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Irreversibility & Entropy production
• Clausius formulated the notion of irreversibility using entropy. 


• Consider a thermodynamic process involving heat & work:  
 
                      (1st law = balance equation) 


• According to Clausius, entropy does not satisfy a balance equation: 
 

                         is the entropy produced in the process. 


•  is the mathematical statement of the 2nd law. 


• Entropy production is related to heat flow: lost to the environment and cannot be recovered.


•  Operational definition: what is accessible and what is not.


• The irreversible videos were those that involved a lot of dissipation.  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• Operation as a heat engine: efficiency  
 

                                   where         


• The efficiency is always lower than Carnot’s efficiency because entropy is produced 
(Carnot’s statement of the 2nd law) 

• Heat flow (no work):  
 

                        Heat always flows from hot to cold  

                                                                  (Clausius’ statement)
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• Landauer’s erasure: Minimum cost to erase information  
 
                   


• What about ? Very relevant for quantum computation. 


• If eraser is a waveguide of length :  
 

                    

• Non-equilibrium steady-states:  not equilibrium. 
 

                             so      

• Example: Joule heating.  
Continues as long as there is juice in the battery
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Feynman lecture on physics.

"The principle of the increase of entropy is merely an 
observation that in any irreversible process the entropy 
tends to increase."



Irreversibility & the arrow of time
• Macro-world: heat flows from hot  cold.


• Micro-world: heat usually flows from hot  cold. 

→

→
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Heat Exchange Fluctuation Theorem 
 

 

Implies 2nd law: 

P(−σ) = e−σP(σ)

⟨σ⟩ ⩾ 0

C. Jarzynski and D. Wójcik, 

Phys. Rev. Lett. 92, 230602 (2004)

left half-chain right half-chain

G. T. Landi and Dragi Karevski 

Phys. Rev. E 93, 032122 (2015)



Thermodynamic Uncertainty Relations

• The exchange fluctuation theorem  is a very special 
symmetry of the distribution.


• We have shown that this implies a bound on how the heat might fluctuate: 


              




• This is a type of Thermodynamic Uncertainty Relation (TUR).


• TURs are a bit counter-intuitive (?): 


• To reduce fluctuations one must increase dissipation.

P(−σ) = e−σP(σ)

var(Q)
⟨Q⟩

⩾ f(σ), f(x) = csch(g(x/2)), g(x) = inverse of x tanh(x)

A.M. Timpanaro, G. Guarnieri, J. Goold, GTL, "Thermodynamic Uncertainty Relations from Exchange Fluctuation Theorems.” 
Physical Review Letters, 123, (2019)


A. C. Barato and U. Seifert, Physical Review Letters 114, 158101 (2015). 
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for the SNR of any observable satisfying (2), given hQii. In
fact, we are also able to provide an explicit form for the prob-
ability distribution P(Q1, . . . ,Qn) saturating (3). This is to be
compared, for instance, to the bounds derived in [30, 33–35],
which are looser but cannot be saturated. On the other hand, a
series expansion of f (x) around x = 0 yields f (x) ' 2/x�2/3,
so that for h⌃i ⌧ 1 one recovers the bound (1). The bound (1),
however, does not necessarily apply to all scenarios involving
the exchange fluctuation theorem and can be violated. Our
bound, on the other hand, is always looser than (1) and always
holds in any EFT scenario.

Our framework also allows us to go further and con-
struct a matrix-valued TUR for the covariance matrix Ci j =
Cov(Qi,Q j) = hQiQ ji � hQiihQ ji between di↵erent charges,
similar in spirit to Refs. [27, 31, 32]. In this case, the bound
becomes

C � f (h⌃i)qqT
� 0, (4)

where q = (hQ1i, . . . , hQni) and the inequality is to be inter-
preted as a condition on the positive semi-definiteness of the
matrix on the left-hand side. This bound therefore not only
places restrictions on the fluctuations of currents, but also on
their correlations.

Eqs. (3) and (4) are the main results of this paper. They hold
for (i) quantum and classical systems of arbitrary dimensions
and (ii) undergoing arbitrarily finite time processes far from
equilibrium. The steady-state scenario is also contemplated
as a particular case in which the systems become macroscop-
ically large [12]. Below we start by reviewing the physical
scenarios where our results are valid. We then provide the de-
tails of the proof and discuss their physical consequences. To
illustrate their usefulness, we then apply them to a two-qubit
SWAP engine functioning as a nanoscale Otto cycle.

The Exchange Fluctuation Theorem (EFT) scenario -
We consider the scenario depicted in 1(a) and studied in
Refs. [11–15]. An arbitrary number M of quantum systems
are initially prepared in a factorized grand-canonical state
⇢ =

Q
i Z
�1
i
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⇥
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⇤
, where Hi,Ni are the lo-

cal Hamiltonians and particle number operators and �i, µi the
inverse temperature and chemical potential of the i-th subsys-
tem [46]. The quantum systems are put in contact at time t = 0
up to a time ⌧ by means of an arbitrary unitary Û incorporat-
ing the e↵ect of all interactions between the subsystems, as
well as any possible external driving. The only assumption is
that the external drives are time-symmetric, so that the unitary
related to the time-reversed process is simply Û

†. Classical
systems can be treated in a similar way [11].

As a result of this time-dependent protocol, the subsystems
exchange both energy and particles with each other; we de-
note by QEi

= �Ei and QNi
⌘ �Ni the integrated energy and

particle currents during the time window (0, ⌧). Following
[12, 15], the full statistics of these quantities can be shown
to satisfy the FT
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FIG. 1. (a) Exchange Fluctuation Theorem scenario: A system con-
sisting of M (here M = 3) subsystems is allowed to interact by means
of a unitary U. As a result, the subsystems will exchange energy and
particles, amounting to net transferred charges (integrated currents)
of energy QEi

and particles, QNi
. (b) For microscopic systems any

generic Qi will be a stochastic variable and fluctuate from one rep-
etition of the experiment to the other, represented pictorially by the
jagged gray curve. This is to be contrasted with the average charge
hQii shown as a dashed line. The fluctuations in Qi are represented
by the variance Var(Qi), which we illustrate here by the red interval.
Inset: a plot of the function f (x) in the right-hand side of Eq. (3),
compared with the traditional bound 2/x that appears in Eq. (1).

which is of the form (2).
Variations of Eq. (5) may also be naturally constructed.

Consider, for instance, the particularly relevant case of M = 2
subsystems. Particle conservation implies that it su�ces to
consider the particle charge QN = �N2 = ��N1 and hence
work only with P(QE1 ,QE2 ,QN ). In addition, it may be of
interest to change variables and use as thermodynamic quan-
tities a heat charge QH = ��E1 and a work charge QW =
�E1 + �E2. The EFT for the joint distribution (5) then be-
comes [47, 48]

P(QH ,QW ,QN )
P(�QH ,�QW ,�QN )

= e
�� QH+�BQW+��µ QN , (6)

where �� = �B � �A and ��µ = �AµA � �BµB are the corre-
sponding a�nities. This result, as stated, does not assume any
form of weak coupling or strict energy conservation (i.e., in
general, �E1 , ��E2). But if that is the case, then no work is
performed and it su�ces to deal with P(QH ,QN ).

Derivation of the TUR - We now turn to the derivation of
our TUR bound. The starting point is a general joint probabil-
ity distribution P(Q1, . . . ,Qn) satisfying (2). We first perform
a change of variables to ⌃ =

P
i AiQi and Z =

P
i ziQi, where zi

are a set of auxiliary variables. The corresponding probability
distribution P(⌃,Z) = h�(⌃�

P
i AiQi)�(Z �

P
i ziQi)i will then

have the same symmetry as Eq. (2) [49]. Namely,

P(⌃,Z)
P(�⌃,�Z)

= e
⌃. (7)

Our bound is now entirely based on the following simple
question: for fixed h⌃i and hZi, what is the probability

distribution P(⌃,Z), satisfying Eq. (7), which has the smallest

possible variance Var(Z)? We call this the minimal distribu-
tion. Our main technical contribution can then be summarized



Quantum Thermodynamics



Heat flows from hot to cold
• To break that, we must pay a price: 


• The fridge or the AC consume electricity. 


• In the quantum domain, information is also a resource.

Kaonan Micadei, John P. S. Peterson, Alexandre M. Souza, Roberto S. Sarthour, Ivan S. Oliveira, GTL, Tiago B. Batalhão, Roberto M. Serra, Eric Lutz, 

“Reversing the direction of heat flow using quantum correlations”, Nature Communications, 10, 2456 (2019) 
 
Partovi, M. H., Phys. Rev. E, 77, 021110 (2008) 
Jennings, D. & Rudolph, T., Phys. Rev. E, 81, 061130 (2010)

NMR 
experiment 

with 2 qubits



Entropy production for quantum systems
• Information-theoretic formulation: 


• Operational interpretation: Characterizes irreversibility in terms of 
what you do not have access to. 

σ = I(S :E) + D(ρ′ E | |ρE)

Massimiliano Esposito, Katja Lindenberg and Christian Van den Broeck, New Journal of Physics, 12, 013013 (2010).

ρ′ SE = U(ρS ⊗ ρE)U†

ρS

ρE

U

Describes an enormous 
variety of processes! 
(maybe a complicated )U

Mutual Information: 

 

Quantifies all correlations  
(classical + quantum)

I′ (S : E) = S(ρ′ S) + S(ρ′ E) − S(ρ′ SE)

Relative entropy 
 

 
 

“Distance” between density matrices 

D(ρ′ E | |ρE) = tr(ρ′ E ln ρ′ E − ρ′ E ln ρE)

• Here  is the von Neumann entropy.S(ρ) = − tr(ρ ln ρ)



Relaxation towards equilibrium
• Imagine an atomic system relaxing towards equilibrium.  

• Population of energy eigenstates fluctuate until they reach thermal equilibrium. 


• In addition: any superpositions are destroyed (decoherence).


• Mathematically a state  is the same as the density matrix .


• Relaxation to equilibrium then means 


       

|ψ⟩ = (a
b) ρ = ( |a |2 ab*

a*b |b |2 )

ρ = ( |a |2 ab*
a*b |b |2 ) → (pth

0 0
0 pth

1 )

J. P. Santos, L. Céleri, GTL, M. Paternostro, npj Quantum Information  5, 23 (2019)

The entropy production can be split as   

 

Additional entropy production due to coherence:  
Dissipation of information, without dissipation of energy.

σ = σpop + σcoh



Consuming quantum correlations
• In the presence of initial correlations 

the second law has to be modified 
to  
                               




• Heat can flow from cold to hot, 
provided we consume quantum 
correlations: .

σ = ( 1
Tc

−
1
Th ) Qh ⩾ ΔI(h :c)

ΔI < 0

Kaonan Micadei, John P. S. Peterson, Alexandre M. Souza, Roberto S. Sarthour, Ivan S. Oliveira, GTL, Tiago B. Batalhão, Roberto M. Serra, Eric Lutz, 

“Reversing the direction of heat flow using quantum correlations”, Nature Communications, 10, 2456 (2019) 
 
Partovi, M. H., Phys. Rev. E, 77, 021110 (2008) 
Jennings, D. & Rudolph, T., Phys. Rev. E, 81, 061130 (2010)



How do we actually measure the heat flow? 

• Heat is a property of the process/transformation, not a function of state. 


• To measure heat we must measure energy before and after a process 
(two-point measurement - TPM).


• But in quantum mechanics measurements have a back action.

K. Micadei, GTL, E. Lutz, “Quantum fluctuation theorems beyond two-point measurements”, Phys. Rev. Lett. 124, 090602 (2020) 
 
Kaonan Micadei, John P. S. Peterson, Alexandre M. Souza, Roberto S. Sarthour, Ivan S. Oliveira, GTL, Roberto M. Serra, Eric Lutz,  
“Experimental validation of fully quantum fluctuation theorems”, Phys. Rev. Lett., 127, 180603 (2021).


Kenji Maeda, Tharon Holdsworth, Sebastian Deffner, Akira Sone "Detailed Fluctuation Theorem from the One-Time Measurement 
Scheme," arXiv 2306.09578

• The first measurement will destroy the quantum correlations. 


• “Q-Thermo processes are extrinsic”


• Can (and should) we define a Q-Thermo theory that is intrinsic? Open question.



Quantum phase space
• Many quantum experiments are done using optical cavities 

with semi-transparent mirrors. 


• Photons leaking out  zero temperature bath.


• Spontaneous emission: excitations can leave, but not 
return.


• 2nd law is buggy @ :   .


• Does not include vacuum fluctuations (present in every 
measurement). 


• We reformulated the entropy production problem in terms of 
quantum phase space & the Wigner function.

≃

T = 0 σ = ( 1
Tc

−
1
Th ) Qh

Jader P. Santos, GTL and Mauro Paternostro, Phys. Rev. Lett, 118, 220601 (2017), 

           

 

,        

σ = ( 1
Teff

c
−

1
Teff

h ) Qh

Teff = ω(n̄ + 1/2) n̄ =
1

eβω − 1

High temperatures: .ω(n̄ + 1/2) ≃ T

Zero temperature:  .ω(n̄ + 1/2) = ω/2



Experiments

optomechanics

BEC

M. Brunelli, L. Fusco, R. Landig,  W.  Wieczorek,  J. Hoelscher-Obermaier, GTL, F Semião,  A. Ferraro,   N. Kiesel, T. Donner, G. De 
Chiara, and M. Paternostro. Phys. Rev. Lett., 121, 160604 (2018)
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Continuously monitored quantum systems



Continuously monitored quantum systems
• Continuous monitoring of photons that leak out of the cavity. 


• Individual clicks in the detector. 


• Fundamental questions: what is entropy production given a detection record. 


• Operational: define thermodynamics in terms of what we can actually measure. 


• Includes information directly in the formulation.



Holevo reduction to entropy production
• Unconditional: If we do not know the individual clicks: 


• Conditional on the detection record:  

• Holevo information: accumulated information we learned from the detection. 
 
 
                


• With each new detection  
 
                        


• Conditional entropy production  
 
                        

ρt

ρt|ζt

I(St : ζt) = ∑
ζt

P(ζt)D(ρt|ζt
| |ρt)

ΔIt = Gt − Lt = gain − loss

ΔΣc = ΔΣu − ΔI

Alessio Belenchia, Luca Mancino, GTL and Mauro 
Paternostro, “Entropy production in continuously 
measured quantum systems”, npj Quantum 
Information, 6, 97 (2020).

GTL, Mauro Paternostro and Alessio Belenchia, 
“Informational steady-states and conditional 
entropy production in continuously monitored 
systems”, PRX Quantum 3, 010303, (2020).



🇩🇰 Optomechanical  
setup

σ(
t)

Informational steady-state: 

Conditional dynamics relaxes 
to a colder state, which can 
only be maintained by 
continuing to monitor the 
system.

Massimiliano Rossi, Luca Mancino, GTL, Mauro Paternostro, Albert Schliesser, Alessio Belenchia, "Experimental 
assessment of entropy production in a continuously measured mechanical resonator”, Phys. 
Rev. Lett. 125, 080601 (2020)



Current fluctuations in the Parametric Kerr model

Michael J. Kewming, Mark T. Mitchison, GTL, "Diverging current fluctuations in critical Kerr resonators." Physical Review 
A, 106, (2022) 
 
GTL, Michael J. Kewming, Mark T. Mitchison, Patrick P. Potts "Current fluctuations in open quantum systems: Bridging 
the gap between quantum continuous measurements and full counting statistics," 2023. arxiv 303.04270



Parametric Kerr model
• Non-linear quantum harmonic oscillator: 

 
 

 
 
 

dρ
dt

= − i[H(t), ρ] + κ[aρa† −
1
2

{a†a, ρ}]

H = − Δa†a +
U
2

a†a†aa +
G
2

(a†2 + a2)

 = annihilation operator 
      photon operator for an   
      optical cavity 

 = detuning 

 = Kerr non-linearity.  
       (requires a non-linear  
       crystal inside the cavity) 

 = 2-photon pump 
       (input laser produces  
       photons in pairs) 

 = loss rate  
      rate at which photons  
      leak out of the cavity

a

Δ = ωp − ωc

U

G

κ
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Wigner function

• 2 phase transitions, 
continuous and 
discontinuous


• Proper criticality occurs in 
the limit  
(“thermodynamic limit”)

U → 0



Cat qubits
• Steady-state is a mixture of two Schrödinger 

cat states 
 

 
 

 

• Use this to define cat qubits:  
 

 
 




• Cat qubits are more robust against errors.


• Quantum computing with Kerr cats.

|S⟩ = |α⟩ + | − α⟩

|A⟩ = |α⟩ − | − α⟩

|0⟩ = |α⟩

|1⟩ = | − α⟩

Lescanne, et. al., Nature, 16, 509-513 (2020)



Photo-detection current

• @ discontinuous transition: on/off 
(telegraph) behavior of the current. 


• Photo-detection cannot resolve 
upper vs. lower blobs.
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Homodyne current
• Observable is now .


• The homodyne current switches between 3 values (+,0,-).


• Captures the tunneling between the 3 blobs.

p = i(a† − a)



Exponential divergence of the noise
• “Thermodynamic limit:” 


• In the discontinuous transition ( ) 
 
                  

U → 0

Δ > 0

D ∼ e1/U
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T. Fink, et. al., Nature Physics, 14, 365 (2018)
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Conclusions
• Entropy production quantifies the irreversibility of a process. 

• In the quantum realm it characterizes: 


• Decoherence & loss of information.


• Quantum correlations. 


• Zero-temperature fluctuations.


• Measurement back action.

Thank you!

https://www.pas.rochester.edu/~gtlandi
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