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Deterministic equations for feedback control of open quantum systems.
III. Full counting statistics for jump-based feedback

Alberto J. B. Rosal ,1,2,* Guilherme Fiusa ,1,2 Patrick P. Potts ,3 and Gabriel T. Landi 1,2

1Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627, USA
2Center for Coherence and Quantum Science, University of Rochester, Rochester, New York 14627, USA

3Department of Physics and Swiss Nanoscience Institute, University of Basel, Klingelbergstrasse 82, Basel 4056, Switzerland

(Received 14 February 2026; accepted 29 June 2026; published 28 July 2026)

In this work, we consider a general feedback protocol based on quantum-jump detections, where the last
detected jump channel is stored in a memory and subsequently used to implement a feedback action, such as
modifying the system Hamiltonian conditioned on the last jump. We show that the time evolution of this general
protocol can be described by a Lindblad master equation defined in a hybrid classical-quantum space, where the
classical part encodes the stored measurement record (memory) and the quantum part represents the monitored
system. Moreover, we show that this representation can be used to fully characterize the counting statistics of
a system subject to a general jump-based feedback protocol. We apply the formalism to a three-level system
coupled to two thermal baths operating as a thermal machine, and we show that jump-based feedback can be
used to convert the information obtained from the jump detections into work. Our framework provides analytical
tools that enable the characterization of key statistical properties of any counting observable under jump-based
feedback, such as the average current, noise, correlation functions, and power spectrum.
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I. INTRODUCTION

A quantum system governed by a Markovian master equa-
tion can be dynamically described by a quantum trajectory
[1–3]. The system evolves through continuous no-jump dy-
namics interrupted by discrete transitions, or jumps, where
both the jump channels and their occurrence times are random
variables [4–7]. These jumps may correspond, for example,
to transitions between energy levels, as observed in photon-
counting experiments [8–11]. A natural strategy is to detect
quantum jumps in order to acquire information about the
system and then use this information to implement feedback
protocols [12,13]. Feedback enables key quantum tasks such
as cooling [14–26], error correction [27,28], coherent control
[29–32], and work extraction [33–38], making it central to
both theoretical and experimental advances in modern quan-
tum platforms [39–41].

As shown by Wiseman [13], one can consider the following
feedback protocol: Whenever a jump is detected, an instan-
taneous quantum channel is applied to the system. However,
most of the time the system undergoes no-jump evolution [1],
during which no feedback is applied. Moreover, this strategy
does not retain information about previously detected jumps.
In contrast, Ref. [12] introduced a general feedback protocol
that stores the last jump in a memory, which is then used
to determine the feedback action. The key distinction is that
the feedback does not need to be applied immediately after
the jump; rather, it may be triggered during the no-jump
evolution. For example, conditioned on the last jump channel,
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one may adjust the system Hamiltonian, such as by tuning
energy gaps or applying an external drive, thus using the jump
information to modify the no-jump evolution. Such strategies
have direct experimental realizations in quantum-dot setups
[40,41] and are not encompassed by Ref. [13], though fully
described by Ref. [12].

Full counting statistics (FCS) quantifies the probability
distribution of the number of quantum jumps over time [1].
We introduce the stochastic charge [1,42] (also referred to as
the counting observable [43,44]) as

N (t ) =
∑
k∈�

νkNk (t ), (1)

where � denotes the set of experimentally monitored jump
channels and Nk (t ) is the (random) number of jumps in chan-
nel k over the interval [0, t]. By appropriately defining the
weights νk , different observables can be extracted, such as
entropy production [43,44] and dynamical activity [45,46].

In this work, we present a general framework to describe
the statistical properties of a counting observable N (t ) un-
der feedback conditioned on the last jump channel, thereby
linking jump-based feedback dynamics with full counting
statistics. It has important implications for quantum thermo-
dynamics, particularly for the implementation of Maxwell
demons via quantum feedback [33–35], and for feedback-
controlled systems based on jump monitoring [39–41,47].

This work is organized as follows. In Sec. II A we introduce
the formalism of quantum jump detections; Sec. II B presents
the framework for jump-based feedback dynamics developed
in Refs. [12,14]; and in Sec. II C we illustrate two sim-
ple examples of jump-based feedback. Further discussion of
the properties and interpretation of the resulting jump-based

2469-9926/2026/114(1)/012216(15) 012216-1 ©2026 American Physical Society

https://orcid.org/0000-0002-2175-1044
https://orcid.org/0000-0002-2390-7823
https://orcid.org/0000-0001-6036-7291
https://orcid.org/0000-0001-8451-9712
https://ror.org/022kthw22
https://ror.org/022kthw22
https://ror.org/02s6k3f65
https://crossmark.crossref.org/dialog/?doi=10.1103/8bhb-rbjt&domain=pdf&date_stamp=2026-07-28
https://doi.org/10.1103/8bhb-rbjt


ROSAL, FIUSA, POTTS, AND LANDI PHYSICAL REVIEW A 114, 012216 (2026)

master equation is provided in Sec. II D, and a compari-
son with earlier jump-based feedback protocols is given in
Sec. II E. In Sec. III we present our first main result, showing
that the time evolution of a general jump-based feedback
protocol can be equivalently described by a Markovian master
equation in an extended hybrid space, consisting of a quantum
subsystem (the system under jump monitoring) and a classical
subsystem (the memory storing the last detected jump). The
second main result demonstrates how this feedback repre-
sentation can be used to describe the statistical properties
of a stochastic charge N (t ) [Eq. (1)] for general jump-based
feedback protocols. In Sec. IV we apply this framework to a
three-level system coupled to two thermal baths. We show that
a jump-based feedback protocol can be used to enforce the
system to perform work on the environment regardless of the
bath temperatures, effectively converting information from the
jumps into work. For this example, we also illustrate how to
compute both the power and the fluctuations of the extracted
work. In Sec. V we conclude with a discussion of the broader
implications of our results.

II. JUMP-BASED FEEDBACK MASTER EQUATION

A. Quantum jumps and full counting statistics

Let us consider a system that evolves according to a quan-
tum master equation

∂tρt = Lρ = −i[H, ρt ] +
∑
k∈�

D[Lk]ρt , (2)

with Hamiltonian H and jump operators Lk , where � is the set
of possible jumps, and D[L]ρ ≡ LρL† − 1/2{L†L, ρ} denotes
the dissipator. Equation (2) describes the continuous-time evo-
lution of the state ρt in the system’s state space. Alternatively,
it can be expressed as a discrete evolution from ρt to ρt+δt over
an infinitesimal time step δt > 0, as given by [1]

ρt+δt = V0ρtV
†

0 +
∑
k∈�

VkρtV
†

k + O(δt2), (3)

where we retain terms only up to first order in δt . Here
V0 ≡ 1 − iδtHeff, with the effective non-Hermitian Hamilto-
nian Heff ≡ H − i

2

∑
k∈� L†

k Lk and Vk ≡ √
δtLk for k ∈ �.

One can verify that

V †
0 V0 +

∑
k∈�

V †
k Vk = 1 + O(δt2), (4)

where 1 is the identity operator. Thus, for infinitesimal δt , the
set {Vk} constitutes a valid set of Kraus operators. The decom-
position of the master equation (2) into this infinitesimal form
[Eq. (3)] is known as the unraveling of the master equation
and defines the quantum-jump Kraus operators. The operator
V0 describes the no-jump evolution, whereas Vk (k ∈ �) rep-
resents a jump through channel k.

For some systems, the set of Kraus operators {Vk}k=0,k∈�

defines an accessible measurement scheme, often realized
through photon-counting experiments [8–11]. Continuous
monitoring of these jumps yields an outcome xt at time t ,
where xt = 0 denotes a no-jump detection associated with V0

and xt = k corresponds to a jump in channel k described by
Vk . The (quantum) stochastic trajectory up to time t is then

represented by the dataset �t = {xt ′ }t ′∈[0,t]. When we detect
xt = 0, the system undergoes a no-jump evolution generated
by the no-jump Liouvillian L0. In contrast, when a jump is
detected, xt = k, the system evolves according to the jump
channel Jk . These dynamical maps are defined as

Jkρ ≡ VkρV †
k , (5)

L0 ≡ L −
∑
k∈�

Jk, (6)

where we can show that (1 + δt L0)ρ = V0ρV †
0 .

By assigning weights νk to each channel k in the counting
observable N (t ) [Eq. (1)], one can capture all the key observ-
ables of the system. For instance, if jump k corresponds to
an energy-level transition induced by a thermal bath at in-
verse temperature βk , and 	Ek denotes the associated energy
change, one can set νk = −βk	Ek , so that the N (t ) represents
the entropy production of the system over the interval [0, t].
Furthermore, by choosing νk = 1 for all k, one obtains the
dynamical activity, which counts the total number of jumps
irrespective of their channels [45,46]. In Sec. IV we present
an explicit example in which N (t ) corresponds to the work
performed by a quantum thermal machine. Consequently,
the statistics of N (t ) play a fundamental role in describing
physical systems [43,44].

B. Jump memory and memory-resolved state

The jump memory kt [12] is defined as the stochas-
tic process that records the last detected jump of the
quantum trajectory �t . For instance, if one has �t =
{. . . 0, 0, q, 0, 0, 0, 0, k̄, 0, 0}, then kt = k̄. A general jump-
based feedback is then implemented if we use the information
of the last jump encoded in kt to modify the system’s Hamilto-
nian and/or jump operators. In other words, the system evolves
under a stochastic Hamiltonian H (kt ) and a set of jump op-
erators {Lq(kt )}q∈� , both of which depend on the last jump
channel recorded by kt .

Reference [12] developed a framework that describes a
general feedback protocol using deterministic equations. To
apply this formalism, we first introduce the memory-resolved
state


t (k) ≡ E
(
ρc

t δk,kt

)
, (7)

where ρc
t is the conditional state associated with a stochastic

trajectory �t , E (·) denotes the average over all possible trajec-
tories, δa,b is the Kronecker delta, and k represents a possible
realization of the jump memory kt . The probability Pt (k) that
k is the last detected jump at time t , i.e., the event kt = k, and
the unconditional quantum state ρ̄t are obtained from 
t (k) as

Pt (k) = Tr[
t (k)], ρ̄t =
∑

k


t (k). (8)

It was shown in Ref. [12] (see Appendix A for an alternative
proof) that, for a general feedback dynamics with a stochastic
Hamiltonian H (kt ) and jump operators {Lq(kt )}q∈� , the state
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t (k) evolves in time according to

∂t
t (k) = −i[H (k), 
t (k)] − 1

2

∑
q∈�

{L†
q (k)Lq(k), 
t (k)}

+
∑
q∈�

Lk (q)
t (q)L†
k (q). (9)

Equation (9) is referred to as the jump-based feedback
master equation. In general, once the dependence of the
Hamiltonian H (k) and the jump operators Lq(k) on each jump
channel k is specified, Eq. (9) can be solved to obtain the full
feedback dynamics, yielding both the jump-memory proba-
bility distribution Pt (k) and the unconditional system state ρ̄t

[Eq. (8)]. The state 
t (k) describes two degrees of freedom:
One is classical (corresponding to the probability distribution
of the memory kt ) and the other is quantum (representing the
quantum state ρ̄t of the system). In what follows, we present
simple examples of jump-based feedback protocols that illus-
trate the type of feedback dynamics described by Eq. (9).

C. Simple examples

A feedback strategy based on the last detected jump may
consist of turning on an external drive in the Hamiltonian
conditioned on the last jump channel kt [12]. Consider a
two-level system (qubit) with computational basis states |g〉
(ground) and |e〉 (excited), separated by an energy gap ω, and
coupled to a thermal bath. In the absence of feedback, the
system dynamics is governed by the master equation (2) with
jump operators L− = √

γ−|g〉〈e| and L+ = √
γ+|e〉〈g|, which

describe the emission and absorption of a thermal photon by
the qubit, respectively. Thus, the system admits two possi-
ble transitions, where we denote k = +1 for absorption and
k = −1 for emission.

The incoherent jump |e〉 → |g〉 can be monitored by de-
tecting the photon emitted into the thermal environment, as
experimentally demonstrated through the observation of in-
termittent fluorescence in trapped ions [8–11]. In addition, the
jump |g〉 → |e〉 can be detected by continuously monitoring
the excited state, as demonstrated in superconducting artificial
three-level atoms [39]. Assuming continuous monitoring of
such transitions, the quantum jump detection outcome xt can
take the values xt = 0 for no-jump detections or xt = ±1 for
emissions or absorptions at time t . The memory kt records
the last transition experienced by the qubit and therefore takes
values in {±1}.

One can consider the following protocol: If the last transi-
tion was an absorption (kt = +1), the external drive is turned
on; if it was an emission (kt = −1), the drive is removed. This
results in the stochastic Hamiltonian

H (kt ) = −	

2
σz + λδkt ,1σx, (10)

where λ is the drive strength, 	 is the detuning, and σx,y,z are
the Pauli matrices. In our convention, σz = |g〉〈g| − |e〉〈e|, so
the ground state |g〉 is the eigenstate of σz with eigenvalue
1. At time t one has either H (−1) = −	

2 σz or H (+1) =
−	

2 σz + λσx, corresponding to the two possible realizations
of kt . Note that this protocol does not modify the jump opera-
tors, as it only adds a term to the qubit Hamiltonian.

FIG. 1. Population of the qubit’s ground state in the stationary
regime considering a resonant external drive (	 = 0). (a) Depen-
dence on the bath temperature. The feedback (FB) protocol increases
the ground-state population, effectively implementing a cooling
mechanism. Here γ /λ = 0.25. (b) Competition between thermal
coupling γ and drive strength λ. For strong drives (λ 	 γ ), the
cooling protocol becomes more efficient, further increasing the
ground-state population. In this case, one has n̄ = 0.5.

For this example, Eq. (9) becomes

∂t
t (+1) = −i[H0 + λσx, 
t (1)] − 1
2 {L, 
t (1)}

+ L+[
t (1) + 
t (−1)]L†
+, (11)

∂t
t (−1) = −i[H0, 
t (−1)] − 1
2 {L, 
t (−1)}

+ L−[
t (1) + 
t (−1)]L†
−, (12)

where L ≡ L†
+L+ + L†

−L− = γ+|g〉〈g| + γ−|e〉〈e|. For the
thermal environment coupling, we have γ+ = γ n̄ and γ− =
γ (n̄ + 1), where γ is the coupling strength and n̄ = (eω/T −
1)−1 is the Bose-Einstein occupation number of the bath at
temperature T , with h̄ = kB = 1. These two coupled equa-
tions can be solved to obtain the memory-resolved states 
t (k)
for k = ±1, yielding both the probabilities Pt (k) = Tr[
t (k)]
and the unconditional system state ρ̄t = 
t (+1) + 
t (−1). In
particular, the feedback steady state can be obtained by setting
∂t
t (k) = 0.

In the stationary regime, the population of the ground state,
Pg ≡ 〈g|ρ̄ss|g〉, and the coherence, C ≡ 〈g|ρ̄ss|e〉, are given by

Pg = (1 + 2n̄)[4 + n̄(1 + n̄)(γ /λ)2]

4 + n̄[12 + (1 + 2n̄)2(γ /λ)2]
, (13)

C = − 2in̄2(γ /λ)

4 + n̄[12 + (1 + 2n̄)2(γ /λ)2]
, (14)

where the population of the excited state in the stationary
regime is Pe = 1 − Pg. Furthermore, the distribution of the
jump memory kt in the stationary regime (t → ∞) is given
by

Pss(−1) = (1 + n̄)[4 + n̄(1 + 2n̄)(γ /λ)2]

4 + n̄[12 + (1 + 2n̄)2(γ /λ)2]
, (15)

where Pss(−1) is the probability that the last transition cor-
responds to an emission (|e〉 → |g〉), i.e., limt→∞ kt = −1,
whereas Pss(+1) = 1 − Pss(−1) is the probability that the last
transition was an absorption (|g〉 → |e〉).

Figure 1 shows the ground-state population under the
feedback protocol in the stationary regime, compared with
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no-feedback cases where the external drive is always on or
always off. In Fig. 1(a), Pg = 〈g|ρ̄ss|g〉 is shown as a func-
tion of the bath’s Bose-Einstein distribution n̄, illustrating
the protocol’s performance across different temperatures. The
feedback effectively cools the qubit: Upon detecting an exci-
tation, the external drive returns the qubit to the ground state,
thereby increasing its population relative to the no-feedback
scenarios. Figure 1(b) illustrates the competition between the
drive strength λ and the thermal coupling γ under the feed-
back protocol. In the weak-drive regime (γ 	 λ), all cases
behave similarly, as the drive is too weak to overcome thermal
dissipation and the feedback has little effect. In contrast, in the
strong-drive regime (λ 	 γ ), the feedback efficiently drives
the system from |e〉 to |g〉 after an excitation, enhancing the
ground-state population.

In this example, the feedback modifies only the qubit’s
Hamiltonian. However, one can also design feedback strate-
gies that adjust the jump operators depending on the last
detected transition. For instance, the energy gap of the system
could be modified [40]. For a qubit coupled to a thermal
bath, the jump operators are L− = √

γ (n̄ + 1)|g〉〈e| and L+ =√
γ n̄|e〉〈g|, where n̄ = [exp(ω/T ) − 1]−1. Thus, by changing

the energy gap ω based on the last detected jump kt , both the
system Hamiltonian and the corresponding jump operators are
modified. In this case, the system Hamiltonian can be written
as H (kt ) = −ω(kt )

2 σz, where the energy gap ω(kt ) depends on
the last detected transition. Since the jump operators depend
on n̄ (and thus on ω), they also acquire a dependence on
kt , giving L−(kt ) and L+(kt ). This type of feedback can be
implemented experimentally by applying voltage gates to the
qubit conditioned on the last detected jump, thereby modify-
ing the energy gap between the ground and excited states, or
equivalently via a quantum point contact [40,41].

D. Interpretation of the jump-based feedback master equation

In general, it is not possible to write a closed master
equation for the system state ρ̄t under jump-based feedback
dynamics. For instance, summing over k on both sides of
Eq. (9) yields ∂t ρ̄t on the left-hand side. However, when the
Hamiltonian H (k) and/or the jump operators Lq(k) depend on
k, one can no longer obtain a closed equation for ρ̄t on the
right-hand side, since terms such as

∑
k[H (k), 
t (k)] couple

the evolution of ρ̄t to the memory-resolved states 
t (k).
On the other hand, Eq. (9) can be interpreted as a rate

equation. Using the definition of V0 introduced in Sec. II A,
together with (1 + δtL0)ρ = V0ρV †

0 , one finds

L0(k)
t (k) = −i[H (k), 
t (k)] − 1

2

∑
q∈�

{L†
q (k)Lq(k), 
t (k)}.

(16)
Defining the jump channels with feedback as Jq(k)ρ ≡
Lq(k)ρL†

q (k), Eq. (9) can be rewritten as

∂t
t (k) = L0(k)
t (k) + Jk (k)
t (k)

+
∑
q �=k

Jk (q)
t (q), (17)

where the sum
∑

q �=k runs over all jump channels q ∈ �

except q = k.

Therefore, Eq. (17) shows that the rate ∂t
t (k) has two
effective contributions. The first term corresponds to no-jump
detections, described by L0(k); these are events in which the
last detected jump was k and the subsequent detection is a no-
jump event. The second term corresponds to events in which
the last detected transition was k and another jump of the same
type k is detected, given by Jk (k)
t (k) = Lk (k)
t (k)L†

k (k).
Together, these first two terms describe transitions k → k in
the memory space. The last term corresponds to the event in
which the last detected transition was q �= k and a jump of
type k is subsequently detected, as described by Jk (q)
t (q) =
Lk (q)
t (q)L†

k (q). Hence, this term accounts for transitions
q → k in the memory space.

We can connect this general situation with the example
provided above. For the two-level system coupled to a thermal
bath, there are two possible transitions: emission or absorp-
tion. Equation (11) describes the absorption events, whereas
Eq. (12) corresponds to the emission events. Let us analyze
the absorptions described by Eq. (11) (the same analysis ap-
plies to emissions). The first term −i[H0 + λσx, 
t (+1)] −
1
2 {L, 
t (+1)} corresponds to the following event: The last
transition was an absorption, and no subsequent jump is de-
tected. The second term contains two possibilities: Either the
last detected transition was an absorption and we detect an-
other absorption, which is described by L+
t (+1)L†

+, or the
last detected transition was an emission and we then detect an
absorption, described by L+
t (−1)L†

+.
We now analyze the time evolution of the probability

Pt (k) = Tr[
t (k)] that the last transition at time t corresponds
to k. Taking the trace on both sides of Eq. (9), we obtain the
classical master equation [48]

∂t Pt (k) =
∑
q �=k

Tt (k, q)Pt (q) −
∑
q �=k

Tt (q, k)Pt (k), (18)

where ρt (k) ≡ 
t (k)/Tr[
t (k)] is the state of the system con-
ditioned on the memory realization kt = k [Eq. (22)] and
Tt (k, q) ≡ Tr[Jk (q)ρt (q)] = Tr[Lk (q)ρt (q)L†

k (q)] is the tran-
sition rate at which the jump memory kt changes from q
to k. The quantity ∂t Pt (k) defines a rate equation with two
contributions: The first term accounts for trajectories in which
the previous transition was q �= k and the newly detected jump
is of type k, while the second term describes trajectories in
which the last transition was k and the next detected jump is
q �= k.

Equation (9) describes a general jump-based feedback
scheme that can modify both the system Hamiltonian and
the jump operators depending on the last detected transition
encoded by kt . However, as discussed in the example above,
one may consider a feedback scheme that modifies only the
system Hamiltonian. In this case, the jump operators are not
affected by the feedback, and we can replace Lq(k) → Lq for
any jump q ∈ �. For this particular case, Eq. (9) becomes

∂t
t (k) = −i[H (k), 
t (k)] − 1

2

⎧⎨
⎩

⎛
⎝∑

q∈�

L†
qLq

⎞
⎠, 
t (k)

⎫⎬
⎭

+ Lk

⎛
⎝∑

q∈�


t (q)

⎞
⎠L†

k . (19)
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Finally, as an important consistency check, one should recover
the Lindblad master equation (2) in the absence of feed-
back. Indeed, removing the feedback dependence amounts to
replacing both H (k) → H and Lq(k) → Lq in Eq. (9), cor-
responding to the situation in which neither the Hamiltonian
nor the jump operators are modified by the detected jumps. In
this case, summing over k on both sides of Eq. (9) and using∑

k∈� 
t (k) = ρ̄t , one straightforwardly recovers Eq. (2).

E. Previous works on feedback based on jump detections

A previous work by Wiseman [13] introduced a feed-
back protocol based on quantum-jump detections: Whenever
a jump is detected, an instantaneous quantum channel is ap-
plied. In this framework, the system is continuously monitored
via quantum jumps, with the measurement outcome denoted
by xt , where xt = 0 corresponds to no-jump events and xt = k
indicates that a jump of type k was detected at time t . Hence,
the feedback action consists of applying a quantum channel (a
completely positive and trace-preserving map) F (xt ), defined
by

F (xt ) =
{

Id if xt = 0
eK(k) if xt = k,

(20)

where K(k) is an arbitrary Liouvillian superoperator and Id

is the identity map (Idρ = ρ). This feedback scheme can
be interpreted as a particular case of the general formalism
developed in Ref. [12], as shown in its Supplemental Material.
In this situation, one can derive a closed master equation for
the unconditional state of the system, which evolves according
to

∂t ρ̄t = −i[H, ρ̄t ] +
∑
k∈�

(eK(k)[Lk ρ̄t L
†
k ] − 1

2
{L†

k Lk, ρ̄t }). (21)

This approach has several limitations. First, the protocol
does not retain information about past jumps: The feedback
action depends solely on the current detection outcome xt ,
and no memory of the previous events is preserved. Moreover,
the feedback is implemented as an instantaneous quantum
channel applied immediately after a detected jump. As a
consequence, simple protocols such as the one described in
Sec. II C cannot be captured within this framework, since in
that case the detection of an absorption event must be stored
and the drive kept active until an emission is detected. Second,
in quantum-jump monitoring it is far more likely to observe
no-jump outcomes (xt = 0) than actual jumps (xt = k) [1].
Thus, for most times one has xt = 0, meaning that the feed-
back is almost never applied.

Therefore, the jump-based feedback described by Eq. (9)
and the protocols of Eq. (21) are fundamentally different. The
former implements a memory-based feedback, recording the
last transition in a memory kt and using this information in
the feedback action. This protocol discards trivial no-jump
events and relies only on the relevant information of the last
detected transition. In contrast, Eq. (21) describes a memory-
less feedback that depends solely on the current detection xt .
Consequently, one can write a closed master equation for the
unconditional state: Without memory of previous jumps, the

feedback dynamics can be fully described by the evolution of
the system’s unconditional state alone.

III. FULL COUNTING STATISTICS FOR A JUMP-BASED
FEEDBACK DYNAMICS

A. Hybrid representation of a feedback dynamics

As shown in Ref. [14], the feedback dynamics can be
equivalently described as a hybrid classical-quantum bipartite
system. In this description, the quantum system subject to
quantum-jump detection is represented by the Hilbert space
Hs, while the memory kt , which records the last detected
jump, is represented by a classical Hilbert space Hcl with or-
thonormal basis {|k〉}k∈� . We define the memory-conditioned
states ρt (k) and the classical states ρcl

t as

ρt (k) ≡ 
t (k)

Tr[
t (k)]
, (22)

ρcl
t ≡

∑
k∈�

Pt (k)|k〉〈k|, (23)

where Pt (k) = Tr[
t (k)] is the probability distribution of the
jump memory kt .

The memory-conditioned states represent the state of
the quantum system conditioned on the memory realiza-
tion kt = k. In fact, since ρ̄t = ∑

k∈� 
t (k), one has ρ̄t =∑
k∈� Pt (k)ρt (k). Hence, the unconditional state can be seen

as an ensemble {Pt (k), ρt (k)} of the memory-conditioned
states. Conversely, the classical state ρcl

t represents the state
of the memory kt . It corresponds to a diagonal state in the
memory basis {|k〉}, where the diagonal elements give the
probability of the realization kt = k.

The hybrid system is then described by a tensor Hilbert
space Hs ⊗ Hcl, and its bipartite density matrix ρsm(t ) is
defined as

ρsm(t ) ≡
∑
k∈�

Pt (k)ρt (k) ⊗ |k〉〈k|. (24)

Note that the system’s state can be recovered by tracing out
the memory space, and analogously the memory’s state can
be obtained by tracing out the system space,

TrHcl [ρsm(t )] =
∑
k∈�


t (k) = ρ̄t , (25)

TrHs [ρsm(t )] =
∑
k∈�

Pt (k)|k〉〈k| = ρcl
t . (26)

The advantage of describing the feedback dynamics through
the composite bipartite state ρsm(t ) is that it constitutes a gen-
uine density matrix representing the evolution of a composite
system. This allows one to employ informational measures to
quantify correlations between the system and the memory, as
explored in Ref. [14]. In contrast, the memory-resolved state

t (k) does not correspond to a density matrix; in particular, it
is not normalized, as shown in Eq. (8).

The memory kt is introduced as a function of the detected
measurement record and can be represented as a classi-
cal stochastic process with probability distribution Pt (k), or
equivalently by the classical state ρcl

t . At the same time, the
memory also admits a direct physical interpretation. Exper-
imentally, the memory is stored in a physical device, and
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the state ρcl
t can therefore be interpreted as the state of this

classical system.
The goal of this work is to describe the full statistics of

the counting observable N (t ) under a general jump-based
feedback protocol, as given by Eq. (9), which governs the joint
evolution of the system state and the jump statistics. To this
end, we derive the evolution equation for the composite state
ρsm(t ) and establish its connection to full counting statistics.

B. Lindblad evolution of the composite feedback representation

The jump-based feedback master equation (9) defines a
system of time-local differential equations for the jump-
memory states 
t (k), where each derivative ∂t
t (k) depends
only on the instantaneous states 
t (q) for q ∈ �. In contrast,
as discussed in Sec. II D, one cannot, in general, obtain a
closed time-local equation for the unconditional system state
ρ̄t . In particular, the system is not described by a quan-
tum Markovian master equation of the form (2), since its
evolution is coupled to that of the jump memory kt , which
must be treated explicitly. As a result, the system exhibits
non-Markovian dynamics: The types of past jumps directly
influence its subsequent evolution. Nevertheless, the com-
bined system-memory state ρsm(t ) obeys a Markovian master
equation, as stated in the following result.

Result 1 (Dynamical evolution of the joint state ρsm(t )).
Given a jump-based feedback protocol as described by
Eq. (9), the bipartite state ρsm(t ) evolves according to the
Markovian master equation

∂tρsm(t ) ≡ Lρsm(t )

= −i[H, ρsm(t )] +
∑

k,q∈�

D[Lk,q]ρsm(t ), (27)

with both the extended Hamiltonian H and the jump operators
Lk,q acting on the joint Hilbert space Hs ⊗ Hcl, defined as

H ≡
∑
k∈�

H (k) ⊗ |k〉〈k|, (28)

Lk,q ≡ Lk (q) ⊗ |k〉〈q|. (29)

Equation (27) is obtained by differentiating both sides
of Eq. (24) with respect to time and then using Eq. (9) to
evaluate ∂t
t (k). Finally, one identifies H and Lk,q accord-
ing to Eqs. (28) and (29). For the detailed derivation, see
Appendix B. Result 1 shows that the feedback dynamics can
be equivalently described either by a Markovian master equa-
tion for the joint state ρsm(t ) with the extended Hamiltonian
H and jump operators Lk,q or by a set of coupled differential
equations for the memory-resolved states 
t (k), as given in
Eq. (9). By solving either of these equations, one can recover
the system state as well as the probability Pt (k) of kt . Result 1
thus provides a single equation that equivalently captures the
same feedback dynamics, at the cost of enlarging the Hilbert
space to Hs ⊗ Hcl.

The extended jump operator Lk,q = Lk (q) ⊗ |k〉〈q| has a
clear interpretation in terms of its action on each subsystem.
Given that the last detected jump was q, the jump operator
in the quantum system becomes Lk (q) for any jump k ∈ �,
representing the transition q → k in the quantum part. Mean-
while, the corresponding operator in the classical subsystem

is |k〉〈q|, representing the memory update, where kt changes
from q to k.

Note that dim(Hcl ) = #�, where #� denotes the number
of possible jumps, thus directly quantifying the memory cost
of the feedback protocol. The memoryless feedback protocol
mentioned in Sec. II E has the dynamics described solely in
the Hilbert space of the quantum system [Eq. (21)]. On the
other hand, the feedback dynamics based on the jump memory
kt is still described by a Markovian equation (Result 1), but
now on the enlarged space Hs ⊗ Hcl.

In the next section, we show how to use Result 1 to com-
pute the full statistics of the stochastic charge N (t ) [Eq. (1)]
under a general jump-based feedback.

C. Connection between the feedback dynamics with FCS

The main advantage of the hybrid representation of the
feedback dynamics described by Eq. (27) is that we have a
one-to-one map between the jumps in the quantum system and
jumps in the composite classical-quantum system. In other
words, we have a jump ρ̄t → Lk (q)ρ̄t L

†
k (q) in the quantum

system if and only if the jump Lk,qρsm(t )L†
k,q happened in

the joint system. Consequently, we can unravel the master
equation (27) similarly to Eq. (2) in Sec. II A, and it defines
the jumps in the extended space Hs ⊗ Hcl.

The extended jump operators Lk,q define the jump channels
Jk,q(ρsm) ≡ Lk,qρsmL

†
k,q for any density matrix ρsm in the

space Hs ⊗ Hcl. We can define Ñkq(t ) as the total (random)
number of jumps in the channel Jk,q over the interval [0, t].
Therefore, one can define the extended stochastic charge as

Ñ (t ) =
∑

k,q∈�

ν̃kqÑkq(t ). (30)

Note that Eq. (30) allows us to not only assign weights for
the transitions in the quantum system, but also attribute such
weights to transitions of the memory kt . In particular, if we
consider ν̃kq ≡ νk , where νk are the weights of the system’s
stochastic charge N (t ) [Eq. (1)], then Eq. (30) becomes

Ñ (t ) =
∑
k∈�

νk

∑
q∈�

Ñkq(t ) =
∑
k∈�

νkNk (t ) = N (t ), (31)

where
∑

q∈� Ñkq(t ) = Nk (t ) is the number of jumps in the
channel k. This proves our second main result.

Result 2. With weights ν̃kq ≡ νk , the extended stochastic
charge [Eq. (30)] coincides with that of the quantum subsys-
tem [Eq. (1)], i.e., Ñ (t ) = N (t ).

In summary, we have shown that a general feedback pro-
tocol based on the last detected jump, initially described by
Eq. (9), can be reformulated in terms of an extended system-
memory composite state ρsm(t ), which evolves according
to the Markovian master equation (27). In this compos-
ite system, we introduce a new stochastic charge Ñ (t ) =∑

k,q∈� ν̃kqÑkq(t ), whose statistical properties can be charac-
terized using the tools of FCS theory [1], as briefly outlined
below. Finally, if we set the weights ν̃kq = νk , where νk are
the weights of the stochastic charge N (t ) of the quantum
system [Eq. (1)], then Ñ (t ) = N (t ), and the statistics of the
extended stochastic charge coincide with those of the system’s
stochastic charge.
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Let us review some previous results from the FCS theory
[1] and show how they can be used in the context of a general
jump-based feedback protocol. The fluctuations around the
expected value 〈N (t )〉 of the charge N (t ) are captured by the
variance Var[N (t )]. On the other hand, the rates of the vari-
ance and expected value also provide important information
about the stochastic charge. We define the average current and
noise as

Jt ≡ d

dt
E [N (t )], (32)

Dt ≡ d

dt
Var[N (t )]. (33)

One can introduce the superoperator J̃ acting on the joint
space Hs ⊗ Hcl as

J̃ ρsm(t ) ≡
∑
k∈�

νk

∑
q∈�

Lk,qρsm(t )L†
k,q, (34)

and the average current of the stochastic charge N (t ) under
the feedback dynamics can be written as

Jt = Tr[J̃ ρsm(t )]. (35)

Let us define the stochastic current as

It ≡ dN (t )

dt
, (36)

and consequently one has Jt = E (It ). The time correlations of
the stochastic current are captured by the two-point correla-
tion function F (t, t + τ ), which is introduced as

F (t, t + τ ) ≡ E (δItδIt+τ ) (37)

= E (It It+τ ) − Jt Jt+τ ,

where δIt ≡ It − Jt is the current fluctuation. Since It is a
classical random variable, one has F (t, t + τ ) = F (t + τ, t );
then it is sufficient to consider only τ > 0. Furthermore, let us
define the superoperator H̃ that acts on Hs ⊗ Hcl as

H̃ρsm(t ) ≡
∑
k∈�

ν2
k

∑
q∈�

Lk,qρsm(t )L†
k,q, (38)

and we introduce Kt ≡ Tr[H̃ρsm(t )].
Considering that the system’s Hamiltonian and jump oper-

ators are both time independent, then the two-point correlation
function can be written as

F (t, t + τ ) = δ(τ )Kt + Tr[J̃ eτLJ̃ ρsm(t )] − Jt Jt+τ , (39)

where L is defined in Eq. (27), and J̃ and H̃ are defined in
Eqs. (34) and (38), respectively. The power spectrum, denoted
by S(ω), is defined as the Fourier transform of the two-
point correlation function in the steady-state regime, F (τ ) ≡
limt→∞ F (t, t + τ ). Thus,

S(ω) =
∫ ∞

−∞
e−iωτ F (τ )dτ (40)

= K +
∫ ∞

−∞
e−iωτ [Tr(J̃ e|τ |LJ̃ ρss

sm) − J2]dτ,

where K ≡ limt→∞ Kt and ρss
sm denotes the steady state of the

composite system, satisfying Lρss
sm = 0. One can further show

that the zero-frequency component of the power spectrum
yields the steady-state noise,

D ≡ lim
t→∞ Dt = S(0) (41)

= K + 2
∫ ∞

0

[
Tr

(
J̃ eτLJ̃ ρss

sm

) − J2
]
dτ.

The steady-state noise defined in Eq. (41) quantifies the
fluctuations of the stochastic charge N (t ) in the long-time
regime. Since the right-hand side of Eq. (41) is time inde-
pendent, Eq. (33) implies that Var[N (t )] = Dt in this regime.
Knowledge of D is essential when designing feedback proto-
cols, as it indicates how fluctuations may hinder or facilitate
the ability to steer the system toward desired states or to
perform specific tasks.

IV. APPLICATION: THREE-LEVEL MASER WITH
JUMP-BASED FEEDBACK

We now apply the framework developed above to a three-
level maser driven by an external field [49,50]. We begin
by briefly reviewing the different thermodynamic cycles of
a quantum thermal machine [51]. We then introduce the dy-
namics of the three-level maser in the absence of feedback
and subsequently describe a feedback protocol based on its
quantum-jump detections. Finally, we discuss how the same
feedback strategy can be implemented within the classical
maser model. Our goal is to employ feedback control to se-
lect between different thermodynamic regimes of the maser,
specifically its operation as an engine or as a refrigerator.

A. Thermodynamic cycles

A quantum thermal machine consists of a system coupled
to two thermal reservoirs, from which it extracts or absorbs
energy in the form of work. Reference [51] introduced a
framework that resolves its dynamics into thermodynamic cy-
cles, classified as enginelike, coolinglike, or idle. The thermal
machine undergoes either energy injections, corresponding to
the absorption of energy from a bath, or energy emissions,
corresponding to the release of energy into a bath. An en-
ginelike cycle corresponds to a process in which the system
absorbs energy from one bath, performs work, and discards
the remaining energy into the second bath. Conversely, a
coolinglike cycle describes the opposite situation, where work
is invested to extract energy from one bath and release it into
the other. Idle cycles correspond to sequences of transitions
that do not produce work, such as an emission followed by an
absorption from the same bath.

For instance, let us consider a three-level maser as de-
scribed in Fig. 2(a). The system’s Hilbert space is spanned
by the orthonormal basis {|0〉, |1〉, |2〉}. The states |0〉 and
|2〉, with frequency gap ωl , are coupled with a thermal
bath of Bose-Einstein distribution n̄l = (eωl /Tl − 1)−1 and the
strength coupling γl . Similarly, the states |1〉 and |2〉 have
a frequency gap ωr and are coupled with a thermal bath
characterized by n̄r and γr . Here Tα is the temperature of
each bath, with α = l, r. Hence, an injection Il occurs when
the system transitions from |0〉 to |2〉 by absorbing a thermal
photon from the left bath, while an emission El corresponds
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FIG. 2. (a) Three-level maser without feedback. The external
drive is continuously applied, inducing Rabi oscillations between
states |0〉 and |1〉 with strength λ. The system exchanges thermal
photons with the left (l) and right (r) baths, coupled with rates γα

(α = l, r). (b) Thermodynamic cycles of the three-level maser. An
engine cycle occurs when the system undergoes the sequence of
jumps |0〉 → |2〉 → |1〉 and subsequently evolves from |1〉 to |0〉
under the drive, during which work is performed on the external drive
(W > 0). Conversely, a refrigeration cycle corresponds to the reverse
trajectory (W < 0).

to the decay |2〉 → |0〉 accompanied by photon emission into
the same bath. Analogously, the transitions involving states
|1〉 and |2〉 define emissions Er and injections Ir associated
with the right bath. Furthermore, the system is subject to an
external drive coupling the states |0〉 and |1〉, enabling Rabi
oscillations between these levels.

When the sequence IlEr is observed, the system evolves
from |1〉 to |0〉 while performing work on the external drive,
corresponding to an engine cycle [see Fig. 2(b)]. Conversely,
after the sequence IrEl , the drive performs work on the system,
which evolves from |0〉 to |1〉, thereby realizing a cooling cy-
cle. In our convention, W > 0 corresponds to work performed
by the maser on the external drive, i.e., operating as an engine,
whereas W < 0 corresponds to work done by the external
drive on the maser, i.e., operating as a refrigerator.

In what follows, feedback can be used to turn the drive on
or off conditioned on the last jump transition, thereby select-
ing only engine or cooling cycles. We first present the maser
without feedback, where the drive remains continuously on,
and then introduce a feedback protocol based on the jump
detections.

B. Maser without feedback

1. Dynamics

Assuming the maser is weakly coupled to the two baths,
its evolution (without feedback) is governed by the master
equation

∂tρt = −i[H, ρt ] +
∑

k∈{El ,Il ,Er ,Ir}
D[Lk]ρt , (42)

where ρt is the state of the three-level system. The jump
operators of the left bath are given by

LEl =
√

γl (n̄l + 1)|0〉〈2|, LIl = √
γl n̄l |2〉〈0|, (43)

and for the right bath one has

LEr =
√

γr (n̄r + 1)|1〉〈2|, LIr = √
γr n̄r |2〉〈1|. (44)

Hence, LIα and LEα
describe injection and emission events

associated with bath α, respectively, where α = r, l .
The system Hamiltonian is H = H0 + V , where H0 =

(ωl − ωr )|1〉〈1| + ωl |2〉〈2| is the free Hamiltonian and V =
2λ cos (ωdt )(|0〉〈1| + |1〉〈0|) is the interaction due to the ex-
ternal drive with frequency ωd and strength λ. In what follows,
we work in the interaction picture, effectively removing the
free Hamiltonian H0. In addition, we move from the inter-
action picture to a rotating frame at frequency 	 ≡ ωd −
(ωl − ωr ) and apply the rotating-wave approximation. In this
representation, the system Hamiltonian becomes

H = 	

2
(|0〉〈0| − |1〉〈1|) + λ(|0〉〈1| + |1〉〈0|). (45)

Equation (42) describes the three-level maser under a co-
herent drive, represented by the interaction term V in the
system Hamiltonian. One can also consider an incoherent
drive, which induces incoherent transitions between the states
|0〉 and |1〉. This scenario is captured by the following classi-
cal reference system [50] with state σt that evolves according
to

∂tσt = γc(D[|0〉〈1|]σt + D[|1〉〈0|]σt ) (46)

+
∑

k∈{El ,Il ,Er ,Ir}
D[Lk]σt ,

with transition rate γc given by

γc ≡ 2λ2�

	2 + �2
, (47)

where � ≡ (γl n̄l + γr n̄r )/2 is the net decoherence rate. This
classical system is such that both states ρt and σt have the
same populations, but σt is a diagonal state. Since the current
is given by the trace of a superoperator acting on the density
matrix [Eq. (35)], it depends only on the populations of the
state. Hence, both classical and quantum systems have the
same average current.

2. FCS of the three-level maser without feedback

The thermodynamic properties of the three-level maser
have recently attracted considerable attention, both theoret-
ically and experimentally, since it can operate as either an
engine or a refrigerator [51], exhibit violations of thermo-
dynamic uncertainty relations [50], and serve as a limiting
case of a three-body refrigerator system [52]. By appropriately
choosing the weights νk in Eq. (1), one can analyze the ther-
modynamic behavior of the three-level maser. In particular,
the work Wt performed by the system on the external drive up
to time t is defined as

Wt ≡ ωl
[
Nl

i (t ) − Nl
e (t )

] − ωr
[
Nr

e (t ) − Nr
i (t )

]
, (48)

where Nα
i (t ) and Nα

e (t ) are the (random) number of injections
and emissions, respectively, from the bath α ∈ {l, r} in the
interval [0, t], and are related to the jump operators LIα and
LEα

.
In other words, the stochastic work corresponds to the

difference between the net energy absorbed from or emitted to
each bath by the system. In this case, the average current Jt =
∂tE[Wt ] represents the instantaneous power delivered to the
external drive, Pt ≡ Jt . If Jt > 0, the maser delivers work to

012216-8



DETERMINISTIC EQUATIONS FOR FEEDBACK CONTROL … PHYSICAL REVIEW A 114, 012216 (2026)

the external drive, thereby operating as an engine. Conversely,
if Jt < 0, the drive performs work on the maser, corresponding
to a refrigeration cycle.

One can show (see Appendix C) that this current is pro-
portional to the difference of the Bose-Einstein distributions
of the baths in the steady state, Jss ≡ limt→∞ Jt = ξ (n̄l − n̄r ),
where ξ > 0 is a constant depending on the couplings γα ,
the external drive strength λ, and positive linear combina-
tions of n̄α with α ∈ {l, r}. In this sense, the sign of the
current is determined by the difference n̄l − n̄r . Consequently,
if ωl/Tl < ωr/Tr , then n̄l > n̄r , and heat flows from the left
to the right bath (J > 0), whereas ωl/Tl > ωr/Tr results in
J < 0. Our goal is to implement a feedback protocol that
selects only engine cycles (a similar protocol can target re-
frigeration cycles), achieving J > 0 even when n̄l < n̄r . We
then apply the framework developed in Sec. III to compute
the average power, noise, and correlations of the stochastic
work [Eq. (48)] performed by the maser under a jump-based
feedback protocol.

C. Maser with feedback

1. Dynamics

Let us consider the continuous monitoring of quantum
jumps in the three-level maser. The detection outcome xt at
time t can take five possible values: (i) xt = 0 for a no-jump
detection, (ii) xt = Eα for an emission, and (iii) xt = Iα for
an injection, with α = l, r denoting the left or right bath. The
jump memory kt records the last detected transition and can
therefore assume four possible values, corresponding to Eα

and Iα for α = l, r. For example, kt = El indicates that, at
time t , the last jump was an emission to the left-hand bath,
|2〉 → |0〉.

We now introduce the following jump-based feedback pro-
tocol: If the last jump corresponds to the transition |2〉 → |1〉
(photon emission to the right bath, corresponding to the event
kt = Er), the external drive between the levels |0〉 and |1〉
is turned on; otherwise, the drive is turned off. This proto-
col effectively selects only the engine cycles, excluding the
possibility of refrigeration cycles. Indeed, when a transition
|2〉 → |0〉 (kt = El ) is detected, the drive is switched off,
preventing the completion of a refrigeration cycle. Therefore,
this feedback protocol leads to the stochastic Hamiltonian

H (kt ) = 	

2
(|0〉〈0| − |1〉〈1|) + λδkt ,Er (|0〉〈1| + |1〉〈0|), (49)

where δa,b is the Kronecker delta. Note that this feedback
protocol does not modify the jump operators Lk of the maser
[Eq. (42)], as it solely introduces an additional drive term
in the Hamiltonian. Furthermore, one could select only the
refrigeration cycles by turning on the external drive exclu-
sively after detecting a |2〉 → |0〉 transition and turning it off
otherwise.

This feedback dynamics is described by Result 1 as fol-
lows. The jump memory is represented by a four-dimensional
Hilbert space with an orthonormal basis {|El〉, |Il〉, |Er〉, |Ir〉},
each state corresponding to a possible realization of kt . From
Eq. (28), the Hamiltonian of the joint classical-quantum sys-

tem reads

H = Hoff ⊗ Poff + Hon ⊗ |Er〉〈Er |, (50)

where Poff ≡ |Il〉〈Il | + |El〉〈El | + |Ir〉〈Ir | is the projection
onto the memory subspace where the drive is turned off, and

Hoff ≡ 	

2
(|0〉〈0| − |1〉〈1|), (51)

Hon ≡ Hoff + λ(|0〉〈1| + |1〉〈0|), (52)

representing the system Hamiltonian when the drive is off and
on, respectively. According to Eq. (29), the jump operators
in the joint classical-quantum space take the form Lk,q =
Lk ⊗ |k〉〈q|, with k, q ∈ {El , Il , Er, Ir}, where Lk is given by
Eqs. (43) and (44). The joint state ρsm(t ) evolves according
to Eq. (27), fully characterizing the feedback dynamics. The
unconditional state of the system at time t is obtained by
tracing out the classical four-dimensional Hilbert space of the
memory, while the probability distribution of the stochastic
memory kt is obtained by tracing out the quantum subsystem.
The steady state ρss

sm is defined from Eq. (27) as the stationary
solution satisfying Lρss

sm = 0.
One can implement the same feedback protocol in the

classical reference model described by Eq. (46). In this case,
the feedback action consists of enabling or disabling the in-
coherent transitions between |0〉 and |1〉 depending on the last
detected jump. Specifically, when the last jump corresponds
to the transition |2〉 → |1〉 (kt = Er), the jump operators√

γc|1〉〈0| and
√

γc|0〉〈1| are included to allow the |0〉 ↔ |1〉
transitions; otherwise, these operators are removed. This ac-
tion is equivalent to turning an incoherent drive on or off
between the states |0〉 and |1〉. This classical scenario also
represents a feedback strategy conditioned on the last detected
jump and can be described by Result 1. Since the classical
reference system has a vanishing Hamiltonian [Eq. (46)],
Eq. (28) directly implies that H = 0. For the jump operators
Lk,q in the extended space, we consider the same set as in
the quantum case, supplemented by the additional operators√

γc|0〉〈1| ⊗ |Er〉〈Er | and
√

γc|1〉〈0| ⊗ |Er〉〈Er |, which repre-
sent the feedback action implemented through the incoherent
drive. As in the dynamics without feedback, this classical
feedback scheme yields the same population dynamics as in
the quantum-feedback case (and therefore the same average
current), while the density matrix remains diagonal at all
times.

It is important to remark that monitoring the injection
events is required for the stochastic work Wt presented in
Eq. (48) to be well defined: The monitoring of injections
provides the counting processes Ni

l (t ) and Ni
r (t ), and the total

work corresponds to the energy absorbed from the left bath
minus the energy delivered to the right bath. However, this
feedback protocol does not require the detection of injection
events; it can in fact be implemented using only emission de-
tections. Thus, if an emission |2〉 → |1〉 is detected, the drive
is turned on, whereas if an emission |2〉 → |0〉 is detected, the
drive is turned off. In this case, the continuous monitoring of
emissions can be carried out using photon-counting detectors
[8–11].
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FIG. 3. Selecting only engine cycles in a three-level maser by
applying jump-based feedback. We considered n̄l = 0.3, n̄r = 8,
	 = 0, and γl = γr = γ . (a) Average power Pss ≡ limt→∞ ∂tE[Wt ]
in the steady-state regime. For the maser without feedback, the power
is proportional to n̄l − n̄r and becomes negative when n̄l < n̄r (purple
dashed curve). The feedback acts to maintain a positive power even
when n̄l < n̄r (purple solid curve). The inset shows the steady-state
populations of the quantum maser states, where ρii ≡ 〈i|ρss|i〉 is the
population of state |i〉 for i = 0, 1, 2. Solid lines represent popula-
tions under feedback dynamics, while dashed lines correspond to the
no-feedback case. Colors indicate the same populations in both cases.
(b) Steady-state noise, D ≡ limt→∞ ∂t Var(Wt ), of the stochastic work
Wt defined in Eq. (48), shown for both feedback and no-feedback
cases with the quantum and classical masers.

2. FCS of the three-level maser with feedback

From now on, we consider a resonant external drive be-
tween the states |0〉 and |1〉, where ωd = ωl − ωr and thus
	 = 0. Hence, Hoff = 0, and the extended Hamiltonian be-
comes

H = λ(|0〉〈1| + |1〉〈0|) ⊗ |Er〉〈Er |. (53)

The feedback steady state is obtained by solving Lρss
sm = 0,

which corresponds to an eigenvector equation, where L is
defined in Eq. (27). The average steady-state current then
follows directly from Eq. (35). In this case, the counting
observable is the stochastic work Wt [Eq. (48)], so that the
current corresponds to the power Pt delivered by the maser to
the drive. Figure 3(a) shows the steady-state power for both
classical and quantum masers under the feedback protocol
described above, compared with the power in the no-feedback

case discussed in Sec. IV B. The classical and quantum masers
yield the same steady-state power. Under feedback, Pss is
independent of the difference n̄l − n̄r , resulting in positive
power for both n̄l � n̄r and n̄l < n̄r (analytical expressions are
given in Appendix C).

The inset of Fig. 3(a) shows the feedback steady-state
populations of the three quantum-maser levels. Once we de-
tect the transition |2〉 → |1〉, then the external drive acts to
move the system from |1〉 to |0〉 through Rabi oscillations,
concluding a engine cycle. On the other hand, if we detect the
transition |2〉 → |0〉, then there is no external drive to move
the system from |0〉 to |1〉. As a consequence, the feedback
acts to increase the population of |0〉 in comparison with
the quantum three-level maser without feedback (external
drive always on). Furthermore, note that for γ 	 λ both the
feedback and no-feedback dynamics converge to the same
behavior. In this regime, the coherent drive is much weaker
than the thermal coupling, and both dynamics behave as if the
drive were always off. In contrast, we note that the protocol’s
performance is enhanced in the strong-drive regime λ 	 γ ,
where the power increases as the ratio γ /λ decreases.

From Eq. (41) one can obtain the noise D ≡
limt→∞ ∂t Var(Wt ) associated with the stochastic charge
Wt in the stationary regime, as shown in Fig. 3(b). Note that
the feedback reduces the noise compared to the case without
feedback. This is because D is related to the fluctuations of
the stochastic work Wt , which in turn is proportional to the
number of possible jump trajectories of the system. Since
this feedback protocol suppresses all refrigeration cycles,
the number of possible trajectories decreases, leading to a
reduction in the noise.

Therefore, the feedback protocol effectively prevents
refrigeration cycles, ensuring that the three-level system
performs, on average, positive work on the external drive
regardless of the relative values of the Bose-Einstein distri-
butions of the baths. In other words, the protocol converts the
information obtained from jump detection into work extracted
by the external drive, thereby enforcing the operation of the
maser as an engine.

Equation (40) provides the power spectrum of the stochas-
tic work defined in Eq. (48), as shown in Fig. 4(a). Note
that the dips of S(ω) are associated with the energy gaps in
the system Hamiltonian, while the spectral width reflects the
coupling strengths to the thermal baths [1]. In this case, the
dips occur at ω = ±2λ, corresponding to the energy gap of
the Hamiltonian defined in Eq. (49) for 	 = 0. The constant
K = Tr(H̃ρss

sm), where H̃ is defined in Eq. (38), determines
the background of the power spectrum, corresponding to the
white-noise contribution in the two-point correlation function
defined in Eq. (39). As shown in Fig. 4(a), the feedback pro-
tocol reduces the background K . Finally, Fig. 4(b) shows the
two-point correlation function for the same parameters used
in the power spectrum and considering the stationary regime.
One observes that the stochastic current exhibits negative
time correlations [F (τ ) � 0], reflecting the low probability of
detecting another event (either an injection or an emission)
immediately after the first one.

As a final example, let us consider the case n̄l > n̄r ,
where the three-level maser without feedback already oper-
ates, on average, as an engine and therefore exhibits positive
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FIG. 4. (a) Power spectrum of the stochastic work defined in
Eq. (48). Recall that the power spectrum is an even function of
ω, where S(ω) = S(−ω). (b) Two-point correlation function in the
steady state defined in Eq. (39). The parameters in both (a) and (b) are
n̄l = 0.3, n̄r = 8, 	 = 0, ωr = 2λ, ωl = 4ωr , γl = γr = 0.025λ, and
λ = 1, which set the previous parameters γ , ωr, and ωl in units of
λ.

power. The feedback action further suppresses cooling cycles,
thereby enhancing the steady-state power of the maser, as
shown in Fig. 5(a). Note that, unlike in Fig. 3(b), where the
noise in the quantum and classical regimes was nearly identi-
cal, the noise here exhibits a significant difference between the
two descriptions, and the feedback action reduces the noise in
this case as well. Figure 5(c) shows that the feedback in the
quantum system produces a valley in the spectral density, in
contrast with the dip observed in the no-feedback case and
in Fig. 4(a). This demonstrates that the feedback modifies the
spectral density and consequently introduces both correlations
and anticorrelations in the jump detections.

V. CONCLUSION

We have shown that a general feedback protocol based
on the last detected jump can be dynamically described by
a Lindblad master equation in an extended hybrid classical-
quantum space (Result 1). In this framework, the quantum
component corresponds to the system under jump monitoring,
while the classical component represents the memory that
records the last detected jump. This result is significant both
computationally and conceptually: Computationally, it shows
that the feedback dynamics can be obtained from a standard

FIG. 5. Enhancing the power of the three-level maser for n̄l > n̄r .
We considered n̄l = 0.8, n̄r = 0.1, 	 = 0, and γr = 5γl . (a) Average
power Pss ≡ limt→∞ ∂tE[Wt ] in the steady-state regime. (b) Steady-
state noise, D ≡ limt→∞ ∂t Var(Wt ). (c) Power spectrum of the
stochastic work, where S(ω) = S(−ω). (d) Two-point correlation
function in the steady state. The parameters in both (c) and (d) are
ωr = λ, ωl = 5ωr , γl = 0.025λ, and λ = 1, which set the previous
parameters in units of λ.

Markovian master equation; conceptually, it demonstrates that
strongly non-Markovian feedback processes can nonetheless
be represented as Markovian evolutions in an extended space.
As our second main result, we showed that this representation
in the hybrid extended space allows a complete characteriza-
tion of the full counting statistics of any counting observable
of a quantum system under general jump-based feedback
dynamics (Result 2). This establishes a direct connection
between feedback-controlled dynamics and the standard full
counting statistics framework for quantum jumps.

The example presented illustrates how the proposed frame-
work enables a complete thermodynamic characterization of
systems subject to jump-based feedback dynamics, provid-
ing analytical expressions for key physical quantities such as
steady-state populations and currents. This application fur-
ther demonstrates how jump detections can be exploited for
work extraction, establishing feedback as a relevant thermo-
dynamic mechanism in thermal machines. In particular, the
feedback protocol considered here selectively preserves the
engine cycles of the three-level maser while suppressing its
refrigeration cycles.

Both Results 1 and 2 are particularly relevant at the
interface of thermodynamics and quantum information the-
ory, where information gained through measurements can be
converted into work via appropriately designed feedback pro-
tocols. This framework provides analytical tools to quantify
key system observables under general jump-based feedback
dynamics, features that had remained unexplored due to the
absence of a unified formalism capable of describing feedback
processes in quantum systems. Further work has focused on
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feedback strategies that depend not only on the last jump
channel but also on the time elapsed since its detection, a
direction currently under investigation.

Our formalism remains applicable whenever the dynamics
admits a jump-based unraveling, consisting of continuous no-
jump evolution interspersed with random discrete jumps, as is
the case for weakly coupled systems described by Lindblad
master equations [Eq. (2)]. An interesting direction for future
work is to extend the formalism to strongly coupled open
quantum systems beyond the Lindblad framework.
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APPENDIX A: PROOF OF THE JUMP-BASED FEEDBACK
MASTER EQ. (9)

Let us consider a sequential measurement scheme in which
xn denotes the measurement outcome obtained at time tn. We
introduce the memory function, denoted by yn, as a general
function of the dataset x1:n ≡ (x1, . . . , xn) collected after n
detections. For instance, yn may correspond to the full dataset
x1:n, or a compressed summary of it, such as the sample
average yn = 1

n

∑n
i=1 xi. The sequential measurement scheme

is mathematically described by a set of instruments {Mx},
consisting of trace-nonincreasing maps whose sum

∑
x Mx is

a quantum channel (completely positive and trace-preserving
map). These superoperators determine both the probability
distribution of the outcome x given the state ρ, P(x|ρ) =
Tr[Mx(ρ)], and the corresponding state-update rule condi-
tioned on observing x, ρ → Mx (ρ)

P(x|ρ) .
The instruments {Mx} describe the joint effect of the dy-

namical evolution and the measurement process. The most
general feedback scheme is then introduced by allowing the
instruments at time step tn+1 to depend on the memory yn,
leading to the update rules

P(xn+1|x1:n) = Tr[Mxn+1 (yn)ρx1:n ],

ρx1:n+1 = Mxn+1 (yn)ρx1:n

P(xn+1|x1:n)
,

(A1)

where ρx1:n denotes the state conditioned on the dataset x1:n.
In other words, the memory yn is used to modify the measure-
ment process and/or the dynamical evolution at each time step
tn.

One can introduce the memory-resolved state 
n(y) as


n(y) = E (ρx1:nδy,yn ), (A2)

where E (·) denotes the average over all possible outcomes
x1:n, δa,b is the Kronecker delta, and y is a possible realization

of the stochastic memory yn. Let us consider a causal mem-
ory yn that updates at each step according to an update
function fn, namely, yn+1 = fn+1(xn+1, yn). Reference [12]
showed that, for a general feedback protocol based on a
causal memory function yn = fn(xn, yn−1), the corresponding
memory-resolved state 
n(y) evolves according to the deter-
ministic equation


n+1(y) =
∑
x′,y′

δy, fn+1(x′,y′ )Mx′ (y′)
n(y′), (A3)

where the sum runs over all possible outcomes x′ and all
possible realizations y′ of yn.

For quantum jump detections, the instruments are given
by [1]

M0ρ = (1 + δtL0)ρ, (A4)

Mkρ = δtJkρ, (A5)

where M0 corresponds to a no-jump detection and Mk to
a jump detected in channel k ∈ �, with � denoting the set
of experimentally monitored jump channels. The jump super-
operator Jk and the no-jump Liouvillian L0 are defined in
Eqs. (5) and (6), respectively. We consider a sequential mon-
itoring of quantum jumps, where detections are performed
at regular times tn = nδt for n = 1, 2, . . ., with δt > 0 an
infinitesimal time interval. Thus, the detection outcome xn is
either xn = 0 for a no-jump event or xn = k ∈ � for a jump in
channel k. We then define the jump memory kn as

kn = xn + kn−1δxn,0. (A6)

We consider an initial condition k0 ∈ �. If a jump is detected
at time tn, i.e., xn = k, the jump memory is updated to record
this event, kn = k. For a no-jump detection (xn = 0), the mem-
ory retains its previous value, kn = kn−1. Hence, kn always
stores the channel corresponding to the most recently detected
jump. Furthermore, kn defines a causal memory with update
function fn(x, q) = x + qδx,0.

Therefore, a general jump-based feedback consists of al-
lowing the instruments to depend on the jump memory
kn at each step. In this case, at time tn+1 = (n + 1)δt one
has M0(kn)ρ = [1 + δtL0(kn)]ρ and Mq(kn)ρ = δtJq(kn)ρ.
Considering these instruments together with the jump mem-
ory, Eq. (A3) yields


n+1(k) =
∑

x=0, x∈�

∑
q∈�

δk,x+qδx,0Mx(q)
n(q) (A7)

=
∑
q∈�

δk,qM0(q)
n(q)

+
∑
x∈�

∑
q∈�

δk,xMx(q)
n(q), (A8)

where we have first evaluated the sum over x. Next, using the
Kronecker deltas to perform the remaining sum, we obtain


n+1(k) = M0(k)
n(k) +
∑
q∈�

Mk (q)
n(q), (A9)
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and using the definition of the quantum jump instruments, one
has


n+1(k) = [1 + δtL0(k)]
n(k) + δt
∑
q∈�

Jk (q)
n(q). (A10)

In the continuous monitoring limit δt → 0, one has
[
n+1(k) − 
n(k)]/δt → ∂t
t (k) and 
n(k) = 
t=nδt (k) →

t (k), and we can write

∂t
t (k) = L0(k)
t (k) +
∑
q∈�

Jk (q)
t (q). (A11)

Finally, by using Eq. (16), one completes the proof of Eq. (9).

APPENDIX B: PROOF OF THE RESULT 1

The composite state that describes the hybrid classical-
quantum system is given by

ρsm(t ) =
∑
k∈�

Pt (k)ρt (k) ⊗ |k〉〈k| (B1)

=
∑
k∈�


t (k) ⊗ |k〉〈k|, (B2)

where we used ρt (k) ≡ 
t (k)/Pt (k). Differentiating both sides
with respect to time and substituting ∂t
t (k) from Eq. (9), one
finds

∂tρsm(t ) = (−i)
∑

k

[H (k), 
t (k)] ⊗ |k〉〈k|

+
∑

k

⎛
⎝−1

2

∑
q

{L†
q (k)Lq(k), 
t (k)}

⎞
⎠ ⊗ |k〉〈k|

+
∑

k

⎛
⎝∑

q

Lk (q)
t (q)L†
k (q)

⎞
⎠ ⊗ |k〉〈k|. (B3)

The first term can be written as

∑
k

[H (k), 
t (k)] ⊗ |k〉〈k|

=
∑

k

[H (k)
t (k) − 
t (k)H (k)] ⊗ |k〉〈k|

=
⎛
⎝∑

q

H (q) ⊗ |q〉〈q|
⎞
⎠

(∑
k


t (k) ⊗ |k〉〈k|
)

−
(∑

k


t (k) ⊗ |k〉〈k|
)⎛

⎝∑
q

H (q) ⊗ |q〉〈q|
⎞
⎠

= [H, ρsm(t )], (B4)

where we define H ≡ ∑
q∈� H (q) ⊗ |q〉〈q|. Using a similar

algebra, one can see that

∑
k,q

D[Lk,q]ρsm(t ) =
∑

k

⎛
⎝∑

q

Lk (q)
t (q)L†
k (q)

⎞
⎠ ⊗ |k〉〈k|

+
∑

k

⎛
⎝−1

2

∑
q

{L†
q (k)Lq(k), 
t (k)}

⎞
⎠

⊗ |k〉〈k|, (B5)

where D[L]ρ = LρL† − 1
2 {L†L, ρ} denotes the Lindblad dis-

sipator and Lk,q ≡ Lk (q) ⊗ |k〉〈q|. This operator reproduces
the last two terms in Eq. (B3). Hence, one has

∂tρsm(t ) = −i[H, ρsm(t )] +
∑

k,q∈�

D[Lk,q]ρsm(t ), (B6)

as described by Result 1.

APPENDIX C: ANALYTICAL EXPRESSIONS FOR
THE THREE-LEVEL MASER

1. Feedback steady state

The feedback steady state can be obtained by solving the
coupled equations for ∂t
t (k) = 0 or, equivalently, by deter-
mining the eigenvector of the generator satisfying Lρsm(t ) =
0, where L is defined in Result 1. For the feedback protocol
implemented in the three-level maser, the stationary maser
populations are given by

〈0|ρ̄ss|0〉 = [η + n̄r n̄l (1 + n̄l )n̄p2]/ξ, (C1)

〈1|ρ̄ss|1〉 = [(1 + n̄r )n̄l (4 + n̄l n̄p2)]/ξ, (C2)

〈2|ρ̄ss|2〉 = [n̄l n̄(4 + n̄r n̄l p2)]/ξ, (C3)

where

ξ ≡ 4[n̄r + 4n̄r n̄l + n̄l (3 + 2n̄l )]

+ n̄l (n̄r + n̄l )(n̄r + n̄l + 3n̄r n̄l )p2, (C4)

η ≡ 4[n̄r + 2n̄r n̄l + n̄l (2 + n̄l )], (C5)

n̄ ≡ n̄l + n̄r, (C6)

and p ≡ γ /λ represents the competition between the thermal
coupling and external drive strength. Note that both the classi-
cal and quantum feedback protocols yield the same stationary
populations, whereas the classical protocol produces a density
matrix that is always diagonal, i.e., it contains no coherences.

2. Power

The counting observable considered in the application of
the three-level maser consists of the stochastic work defined
in Eq. (48), thereby fixing the general weights νk in Eq. (1).
Hence, the average current defined in Eq. (35) corresponds to
the power delivered by the maser over the external drive, and
it is given directly by Eq. (35). Both classical and quantum
masers have the same populations and consequently exhibit
the same currents. In the no-feedback case, where the external
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drive is always on, the average power of the maser in the
steady state, denoted by P0

ss, is given by

P0
ss = 4(n̄l − n̄r )

4(4 + 3n̄r + 3n̄l ) + φp2
, (C7)

where we considered that both baths have the same coupling
strength to the system, γl = γr ≡ γ , and φ ≡ (n̄r + n̄l )(n̄r +
n̄l + 3n̄r n̄l ).

Note that the sign of P0
ss depends on the difference n̄l − n̄r .

A positive power P0
ss > 0 corresponds to positive work, on av-

erage, performed by the maser on the drive, thereby indicating

operation in the engine regime. In contrast, P0
ss < 0 indicates

that work is performed by the drive on the maser, charac-
terizing a refrigeration regime. Since n̄α = (eωα/Tα − 1)−1 for
α = l, r, one finds that P0

ss > 0 only when ωl/Tl < ωr/Tr .
On the other hand, the average power Pss in the feedback

steady state is given by

Pss = 4(1 + n̄r )n̄2
l

4[n̄r + 4n̄r n̄l + n̄l (3 + 2n̄l )] + n̄lφp2
, (C8)

where we also considered γl = γr ≡ γ . In this case, the power
Pss is always positive, and the maser operates exclusively as an
engine. Equations (C7) and (C8) are displayed in Fig. 3(a).
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