposition for (c) entropy production and (d) dynamical
activity as a function of g, with nc = 0.1 and �c = 0.1. For all plots,
we fixed �h = 50, �w = 0.5, nh = 0.005, and nw = 0.5.
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next in a concrete example, entropy production and dynamical
activity can have vastly different noise sources.

Application: Absorption refrigerator. References [50,51]
recently provided experimental demonstration of an absorp-
tion refrigerator, which is a paradigmatic model in stochastic
and quantum thermodynamics [99]. The model consists of
three qubits, each coupled to its own heat reservoir, that
interact through an effective three-body coupling. We con-
sider a simplification with only five energy states [see
Fig. 2(a)]; a discussion of the full model can be found
in Ref. [87]. The five-level model consists of the states
|000〉, |001〉, |010〉, |100〉, and |101〉, where 0 (1) represents
that the corresponding qubit is in the ground state (is excited).

This ordering of the states is the convention we use for the
transition matrix and the generic weights, e.g., W41 is the
rate of the transition |000〉 → |100〉. Region A is taken to
be spanned only by the ground state |000〉. The quantum dy-
namics is very well approximated [87] by the classical master
equation (1) in the parameter regime of Ref. [50].

The transition between states come from two sources: the
reservoirs whose transitions rates are described by �αnα for
injections and �α (nα + 1) for extractions and the three-body
interaction g′ that couples the states |010〉 ↔ |101〉. Reser-
voirs are taken to be bosonic, so nα = [exp(ωα/Tα ) − 1]−1

denotes the occupation number and �α is the coupling be-
tween the qubit and the reservoir, with α labeling the qubit
(cold, hot, or work). The transition matrix reads

W =

⎛
⎜⎜⎜⎜⎝

0 �w(nw + 1) �h(nh + 1) �c(nc + 1) 0
�wnw 0 0 0 �c(nc + 1)
�hnh 0 0 0 g′
�cnc 0 0 0 �w(nw + 1)

0 �cnc g′ �wnw 0

⎞
⎟⎟⎟⎟⎠,

where the classical effective three-body interaction strength
is g′ = 4g2/[�c(nc + 1) + �h(nh + 1) + �w(nw + 1)] and g is
the quantum three-body Hamiltonian coupling. This result
follows from perturbation theory [87,100].

Although there are many interesting counting observables
to be explored in this model, we restrict ourselves to the cold
current, entropy production, and dynamical activity. The cold
current Ĵc is obtained by setting weights νxy = ±1 in Eq. (3) if
the transition x → y removes (adds) an excitation from (into)
the cold reservoir. In excursions over the ground state, there
are only three possibilities for the cold current: a success,
where cooling took place and the cold current is Ĵc = 1; a
disaster, where heating took place and the cold current is
Ĵc = −1; and a fail, where Ĵc = 0 and there is no cooling or
heating. We sketch excursions of each type in the trajectories
drawn in Fig. 2(a). Excursions can fully characterize the prob-
ability distribution of trajectories having zero cold current,
in contrast with the steady-state analysis [87]. In Fig. 2(b)
we show the covariance between the cold current Ĵc and the
excursion duration T̂ as a function of the cold bath occupation
nc. Interestingly, longer excursions tend to have larger Ĵc in
the cooling window, which is not necessarily the case when
E (Ĵc) > 0, and a vanishing covariance pinpoints the value of
nc where the cooling window begins [101].

In Figs. 2(c) and 2(d) we characterize the noise [Eq. (16)]
in terms of its components for the entropy production �̂

and the dynamical activity Â. In the former, the fluctuations
are strongly dominated by the var(�̂) term, whereas in the
latter there is a clear competition between different contribu-
tions, with E (Â)2 being the most relevant term. This result
sheds light on the very nature of the noise. The �̂ is an
observable that can have positive and negative values related
by fluctuation theorems, while Â is strictly positive. The
precision of currents is fundamentally constrained by both
[77,78,85,89,91,102,103], and the fact that these observables

have largely distinct noise sources indicates a subtle and intri-
cate interplay in the thermodynamics of precision.

Conclusion. We have proposed a framework to character-
ize the statistics of counting observables in subtrajectories
of Markov jump processes, dubbed stochastic excursions.
The need for the excursion constraint over trajectories is
not merely formal. In many systems of physical interest,
such as molecular motors, thermal machines, cellular sens-
ing, and quantum clocks, the excursion is the natural unit
of dynamics. The question of what happens within each
unit reveals relevant aspects beyond a long-time average
analysis.

The decomposition of the FCS noise [Eq. (16)] for |A| = 1
reveals a fundamental connection between steady-state noise
and fluctuations at the single-excursion level. Each term is
mechanistically distinct, and the third one provides genuine
insights into the operation and design of cyclic Markov
jump processes. Moreover, the framework yields finite-time
results (for any |A|) that FCS cannot provide: a closed-
form joint distribution of counting observables and excursion
duration [Eq. (6)], a FT [Eq. (12)] that holds without asymp-
totic approximations, and a TUR [Eq. (13)] symmetrically
relating the precision of counting observables with the en-
tropy produced per excursion. This last result reveals a joint
precision-cost trade-off between forward and backward excur-
sions and reveals that a highly irreversible forward excursion
can in principle “subsidize” precision in the backward one
since an asymmetric irreversibility still constrains the preci-
sion. Dissipation governs the precision of the full unit cycle,
regardless of the relative probabilities of forward and back-
ward excursions.

The extension of excursions to quantum dynamics is
a promising avenue: Photon emissions, heat currents, and
work exchanges are counting observables central to quantum
thermodynamics, and a self-contained operational cycle is
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meaningful from circuit QED to quantum-dot heat engines.
A second direction concerns inference in partially observed
systems, where region B is hidden and only region A is ac-
cessible. The statistics of counting observables and durations
measured at the boundary of B carry substantial information
about the thermodynamics and topology of the hidden region.
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