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Many natural systems exhibit dynamics characterized by alternating phases or recurring sets of states.
Describing the fluctuations of such systems over stochastic trajectories is necessary across diverse fields,
from biological motors to quantum thermal machines. In an accompanying letter, we introduced the notion
of stochastic excursions—a framework to analyze out of equilibrium processes via subtrajectories. Through
counting observables, this framework captures finite-time fluctuations and trajectory-level behavior, which
provides insights into thermodynamical tradeoffs between thermodynamic quantities of interest, such as entropy
production and dynamical activity. In this work, we enhance this formalism by providing a suite of technical
results on how to efficiently compute excursion-related quantities. Our analytical results provide explicit
formulas for general moments of counting variables and excursion duration, as well as their covariance and
conditional moments. We show that excursion counting statistics recover full counting statistics results, and
uncover a relation between fluctuations of counting observables at the single-excursion level and the steady-state
diffusion coefficient (noise). We also discuss a fluctuation theorem for individual excursions and show that
it implies a modified thermodynamic uncertainty relation at the excursion level. In addition, we explore how
analyzing excursions and using the results developed here can yield insights into three problems of interest: the

three-qubit absorption refrigerator, cellular sensing, and birth-and-death processes.
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I. INTRODUCTION

A signature of many natural phenomena is the alternat-
ing behavior between an “inactive” phase A and an “active”
phase B. These kinds of systems transition from A to B when
activated (e.g., by an external energy input), perform some
arbitrary task in B, and eventually return to A. This type of
trajectory is characterized by the concept of stochastic excur-
sions, which is a framework for analyzing subtrajectories of
out of equilibrium Markov jump processes [1]. Systems with
a recurring set of states are naturally phrased in the stochas-
tic excursion language. Problems of this form appear across
diverse fields, including biology [2-9], molecular machines
[10-13], heat engines and physics [14—18], chemistry [19],
and applied mathematics [20-24].

The concept of excursions has a long history in the theory
of stochastic processes, where it is classically defined for
trajectories that leave and return to a single reference state
[25]. Our framework rests on the a similar filtering of trajec-
tories, but differs in two essential respects: it is formulated
for Markov jump processes rather than Brownian or Langevin
dynamics, and it is built around counting observables, which
are naturally defined through the transitions of a discrete-state
process. We also consider the system leaving/return to a set of
states, rather than a single one. Most theoretical frameworks
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proposed to study such systems are model-based and have
focused on questions related to first-passage times [26-31].
Those problems can be recast as questions related to excursion
times. Beyond durations, several works have also character-
ized time-integrated functionals, for example, the distribution
of the area under Brownian excursions, avalanches, and first
passage analogues [32-45]. The excursion framework we
propose can also be viewed as a killed Markov process sup-
plemented with transition-resolved counting observables and
initial/final boundary weights, from which we further extract
the joint statistics with the excursion duration and the con-
nection to full counting statistics, which is related to reward
processes with absorbing states [46].

This work is a longer companion to the letter [1], where
we introduced the formalism, showcased its ubiquity across
numerous problems of interest, and discussed the main results
of this framework. Our goal in this accompanying paper is to
construct the formalism and provide the tools and technical
results to efficiently compute excursion-related quantities. At
the core of our framework lies the concept of counting observ-
ables and their statistics during excursions. These observables
are constructed by counting the number of times a specific
transition took place within an excursion, and appending the
appropriate weights. A wide range of observables such as
dynamical activity and thermodynamic quantities, such as
heat, work, currents, entropy production, are constructed this
way. In this longer companion paper, we provide a toolkit
of simple formulas to evaluate the statistics of excursion
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durations, counting observables, and their interplay. All for-
mulas are written as functions of elements of the stochastic
transition matrix. We also show that a fluctuation theorem
specialized for excursions naturally appear from the prob-
ability distribution of counting observables and local detail
balance. We use this fluctuation theorem to derive a ther-
modynamic uncertainty relation at the excursion level. We
also expand on applications by showing how we use the
formalism developed herein to characterize fluctuations in the
three-qubit absorption refrigerator, a cellular sensing problem,
and a birth-and-death process.

The organization of the present work is as follows. In
Sec. II, we introduce the formalism of stochastic excursions
and counting observables. In Sec. III, we explore the statis-
tics of counting observables and present our main technical
results, including analytical formulas for the moments of
counting observables, excursion durations, and their correla-
tions. Furthermore, we use the results derived in the section to
connect our framework to full counting statistics [47-52],
providing formulas for average currents and diffusion coef-
ficients. In Sec. IV, we derive explicit results for excursion
activity and specific transition counts. In Sec. V, we show a
fluctuation theorem [10,50,53-68] for individual excursions
and use it to derive a thermodynamic uncertainty relation
[59,69,70] where the fluctuations of observables along excur-
sions in forward and backward trajectories are always tied via
entropy production. In Sec. VI, we apply our framework to
three problems of interest: the three-qubit absorption refriger-
ator, cellular sensing, and birth-and-death processes. Finally,
in Sec. VII, we discuss the broad implications of our findings
and outline future directions.

II. FORMALISM

Consider a system that occupies a discrete alphabet of
states, evolving stochastically according to a Markovian clas-
sical master equation. The time evolution of the occupation
probability p, is given by

ddl? =2 ) Weopy —Tapes Ta=D % Wi, (1)

o y#x o y#x

where ¢ labels different transitions between a pair of states,
each with rate W,,,, and will be omitted if there is only
one transition per pair. These different transitions represent
mechanisms taking the system from one state to another, and
can represent, e.g., different reservoirs mediating the same
transformation or different chemical reactions. Equation (1)
can be written in vector notation as

d|p)
— = W|p), 2
o 1p) 2)
where |p) is a vector with entries p, and
Wi s
W:W—F:{ v XFY 3)
Iy x=y.

Here and throughout W is the matrix with entries Wy, =
> ¢ Wiy for x # y, and zeros in the diagonal; conversely, I’
is the diagonal matrix with I, in the diagonals. Assuming
irreducibility of the state space, Eq. (1) has a unique steady
state | p**) which is the solution of W |p**) = 0. We also define

o
fve

FIG. 1. A system undergoes stochastic dynamics on a finite set
of states. The states are split into two regions, called A (gray) and B
(green). An excursion starts with a transition from A — B and ends
with the first transition back from B — A (red arrows). The states of
region A can be spread out across the space state.

avector (1| = (1,1, 1, ..., 1) containing all ones. Normaliza-
tion then implies that (1|W = 0; i.e., the columns of W add
to zero.

Equation (1) describes the dynamics at the level of the
ensemble. Conversely, we can also describe the process in a
single stochastic trajectory, where the system spends a random
amount of time in a given state before jumping on to the
next one. Such stochastic trajectories are comprised of three
elements: (i) a set of states x; — x, — x3 — --- that the
system navigates; (ii) residence times t;, representing how
much time the system spent in state x; before jumping to x;;;
and (iii) transition sources ¢; that generated the transition from
X; =, Xiy1, €.8., different reservoirs.

A. Regions A and B

Suppose we split the alphabet of states in two arbitrary
regions, denoted by A and B; see Fig. 1. The transition matrix
is then split into blocks, as

Wi Ww)
W = , 4
(vaA W X

where, for the diagonal blocks, Wy = Wy — T’y and W =
Wg — I'p. This decomposition is done by first organizing the
matrix with states from the A region, where the first |A| x |A|
block defines the matrix W,. The rest naturally follows from
this structure. Note that W; and Wp are not actual stochastic
matrices (their columns do not add up to zero) since the factors
of I'4 and I' also contain transitions fromA — Band B — A.
The steady state acquires a similar block decomposition struc-

ture
) = <’p A>) )
|P3)

as well as the vector (1| = ((14] (lp|). This provides the
following identities:

Wa|p) = —Was|pi).
(141Wy = —(15|Wpa,

WBA|p,qu) = —WB|P%S),
(141Wap = — (15| Wp, (6)

which are used throughout the text.
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B. Excursions

Excursions are a filtering of stochastic trajectories where
the first transition is constrained to be from A to B and the
last transition is from B back to A. This renders the trajectory
restricted to B with the added initial and final transitions that
rely on A. The system might spend an arbitrary amount of
time in B and navigate over an arbitrary number of states. A
schematic illustration of an excursion is given in Fig. 1.

We first consider excursions that start in a specific state |x4)
and end in an arbitrary state |y4) in region A. The probability
for such an excursion reads

e_rjl n WZ()Z]XA ’
(7

where z; are all states within B and C,,_,,, is a normalization
constant that in general depends on the states that the excur-
sion begins and ends (see below) [71]. The factors of e 17
represent the residence times in state x before jumping, while
W, represent the transition rates between the states x and x’
due to £. The number of states zj, z2, . .., zy that the system
visits in B is random but must be at least one, so the smallest
possible excursion will have the form x4 — z; — ya.

The duration of an excursion is a random variable, which
we denote by 7'. This is a first-passage time. Its PDF can be
obtained directly from Eq. (7) as

— Ty
Pexc = XA‘)VVAMNYAZNe N WZN—IZNZN—I s

N
P(f=t)=E|s[t=> 7] | (8)
j=1

The calculation is done in Appendix A 1 and results in
P(T = 1) = Cymay 4 Wane ™ Waalxa). ©)

This is a minor generalization of known results on first pas-
sage times [72]. The factor of exp {Wpt} takes into account
the time spend in region B.

Now, we provide intuition behind the normalization con-
stant Cy,_,, and show its operational meaning. Let P[x4 —
zp|xa] denote the probability that an excursion starts with a
jump x4 — zp given that the it starts in x,:

(zB|Wpalxa)
(15|Wgalxa)’

where (1| is a vector with all entries equal to 1. The de-
nominator ‘ng := (15|Wpalxa) ensures that the probability
is properly normalized. We see that it corresponds to the
dynamical activity from state x, to region B; more specifically,
it is the average number of transitions per unit time from x, to
B, and represents how frequently excursions occur stemming
from a specific state x,.

Similarly, let P[y, | zg] denote the conditional probability
that the excursion ends in y4 given that, when it began, it
entered region B through state zp (notice that this is now
independent of x4). It is given by

Plya | zs] = (yalWapM|zp), (11)

where M :=—W,; ! is the time integral of the factor
exp { Wpr}, which accounts for the variable time that the sys-
tem spends in region B. Multiplying Egs. (10) and (11) and
summing over all states |zp) yields the probability that an

Plxs — zplxal = (10)

excursion ends in y4 given that it started in x,,

(YalWapMWps|x,)

o . (12)
7(BA

Plxsy — yalxal =

The quantity in the numerator is precisely C, LVA. Thus, we
arrive at

Col = Plxa — yalxalKG. (13)

XA—> YA

We therefore see that C; 1_% is related to the probability of
the excursion ending in y4 conditioned on its start in x4, and
the dynamical term %K. This attributes physical meaning to
the normalization constant C,, _,,, that was first seen in Eq. (7)
and appears in several calculations throughout this text. Note
that C,_,,, has units of time, and it represents a relevant
timescale of excursions.

C. Counting observables

The main feature of the framework proposed here is the
characterization of statistics of counting observables within
excursions. We first provide the definition of those observ-
ables and then discuss what happens once we restrict those to
excursions, providing a few examples of important quantities.

For a given Markov jump process, we define a random vari-
able Ngxy that counts the number of times the transitiony —, x
was observed in one excursion. A counting observable is then
defined as a linear combination of these random variables:

Q = Z Z VnyNnys (14)
L xy

with generic weights vy, [47]. The counting observable regis-
ters the first transition of the excursion A — B, all transitions
within B, and the very last transition B — A. Counting ob-
servables are defined irrespective of which state the excursion
begins and ends.

With different choices of weights v, we can assess a wide
variety of physical quantities. A typical quantity of interest is
the number of times a specific transition 7/ — z inside region
B occurs. This is obtained by setting vy, = 1 and all other
weights as zero. We provide analytical formulas for this case
in Sec. IV B. Similarly, vg,, = 1Vx, y for some £, can address
the number of transitions of a given type. This can evaluate,
for example, the activity of some hot reservoir in contrast to
some other cold reservoir.

Another simple example of a counting observable is count-
ing how many transitions occur in total. This is achieved
by setting vg,y, = 1 in Eq. (14). This counting observable is
referred as the excursion activity A, it is related to the more
usual dynamical activity (freneticity) which characterizes the
number of transitions per unit time. The difference is that
instead of characterizing activity per unit time, excursion
activity accounts for activity per excursion. We provide ana-
lytical formulas for the excursion activity in Sec. IV A. The
dynamical activity has attracted a lot of interest because it
plays a key role in uncertainty relations [73—75]. The simple
relation between dynamical and excursion activity could be
an important tool to explore excursions in the context of
uncertainty relations.

Linear counting observables are also typically used
to describe thermodynamic currents. In this case, the
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corresponding weights must be antisymmetric Vg, = —Vgyy
[76]. If transition rates are generated by thermal reservoirs,
then local detailed balance is satisfied:

W@xy

— o~ Bu(Ex—Ey) 15
Wi e , (15)

where E,/, are the energies of levels x/y and B, is the inverse
temperature of the reservoir associated with transition £. The
counting observable representing the entropy produced in the
process, given by the log of Eq. (15), can then be built with

weights vy, = —B¢(E; — Ey), which results in
$i==)"% BB — Ey)Nisy. (16)
4 X,y

Other thermodynamic quantities can be constructed similarly.
In Sec. V, we show that the entropy production satisfies a fluc-
tuation theorem at the excursion level, where negative entropy
production is exponentially suppressed, and use this result to
derive a modified version of the thermodynamic uncertainty
relation of Ref. [59].

III. STATISTICS OF COUNTING OBSERVABLES
WITHIN AN EXCURSION

Having set the formalism in place, we now characterize the
statistics of counting observables. Consider a set of r counting
observables Q,, defined as in Eq. (14), each with its own set
of weights vy . Introduce tilted matrices

=i Yy Ve
Zg Wlx_ve X # Y, (17)

We)yy =
( E)y {_Fx X =Y,

with r counting fields &,. For an excursion starting in x4 and
ending in y,4, the joint probability that each observable Q,
takes on a value g, and that total excursion time is 7' = ¢ reads

*® d& ... d§,
P(qvt):CxA»yA/ %

(va|Wapge ™ Wpaglxa) e,

(18)
where ¢ = (q1, ..., q,). All other calculations follow from
this result. The proof of this result is in Appendix A 2, and the
intuition is as follows. The counting fields & = (&1, ..., &)
pick up all events that occur during an excursion. We first
count the starting jump from A — B using Wgse. Then we
count an arbitrary number of jumps within B using exp{ Wpe?}.
And finally we count the jump from B — A with Wyge. With
the tilted transition matrix (17), each transition y —, x picks
up the correct factor of vj, for each counting field. The inte-
gral over all &, in Eq. (18) then takes us from the characteristic
function to the actual probability distribution.

Marginalizing Eq. (18) over all counting fields yields
us back the excursion time distribution (9). Conversely,
marginalizing over the excursion duration yields us the joint
distribution of the counting observables within the excursion:

* d& ... dE,
P@) = Cyye, [ %

(4 [WangMeWpagxa) e,
19)
where we defined M; := —ngl.
The results stated in this section so far rely on a specific

choice of initial and final states, x4 and y4, within region A.

Very often, one is interested only in the statistics of excur-
sions, irrespective of where exactly it starts or ends. This is
true, for example, when we want to analyze the long-time
statistics over many excursions. In this case, results from
Eqgs. (9), (18), and (19) remain valid provided that initial states
|x4) are sampled from the the steady-state distribution |p%)
[Eq. (5)], and we sum over all possibilities for the final state,
which amounts to replacing (y4| by (14|, which is the vector
of length |A| with all entries equal to 1.

A. Characteristic function

Given the formulas to characterize the statistics of counting
observables within an excursion, we now go a step further and
analyze the moments of generic counting observables. Since
the integrand in Eq. (19) is the characteristic function

G(&) = Cyysy, (ValWapeMeWpaglxa), (20)

then the joint characteristic function of all counting observ-
ables and the excursion time is given by

o0
G, w) = f dqi ...dq, / dt e "4EDp(q. 1)
0

= Cysyy (VA | Wags(— Wag — i) Wpaglxa).  (21)

Series expanding in w and £ yields the first few moments:

G ) =1+i ) EEWQs)— ) %E@a@ﬂ)mmﬂ
a=1 o,f=1
w—zE(fz) r E(T0y) (22)
- G- N okETO)+

We first use the geometric series expansion for matrices to
expand (—Wpe — i)' = Mg + ia)Ms2 — a)zM;’ + .-+, which
leads to

G, w) = Cx, oy, (ya|WapsMgWaaglxa)
+ iCyy sy, (A WaneMg Waag|xa)
— 0*Cyyy, <yA|WAB£M§3WBA§‘|xA> +--. (23)
This result is very general. In the following, we compute the

moments of quantities of interest for excursions.

B. Moments of the excursion time

The first two moments of the duration of excursions 7" are
obtained by setting £ =0 in Eq. (23) and comparing with
Eq. (22):

E(T)=Cy ey, (ya|WapM*Wpalxa), (24)
E(T?) = 2Cy, .y, (ya|WasM > Wia |xa). (25)

And the variance of the excursion time is
var(T) = 2C,, .y, (yalWasM>Waalxa) — E(T). (26)

Alternatively, any moment of the excursion time can also
be easily computed directly from Eq. (9) and the identity
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fedr eVt = (= 1)+ ntW, "), leading to
E(T") = n!Cy,—y, (ya|WapM" Wpa|xa). (27)

Interestingly, the problem of computing moments of the ex-
cursion duration reduces to simply computing powers of the
matrix M.

C. Moments of the counting observables

For general counting observables, we first expand the tilted
matrices [cf. Eq. (17)] over &:

. . o 1 . o
W W) W — 5 D agWeP, (28
a=1 'N] |

where
W =Y Wiv,, (29)
14
Wb =%" vgxyufxywxﬁ,. (30)
e

Notice these are element-wise (Hadamard) products, not ma-
trix products. We keep the expansion up to order two since we
are only interested in the average and variance. To compute
higher-order momenta, such as skewness or kurtosis, all one
has to do is to keep higher-order terms.

Moreover, this is defined for the transition matrices W
which have zeros in the diagonal, and not the full matrix W
in Eq. (3). Carrying out a similar expansion for M;:

r 1 r
Mg =M +iYy EMWSOM — = Y £,65(MWSPM + MW MWL M + MW P MW M) + - - . 3]
2

a=1 o,f=1

Plugging this expansion in Eq. (23) will give us the first and second moments of Q:

E(Qy) = Coyny, 4l (WEMWy, + W pMWSS + Wy MW MWy, ) [x4) (32)

E(QuQp) = Coyorys Oal{ WG MWy + Wy g MW P + W,y MWD MWy,

+ W MW MW MWy, + W MWD MW MW, + WOMWE + W B pyw @

+ WMW MWy, + W MW MWy, + W MW MWE + W MW MWD xa).  (33)

The interpretation of Eq. (32) is intuitive: the first and second
terms are the average of Q, in the transitions from A — B
and then from B — A. The last term is then the average of
0, while inside B. The interpretation of Eq. (33) is similar
albeit more technical. Note that the results (32) and (33) are
exact. The expansion over the counting fields is kept up to
second order in Eq. (31) because higher-order terms do not
contribute to the first and second momenta. The variance is
readily evaluated by

var(Qu) = E(Q2) — E(Qu)’, (34)

where E(Qi) is given by Eq. (33) with 8 = «. From Egs. (32)
and (33) one can also readily build the covariance matrix

cov(Qu, Op) = E(QuQp) — E(Q)E(Qp),  (35)

between two counting observables.

D. Correlation between excursion duration
and counting observables

Very often the counting observables and the excursion du-
ration are correlated. This is clearly seen in the expansion on
Egs. (22) and (23). To calculate £ (T 0y), we perform another
series expansion iwCy, ., (yA|WABgM§WBA§|xA) to first order
in €. This results in

E(T0y) = Cyyayy 0al{WE MWy, + W, ,M>W,SY

+ Wy MWy MWy, + Wy MW, M* W, }[x4).
(36)

(

From this result and the averages of excursion duration
[Eq. (24)] and generic counting observables [Eq. (32)], one
can quantitatively explore the covariance between a generic
counting observable and the excursion duration. Moreover,
results in this section provide a systematic way to evalu-
ate the average and fluctuations of any counting observable
in an excursion as well as excursion durations with simple
closed-formula expressions that depend only on elements of
the stochastic transition matrix (3).

E. Conditional moments

At last, another important calculation that arises in the
context of excursions is when a counting observable is con-
ditioned. For simplicity, let us consider a single counting
observable Q,. We first calculate E(Q,|T = t). Taking the
Fourier transform of Eq. (18) with respect only to & yields
the conditional characteristic function

(ya|Waps e Vo Wgag [x4)
(yalWapeWs' Wi lxa)

(37)

The first order term in a series expansion in & will give us
IEE(Qu|T =1t). For Wype and Wpae we use Eq. (28). For the
exponential we use the Baker-Campbell-Hausdorff formula

t
eVrel ~ o Wit 4 iS/ dt’ Vst )WB(“)eWBt ) (38)
0
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Putting all the above equations together, we find

C-’CA — VA
PG { (yal

+{ya |WAB€WMWB(X) |xa)

EQ T =1)= Wi e ™o Wy [xa)

t
+ f dt’ (ya|W,ze "V OWS Wi W () }
0

(39)

This quantity is useful for inferring the value of the counting
observable from the excursion time. The reason is because the
conditional mean is exactly the optimal mean-squared predic-
tor; i.e., the function of #(7) that minimizes the mean-squared

error between E[(Qa — G(T))z].

Of course, as can be seen, this quantity is more difficult
to evaluate since it requires computing the exponential of Wpg
and integrating. Instead, a simpler quantity for predicting O,
is the optimal linear predictor, given by

Oun(F) = E(Q) + e 1)

var(7T)

This quantity can be straightforwardly calculated from
Egs. (24), (26), (32), and (36). This result is a type of infer-
ence that can be obtained from the excursion framework by
assessing the statistics of excursion times. Inference of count-
ing observables such as entropy production in hidden/coarse
grained settings is a quite active area [77-86], it would be
interesting to further explore what insights Eq. (40) can bring
in this context, especially because inference of counting ob-
servables beyond entropy production is a very difficult task
[87,88].

(T —ET)). (40

F. Connection with full counting statistics steady state

We now discuss how to use the results developed in this
section to connect our framework with full counting statistics
(FCS), which is a framework developed to address current
fluctuations and statistics of integrated charges [47-52,89].
Let Q denote a FCS counting observable. This counting ob-
servable is defined in a similar way to Eq. (14), but considered
over a fixed time window [0, ¢]. That is,

Q) =Y v Ny (1), (41)

Lxy

where the random variable N(xy(t) counts how many times

the transition y —, x took place within the time window. In

the limit of long time 7, the average current and the diffusion

coefficient (also called noise) of this observable are defined as
£ A

J=1im 29 p_ jim Q. (42)

t—00 t t—00 t

We will show next how to recover the same results but using
counting observables defined per excursion.

Let us assume region A is spanned by a single state, this
means that excursions become statistically independent of
each other. The connection between FCS results and counting
observables at the excursion level comes from a concatenation
of several excursions, all starting in the same state x4. Let
O,, T, denote a counting observable and the excursion time

during the nth excursion. The total cycle time of an excursion
also includes the residence time ., (i.e., the time the system
spends in x after the (n — 1)th excursion is over but before the
nth excursion has started), so it is defined as 7,,°° = T, + #,.,..
Note that %, ,, and T, are statistically independent. Finally, let
N(t) denote the number of excursions that took place in the
interval [0, #]. This random variable forms a renewal process
[90]. For sufficiently large ¢, we can then write

P

)
Q~Y 0., (43)

1

3
I

and the total time can be broken into a sum of cycle times:

SO fee . (44)

The error in the approximation is manifested only in the
boundary terms, since at time ¢ the (N + 1)th excursion may
be still in its course. This means it is subextensive and can be
discarded in the long ¢ limit.

The average current and noise from Eq. (42) can be ob-
tained as

_EQ
o

5 .
+ A—SE(Q)Z - 2E—(2Q)cov(Q, ),  (46)
2 jz

J (45)

D =

var(Q)
"

where we defined = E(T,*) = E(T)+ T, and A? =
var(T,*®) = var(T) + I'7? as the mean and variance of 7°.
Residence times 7, are taken to be exponentially distributed
with parameter I',, and since they are statistically independent
from Q and T, it follows that cov(Q, T9¢) = cov(Q, T'). We
show the proof of this result in Appendix A 3.

The results in Eqs. (45) and (46) are one of the main
achievements of the excursion framework. First, it provides
a way to compute steady-state quantities in FCS by looking
at statistics of individual excursions, which are subtrajectories
and therefore easier to treat. Second, it unravels a decomposi-
tion of the FCS noise into three distinct components, shedding
light into the mechanisms behind noise generation in classical
stochastic dynamics. Investigating this further, and especially
under the lenses of uncertainty relations, can provide funda-
mental insights into the nature of current precision. With the
tools developed in this section, such as Egs. (24), (26), (32),
(33), (34), and (36), the average current and the noise can be
readily computed.

IV. EXPLICIT FORMULAS FOR THE COUNTING
OBSERVABLE DISTRIBUTION

Having developed the stochastic excursions formalism and
the technical tools in the previous sections, here we explicitly
compute analytical results for the dynamical activity and for
counting a set of specific transitions.
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A. Dynamical activity

The dynamical activity A per excursion is obtained by
setting weights vy,, = 1 for all transitions. Explicitly,

A= Ney. (47)
Lxy

As a consequence, the tilted matrix (17) becomes W =
e®W — I'. Hence, Wz = ¢’* W — ', while for the block off-
diagonals we simply have Wyps = € Wyp and Wpae = € Wp,.
Equation (20) then becomes

G(&) = Cyysy, (VA |WapMe Wpa |x4) ™. (48)

To evaluate My we use the geometric series expansion for
matrices, which yields

My = —W;' = (T — & Wp) ™'
=T + 5Ty W' + T "Wyl g ' Wal'g! +-- - .
(49)
Denote
Y= Wely', (50)

which is a matrix of dimension |B| with entries ¥,,, = W,/ /T,
for z # 7/, and zero otherwise. The nth coefficient in the
expansion is then Fl_;ll//”e’”S . Plugging the expansion back in
Eq. (48) yields
oo
G(&) = Coynyy Y (alWasT 5 ¥ Wialxa)e ™25 (51)
n=0
The support of the distribution is now readily identified to be
n+2,wheren =0, 1, 2,.... This is by construction because
an excursion must consist of at least two jumps, corresponding
to A — B — A. The coefficients multiplying ¢/"+?% give us
the corresponding probabilities:

P(A=n+2)=Cyy, 0alWapT5 v Waalxa).  (52)

One may verify that this is normalized because the matrix ¥
satisfies (1 — y)~! = I'yM. Hence, summing Eq. (52) over
all n yields a factor that precisely cancels the normalization
factor C.

The average number of transitions in an excursion is

EA)=Y (n+2DPA=n+2)

n=0
=2+ Crymsy 0aIWapT (1 — ) 2y Waalxa). (53)

We can simplify this further by using (1 — ¥)~ 'y = WM.
We then get

E(A) =2+ E(Ap), (54)

where E (f{B) 1= Cyymy, (VA |WapMWpMWpya|x4) is the aver-
age number of transitions within region B only. A similar
calculation yields the variance of the number of jumps

var(A) = 2Cy, .y, (ya|WapMWsMWsMWga |x4)
+ E(Ap)(1 — E(Ap)). (55)

This result can also be interpreted as an application of the law
of total variance.

B. Counting a set of specific transitions

Another common application of counting variables in ex-
cursions is to count how many times some specific set of
transitions took place. In particular, consider a set of r tran-
sitions between arbitrary pairs of states z;- — z; in B (with
j=1,2,...,r). We define r counting observables Q ; as per
Eq. (14), with v, 7 = 1 and all other v,, = 0. Then, Qj =n;
means that the transition Zj = z; occurred n; times during
an excursion. Because we are only counting events within B,
the block off-diagonals transition matrices (17) are untilted
Wape = Wap, Wpag = Wpy. Conversely, the B component is
tilted as

Whg = Wy + ) W (€5 — DIzj)(l,  (56)
j=1
with a distinct counting field &; for each counting observable.
We list the main results here, and discuss how to apply
them, but defer some of the technical details to Appendix A 4.
Suppose, first, that we are only interested in a single transition
7/ — z happening within B. The corresponding characteristic
function can be expanded as

n 1

_ iné
GE) =1 —1+ +Zﬂ(l+y)n+1 NN

where
B = Cyysy, Wy (YalWapM |2) (z [MWga |xa),
y =W (Z|IM|z). (58)

The support is all nonnegative integers, and the corresponding
probabilities read

B
P =1-—
(Q=0) 1,
R J/n—l

These therefore provide a very practical and easy to apply
method for counting specific transitions. All it requires is
computing M.

Next we discuss the case of monitoring multiple transi-
tions. The characteristic function will now have the form
(see Appendix A 4 for a proof)

GE =1-t{BU+y) "+ aic® + > ajibye@t

i=1 ij=1
,
+ Z akibijbjkel(éf-i—éj-i—&) 4o, (60)
ij k=1
where the coefficients are given by

aji = Cymyy ([ Wer We ()’A|WABM|Z:'><Z}|MWBA|XA), (61)

bij = \[WeaWez (Z[IM|z;). (62)

Notice that these are all of dimension r. The rank of the matri-
ces will be the number of transitions that are being monitored.
This holds even if the state space itself is of much higher
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dimension. M is defined as
-1

M= =W+ D Wl | (63)
j=1
The nth term of the expansion in Eq. (60) will contain all
probabilities with ) ;©Qj=n; and Eq. (59) is recovered if
r=1.
To extract the actual probabilities from Eq. (60) we intro-
duce a set of r projectors P; = |j){j| of dimension r. Then

PO, ...,0,) = Z tr{Pia(P\b)" (P,b)™ ... (P,b)"},
all perms
(64)
where the sum is over all permutations of how the projectors
are inserted in between the matrices a and b, which are defined
as

a=1+y)'BA+y), b=y(d+y)". (65

The argument in the left-hand side of Eq. (64) is Q) =
ny, ..., Q, = n,. From these results, we extract meaningful
quantities to characterize an excursion. First, the probability
that none of the r transitions happen is

PO =0,....0,=0)=1—t{B1+y)'}. (66)

Second, the probability that there are a total of n clicks on all
monitored transitions combined is

P Zszn =tr(at" ") = w{By" A + )"} (67)
j=1

Third, the probability that transition zj — z; happens exactly
n times and none of the other transitions happen is

P(Q1 =n, Q21 =0) = ay by (68)

From this it then follows that the probability that transition
Zy — z; happens (irrespective of how many times it does), but
none of the others do, is

ap
l_bll'

PQ1#0,0, =0)=) anbi;' = (69)
n=1

For example, if r = 2, this provides a compact answer to the
probability that during an excursion some specific transition
takes place and another given one transition does not.

V. FLUCTUATION THEOREM AND THERMODYNAMIC
UNCERTAINTY RELATION

The stochastic entropy production during an excursion
was defined in Eq. (16). The probability of observing an
entropy production ¢ and the realization g of an arbitrary
antisymmetric counting observable (such as a current) during
an excursion starting from x4 and ending in y4 is given by
Eq. (19):

P,y (q,0)=Cy, -y %@MWAMMEWBAHXA)
AT VA A= VA (27_[)2
x ei(qEquGéo)’ (70)

1.6 excursioncdata 1‘0, excursion data

T "G 14 7o-+10g(@) 0.8} —excursion TUR
S|¥ 12 “ 063:
% 10 = )
F01 “@ |
A n.,} 32 = 041[

£ o4 @ 02 )
. 0.0

-1.0 -05 00 05 1.0 0 200 400 600 800
o Lh.s.

FIG. 2. Numerical illustration of the (a) excursion fluctuation
theorem and (b) the thermodynamic uncertainty relation (TUR). For
both plots we considered uniformly randomly generated stochastic
transition matrices with entries W;; € [0,2], V i # j and diagonal
elements chosen such that ), W;; = 0 to ensure normalization. Re-
gion A was taken to have three states and region B to also have three
states. For panel (a) we fixed states x4 = 1 and ys = 3 to be the
initial and final states of the excursions. For panel (b) we consider an
antisymmetric counting observable randomly generated with entries
v;ij €[0,2], Vi> j, with the constraint v;; = —v;;; and Lh.s. and
r.h.s. represent, respectively, the left-hand side and right-hand side of
Eq. (75).

where § = {£,, §,} and

Col, = (alWapMWga|xa). (71)

XA YA

Due to the local detailed balance condition (15), and the sym-
metry imposed by time-antisymmetric weights of both g and
o, the change of variable § — & = {—&4, —&- — i} implies
that the corresponding tilted matrix in Eq. (17) satisfies the
special symmetry

W, = W. (72)
Therefore, the probability with the new counting fields reads

o [ 454455
(2n)?

x (x4 |WapgMgWpaglya)e " @5tos)  (73)

PxA—>_vA (Qv o) = CxA—>yA€

where we have taken the transpose of the terms in bra-kets.
The integral above is proportional to P,,_, ., (—gq, —0'), except
for the normalization constant, hence the fluctuation theorem

Py,—y,(q,0)
PyA—>xA (_qa _U)

O CXA—>)'/4

(74)

C)’A XA

The coefficient C,, ., /Cy,_, is the ratio between the proba-
bility of having an excursion x4 — y4 and having its reverse
ya — x4. This appears in Eq. (74) because the left-hand side
denotes a conditional probability on both ends. If region A
has a single state, then the ratio C,,_,,, /Cy,_.x, becomes the
one and we recover the typical “exchange” type fluctuation
theorem. We numerically illustrate our result in Eq. (74) with
simulated data from excursions in Fig. 2(a). We emphasize
that this result holds for the realization g of any counting
observable as long as its weights are antisymmetric (or equiv-
alently the observable is antisymmetric under time reversal).
Furthermore, it is known that a fluctuation theorem imme-
diately implies a thermodynamic uncertainty relation [59,70].
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In the case of our result in Eq. (74), we obtain

Var(Q)xA—WA + VaI(Q)yA—HCA > 1

(E(Q)XA*)}VA + E(Q)YA*)XA)Z = eIE(E)anyAvLE(Z)yA—»xA|/2 -1
(75)
where averages and variances are conditioned over the initial
and final excursion states. A proof of this result is provided
in Appendix A5, and numerical verification for the bound
over randomly generated transition matrices is provided in
Fig. 2(b). This uncertainty relation is valid at the excursion
level, and it recovers the result of Ref. [59] when region A
has a single state x4 = y4. A new insight follows directly
from the excursion level fluctuation theorem. It reveals how
fluctuations of a current along excursions x4 — y4 and their
reverse y4 — x4 are bounded by entropy production. As with
all thermodynamic uncertainty relations, it pinpoints a trade-
off between precision and fluctuations. However, the result for
excursions signifies in a concrete way the interplay between
variance and averages of the forward and backward processes,
which is not necessarily clear for the generic trajectory-level
result.

)

VI. APPLICATIONS

To illustrate our framework, we apply it to characterize
several examples of interest and to showcase the versatility
of the methods developed herein.

A. Simplified absorption refrigerator

Quantum absorption refrigerators have been described in
the literature for many years [91-96]. Recently, they have
received a surge of interest due to its experimental imple-
mentation [97-99]. The system consists of three qubits, each
connected to their respective reservoirs which are assumed
to be bosonic (at different temperatures), denoted ¢ (cold), &
(hot), and w (work). The desired task is to cool down the cold
qubit, so the temperatures are taken to obey 7. < Tj, < T,,.
Each qubit has a different energy gap given by w, where
o = ¢, h, w. The three qubits interact resonantly (i.e., when
w, + wy, = wyp) through an effective three-body interaction,
allowing the conversion of one excitation in the work and cold
reservoirs into one in the hot reservoir, effectively cooling
the cold reservoir in the process; see Fig. 3(a). The behavior
of this system at the ensemble level is characterized by the
cooling window, which provides bounds to the temperatures
of the reservoirs such that the system works as a refrigerator:

I.(T, — Ty)

W
Tw (Th - TC) .

(76)

Wy

Note that, since the reservoirs are bosonic, the cooling win-
dow (76) can be recast as a function of occupation numbers.

J

FIG. 3. (a) Diagram of the three-qubit absorption refrigerator,
each qubit is connected to its respective heat reservoir and has a
different energy gap. Labels are ¢ for cold, & for hot, and w for
work. The resonant interaction g couples the states [010) < |[101)
and takes place only if w. + w,, = wj,. (b) Energy landscape of the
simplified three-qubit refrigerator model, where the arrows indicate
the possible transitions. Colors indicate which reservoir induced the
transition. Region A consists of the ground state (gray) and B of all
excited states (colored). We adopt the convention “chw” to denote
the states.

First, we qualitatively discuss a simplified version of the
absorption refrigerator, where only five energy states are
considered (in contrast with all eight states). In Ref. [1]
we discussed in detail results concerning three counting ob-
servables of interest: cold current, entropy production, and
dynamical activity. In the next subsection, we promote a sim-
ilar discussion for the full model. We denote the states by 0
(respectively, 1) representing that the qubit is in the ground
state (respectively, is excited), and we follow the convention
chw. Region A is taken to be spanned only by the state |000),
where all qubits are in the ground state. B is spanned by
the other four states: |001), |010), [100), |101) [Fig. 3(b)].
This is the order of states we adopt for our convention when
denoting elements of the stochastic transition matrix. For ex-
ample, the matrix element Wy, represents the transition rate
[100) — |000). In the parameter regime of Ref. [97], the clas-
sical master equation (1) approximates the quantum dynamics
very well provided that the coupling g is replaced by some
classical ¢’; see Appendix B.

The transition among states come from two sources, the
reservoirs whose transitions rates are described by I'yn, for
injections and I', (n, + 1) for extractions, and the three body
interaction g that couples the states |010) <> |101) provided
that w, = w, + w,,. Since the transitions are induced by a
single reservoir, we omit the index ¢ in our discussion. n, =
[exp(wy/Ty) — 117! denotes the occupation number and Ty, is
the coupling strength between the qubit and the reservoir. The
stochastic transition matrix (without the diagonal elements) is
then given by

0 1—‘w(nw + 1) 1—‘h(nh + 1) Fc(nc + 1) 0
Tyt 0 0 0 Co(ne + 1)
w = | rum 0 0 0 P ,
Ton, 0 0 0 TG, + 1)
0 .n, g | 0
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where the classical effective three-body interaction strength is

/ 4g2

& T e+ D4 Ta(my + D+ Tt + 1)

77

which follows from perturbation theory [100].

Given the topology of the states and transitions in B, this
model inherits a nice feature when it comes to constructing
the counting observables from Eq. (14). Namely, the ther-
modynamical currents such as cold, hot, and work currents
can only have three possible values per excursion. To see
this, consider the cold current that is constructed by setting
the weights v, = £1 in Eq. (14) if the transition x — y re-
moves (respectively, adds) an excitation from (respectively,
into) the cold reservoir. The three possibilities for the cold
current are: a success where cooling took place and the cold
current is J, = 1, e.g., [000) — |100) — |101) — [010) —

J

0 Ly +1)  Thp(ny + 1) 0
Iyny, 0 0 ry(n, +1)
0 thh Fu,nu, 0
Y=1 ru, 0 0 0
0 I'.n, g 0
0 0 | 7 0
0 0 0 Cene

where the renormalized coupling g is given by Eq. (77). To
characterize the counting observables, we carry out a similar
analysis to the one done in Ref. [1].

First, we begin with the cold current which is con-
structed by setting the weights vy, = £1 in Eq. (14) if the
transition x — y removes (respectively, adds) an excitation
from (respectively, into) the cold reservoir. To study the
cold current we take region A to be spanned by the states
|000), [010), |001), |011). This is the natural choice for
the full refrigerator model, because now the excursions start
whenever an excitation enters the cold qubit and end when-
ever the excitation leaves. This also assures the nice property
that the cold current may only assume three possible values
per excursion. Indeed, following the counting field expansion
[see Eq. (19)], the probability of the values for the cold current
is written as

. > dg " it
P(]c): ) (Psuce + Pyis € +Pfail)
_o 2T
= Puycd(Je — 1) + Peitd(Je — 0) + Pyis8(J. + 1), (79)

since the span of the cold current is discrete, the integration re-
sults in the Fourier transform of the Dirac §s centered around
each possible value of J.. Note that the coefficients in the
expansion of the counting field are the probabilities that the
counting field variable has picked up a particular phase. In
other words, Py, is the probability that the cold current has
value J. = 1 in an excursion. Likewise, Py is the probability
that the cold current has value J. = —1 and Py the probability
of J, = 0. Figure 4(a) shows the behavior of the probabilities

|000); a disaster where heating took place the cold current
is J. = —1, e.g., |000) — [010) — [101) — |001) — |000),
and a bouncelfail where J. = 0, e.g., |000) — [100) — |000).
This feature also arises for the entropy production, where the
positive and negative contributions are related via fluctuation
theorems (74).

B. Full absorption refrigerator

Now we turn our attention to the full model, with all eight
states: |000), |001), |010), |011), |100), [101), |110), |111).
The three reservoirs are bosonic with occupation number
n, and each qubit is coupled to its reservoir with coupling
strength Iy, where ¢ = ¢, h, w. All elements of the transition
matrix therefore have the form I'yn, and Iy (n, 4+ 1), except
for the transition |101) <> |010), which is denoted g. The
stochastic transition matrix (without the diagonal elements) is
then given by

Te(n.+ 1) 0 0
0 g C.(n.+1) 0
0 0 0 Co(n, + 1) %)
0 Ty + 1) Thlny+1) 0 :
I'yny, 0 0 Ty, + 1)
Fhl’lh 0 0 Fw(l’lw + 1)
0 thh le’lw 0

(

as a function of the cold bath occupation number 7., where it
is clear that cooling failures (bounces) dominate the dynamics.
The value where Py, becomes larger than Py is precisely the
value of n. where the cooling window begins. In Fig. 4(b),
we show the covariance between the cold current J. and the
excursion duration 7" as a function of the cold bath occupation
n.. Interestingly, longer excursions tend to have larger J. in
the cooling window, which is not necessarily the case when
(J.) > 0, and once again, a vanishing covariance pinpoints the
value of n, where the cooling window begins.

1) (b) g
0.500 — Py 04 /
P is A
_0.100 | & 02 /
< 0.050 o3 oo
& > 0.0
0.010 3 / 0.25
J—
0.005 ~02 0.50
/ 1.00
0.001
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
ne ne

FIG. 4. (a) Probabilities for the cold current within an excursion
as a function of cold bath occupation number n.. Py, represents
P(f(, = 1), Py represents P(f(, = —1), and Py represents P(JAC =0).
(b) Covariance between cold current and excursion duration as a
function of n,, for different values of I'. with fixed g = 10. For all
plots, we fixed I’y = 50, ', = 0.5, n;, = 0.005, n, = 0.5. Param-
eters are well in accordance with the parameter regime of Ref. [97]
and the classical approximation.
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FIG. 5. Diffusion coefficient (noise) and its decomposition for
(a) entropy production and (b) dynamical activity as a function of
g, with n, = 0.1 and I'. = 0.1. For all plots, we fixed I'), = 50,
r,=0.5, n,=0.005, n, =0.5. Parameters are well in accor-
dance with the parameter regime of Ref. [97] and the classical
approximation.

Equation (79) illustrates another feat of the excursion
framework. This is a new paradigm for analyzing the perfor-
mance of cooling/heating protocols beyond the steady state.
The steady-state cold current can be written as function of the
probabilities as follows:

Psuc - Pdis

Iy =

(80)

This result can also be recovered by computing a generic
classical current by solving for the steady state in Eq. (2). The
steady-state current takes into account only the difference be-
tween the probability of successes and disasters, overlooking
how dominant failures are. This raises questions for designing
useful thermodynamic protocols, e.g., a protocol may have
a large cooling capacity Py > Pgis but have low cooling
precision Pgj > Py,. Nontrivial tradeoffs emerge from this
analysis.

For the next two counting observables, we go back to
the case where region A is spanned only by the state |000).
This allow us to use the results from Eqgs. (45) and (46)
to characterize fluctuations. Entropy production 3 was con-
structed in Eq. (16), and we highlighted its importance in our
framework when we discussed fluctuation theorems in Sec. V.
Likewise, the excursion activity A was constructed in Eq. (47)
and we have provided analytical formulas for its expectation
value in Eq. (54) and variance in Eq. (55). In Figs. 5(a) and
5(b) we characterize the diffusion coefficient (46) in terms
of its components, both for the entropy production Dy and
the dynamical activity D 4. In the former, the fluctuations are
strongly dominated by the variance term of Q = 3; whereas
in the latter there is a clear competition between different
contributions, with E (?Al)2 being the most relevant term. This
result sheds light on the very nature of noise in FCS, where the
dominant contribution can change depending on the counting
observable. ¥ is an observable that can have positive and
negative values related by fluctuation theorems, whereas A
is strictly positive. The stark contrast of behavior on the two
observables shows the versatility of the excursion framework
to characterize fluctuations.

nonsignaling

signaling

FIG. 6. Cellular sensing is often modeled as a stochastic process
where some states represent unbound receptors while others repre-
sent bound, properties such as the environmental concentration of
ligands are learned from the excursions throughout signaling states.

C. Cellular sensing

As another illustration, we use the framework developed
herein to explore excursions in models of cellular sens-
ing. Ligands from the environment stochastically bind to
membrane-bound receptors of cells, which in turn send down-
stream signals through a complex biochemical network, and
the statistics of these binding events allow for the inference
of ligand concentration in the environment. This process is
key for cell functions, but it is performed with finite accuracy
and incurs energetic costs. Errors in the inferred concentration
were shown to be bound from below [2—4,19], which involves
analyzing the time spent in signaling states, therefore the
duration of excursion through such states.

More specifically, in Harvey et al. [4], the process is
modeled as a continuous-time Markov chain partitioned into
two subsets—one nonsignaling state and multiple signaling
ones—a “‘simple observer” infers ligand concentration from
the fraction of time spent in signaling states; see Fig. 6. A
binding event occurs at a rate proportional to the concentration
¢ and causes the system to go from the nonsignaling to a
signaling state, and the system can jump between distinct
signaling states before unbinding. The error of the estimated
concentration ¢ is shown to satisfy an energy-accuracy trade-
off and can be calculated as

var(¢) _ E Tunbind
E@? N Tod

€} (81)
where N is the mean number of binding events during the
observation, Tynping is the mean first-passage time from a sig-
naling state to the nonsignaling, and Tpoq4 is the mean time
before unbinding given a binding event. Immediately, we ob-
serve the important role of excursions for the accuracy in cell
sensing, since Tpoy = E (T) is the mean duration of excursions
in the subset of signaling states, which can be analytically
calculated using Eq. (24).

The energy consumed by the cell to sustain the sens-
ing mechanism is defined as the entropy production of the
process, which is a counting variable defined over the excur-
sion. Numerous results of the developed stochastic excursions
framework immediately apply, including unraveling the dif-
fusion coefficient D in terms of the statistics of Q and T, cf.
Eq. (46).

We now consider the uniform ring network studied in
Ref. [4], where one state is nonsignaling and n — 1 are sig-
naling. All transitions in one direction have rate r; while
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FIG. 7. Analysis of excursion properties on a sensing-inspired
model. The state-space is a uniform ring with 5 states, one of which
being nonsignaling, », = 4 and r_ varies. (a) Diffusion coefficient
(noise) of entropy production and its distinct contributions in terms
of the estimation error for ¢ = 1. (b) Moments of excursion duration.

the others have r_. In this model, the energy consump-
tion, measured by entropy production, strongly fluctuates at
high-accuracy regimes. Equation (46) allows pinpointing the
leading contribution to such large diffusion coefficients. For
n=25, ry =4 and varying values of r_, we observe that
A?E(Q)?/u? is much larger than the remaining terms when
the error is small, as shown in Fig. 7(a). This behavior, which
is robust to values of c, is caused by the mean entropy pro-
duction per excursion E (Q) being orders of magnitude higher
than the contributions that include its variance and the covari-
ance with excursion times.

Another insight enabled by applying the excursion frame-
work concerns the interplay between the mean and variance
of the excursion duration, whose relation is particularly im-
portant in renewal processes, which is the case when there is
a single state in subset A. In the same setup as in the previous
paragraph, we observe in Fig. 7(b) that excursion durations
have a sub-Poissonian distribution in high-accuracy regimes
where var(T) < E(T)?, while they become super-Poissonian
as estimation errors increase, with var(T') > E(T)?. This is
the case for any value of concentration since the moments of
T do not depend on ¢. A super-Poissonian distribution implies
more variability in the number of binding events during an
observation window, and slower convergences of empirical
quantities.

The robustness of these properties with respect to different
topologies and parameters has yet to be exhaustively inves-
tigated. Nevertheless, here we aim to showcase the potential
of the method to reveal relevant behaviors in systems where
excursions play an important role, such as cellular sensing.
For instance, the super-Poissonian regime likely has a key
contribution to the lower accuracy of concentration estimates
since the time spent in signaling states strongly fluctuates,
which would be worth investigating in more detail.

D. Birth-and-death processes

To wrap up our examples, we now provide an illustration
of some of the analytical calculations that can be carried over
with the stochastic excursion framework. Consider a birth-
and-death process defined by a state space x =0, 1,2, 3, .. ..
This model nicely illustrates the stochastic excursion frame-

work for a system with infinite space state. The system can
transition upwards with rate wy, and downwards with rate
Wqw. The transition matrix is thus

0  waw 0 0 0

Wyp 0 W 0 0

0 Wyp 0 Wiw 0
W=l0 0 wy 0 wa (82)

0 0 0 Wyp 0

Suppose we select the state x = 0 as region A and states with
x > 0 as region B. This kind of birth-and-death process is the
prototype for busy periods of single-server queuing models
[20-24]. In this case wy, is the rate at which customers arrive
and wyy, 1S the rate at which customers are served. An excur-
sion characterizes a single busy period of the queue, during
which the server will be constantly attending to the customers.
The main parameter that characterizes the behavior of the
queue is the ratio of transition rates, which we denote by

Wyp

r=—, (83)
Wdw

the process has a steady state only for r < 1. Otherwise,

upward jumps occur more frequently and the average popu-

lation grows unboundedly. The steady-state distribution of the

dynamics with W matrix given by Eq. (82) is the geometric

distribution

py=0—-nrr. (84)
The normalization constant reads
C™' = wyp(1 = 7). (85)

Note that here we are considering the steady-state regime,
and thus the normalization constant C does not depend on
initial/final states.

To compute the relevant statistics we need to be able to
calculate certain properties of Wy, which is Toeplitz and tridi-
agonal. Adapting the results in Ref. [101], we find for the M
matrix
i<,
i>j.

1 1—7t
. RN 86
wdw(l—r){"' S =7, (86)

More broadly, it might also be convenient to access the entire
set of eigenvalues and eigenvalues. In this case it is convenient

to first take region B to have a finite dimension dp, and then
set dg — oo in the end. The diagonal form of Wy then reads

Wo =) exlue) (vel,
k
€ = 2/WypWay cos(k),

(x=1)/2
r sin(kx)|x),
dB +1 x=1

lug) =

2 &
=/ 7=7 ; sin(kx)r 6D/ (x|,

T 21 dpm

k: s g ey .
dg+1 dg+1 dp+1

87)
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The eigenvectors of Wy = W — I’ are the same, and the
eigenvalues simply have to be shifted by —TI".

After laying down all the necessary tools, we first compute
the statistics of the activity, Eq. (52):

PA=n+2)= 2. (88)
Using the decomposition in Eq. (87) we find that
W = Zéﬁ(lluk)(vkll) (89)

=1 +1 Z(z [WapWa €08 k)" sin® k. (90)

The sum can be recast as an integral for large k (equivalently
dp), which leads to

2 b
"= (24/wupwdw)”—/ dk sin®kcos"k.  (91)
7 Jo

The integral vanishes when n is odd, which is expected:
because of the structure of the process, the excursion must al-
ways have the same number of jumps upward and downward.
When n is even we get

@2m)! m
p— — e (W Waw) " 92)

Plugging this back in Eq. (88) yields an analytical formula to
evaluate the activity distribution:

W™ =

P(A=2+2m) @m): -

= m) —=
m!(m+ 1)! (1 + r)2mtl’
m=20,1,2,.... 93)

With the distribution at hand, evaluating the average following
Eq. (54) gives

N 2
EA) = , (94)
1—r
while variance from Eq. (55) yields
s A4r(l+r)
var(A) = a7 (95)

and both diverge when r — 1, as expected.
Next, we compute the statistics of the excursion time fol-
lowing Eq. (9). Using the eigenstructure of Eq. (87), we get

(16 3™ ) = 3 1| W3 o). 96)
k

In particular, it follows that

(wk‘pﬁ) =(1-7r) Z sin(kx)r*+/2

—d—n 2 ( rsin(k) ) ©o7)
T TN G U D 2greos0) )

The second line is only true in the limit dg — oo. Similarly,

(15| W5 |ve) = wi, /d +1{(1+r)s1n(k)—r * sin(2k)}.

(98)

Combining the two results leads to

2 SS 2w§w 2
(15| W |ve)(wi| p5) = r(1 — r)sin®(k). (99)

dg+1
Therefore, we can plug those results in Eq. (96) and obtain

(1| Wge™ | 5)
2w, .
=z ilr(l - r)Ze “ sin? (k)

— deWr(l _ r)_e—(wup+wdw)t / 62 /WypWawt cos(k) sin2 k
T 0

= 2w, (1 — r)e~ (Wt 52 /Wptawt)

, 100
2 JWypWawt (100)

where I,(x) is the modified Bessel function of the first kind.
Combining everything we finally get for Eq. (9)

—(]+r)w(1wt 11 (2«/ wupwdwt)

P(T = t) = 2wypWawe it

(101)
This is a known result in the theory of queues [24], describing
the statistics of the busy period in an M/M/1 queue. The mean
excursion time, following Eq. (24) is

. 1
El)= —, (102)
Wdw — Wup
and the variance following Eq. (26) is
var(f) = 2wt Wop (103)

(wdw - wup)2 '

which again match the results for the M/M/1 queue. As ex-
pected, we can obtain the results in simple queuing models
using excursions, where essentially idle and busy periods al-
ternate just like transitions between regions A and B. It would
be interesting to see if the excursion framework can shed
light on more complicated and realistic queuing models and
queuing networks. Nevertheless, a simple queuing model is
sufficient to illustrate how systems that have an unbounded
number of states can also be described using the excursion
framework.

VII. CONCLUSION

We have introduced a framework for characterizing count-
ing observables in stochastic Markov jump processes out
of equilibrium in Ref. [1]. By focusing on excursions—
trajectories from the inactive phase to the active phase and
back—we offer a systematic approach to studying the sta-
tistical properties of their times and counting observables.
This method generalizes existing efforts in sojourn and first
passage times, while also enabling the evaluation of mean-
ingful thermodynamic quantities such as dynamical activity,
currents, and entropy production, including their fluctuations.
Systems whose dynamics have a recurring set of states are
naturally phrased in terms of excursions leaving this set and
then coming back.

The goal of this article is to provide the tools to readily
apply the stochastic framework to a wide range of problems
of interest. With that in mind, we consolidate the framework
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of stochastic excursions and provide a comprehensive charac-
terization of counting observables, their statistics, and related
quantities. We derived analytical results for general moments,
including moments of the excursion time and counting ob-
servables, as well as correlations between excursion duration
and counting observables. All results can be written in a
relatively simple form that depends only on elements of the
stochastic transition matrix. Explicit formulas were provided
for two cases of particular interest: activity (the total num-
ber of transitions during an excursion) and counting specific
transitions. Furthermore, we demonstrated that, in the long-
time limit, the average currents and fluctuations derived from
excursion statistics are consistent with steady-state results ob-
tained from full counting statistics. This connection bridges
the gap between trajectory-level dynamics and ensemble-
averaged properties. The steady-state result can be re-obtained
by statistics of counting observables over excursions. In par-
ticular, the decomposition of the diffusion coefficient into
three distinct components provides a new perspective into the
nature of noise in classical stochastic systems. Additionally,
we discussed a fluctuation theorem of the exchange type,
which holds exactly for individual excursions, showcasing
that negative entropy events are exponentially suppressed
even at the excursion level. This result was used to derive a
thermodynamic uncertainty relation that illustrates the inter-
play between forward and backward excursion trajectories.

The stochastic excursion framework also provides insight
into finite-time behavior which is overlooked in steady-state
analyses. We illustrated this with the example of the absorp-
tion refrigerator, where excursions can not only characterize
cooling power but also cooling precision by evaluating the
probability of failed cooling cycles. In the working parameter
range, failed cooling cycles strongly dominate. This char-
acterization is fundamental for designing practical cooling
protocols.

Looking ahead, there are many exciting questions to ad-
dress as follow-ups to the work presented here. One promising
direction is the study of correlations between excursions,
which may play a key role in the dynamics of systems with
memory or feedback. For example, in biological systems,
correlations between signaling events could influence the ac-
curacy of sensing or the efficiency of energy transduction.
Similarly, in technological applications, such as quantum
refrigerators and heat engines, correlations between cool-
ing/heating cycles could affect performance and precision.
These correlations appear when |A| > 1, and might yield a
more intricate connection with FCS quantities; exploring them
within the excursion framework could yield new insights into
the design and optimization of such systems.

Another important direction is the extension of our for-
malism to quantum systems. While the dynamics considered
here are purely classical, the concept of excursions is general
and could be applied to quantum stochastic processes. Fi-
nally, excursions could provide new tools for addressing open
problems in stochastic thermodynamics, such as the derivation
of generalized fluctuation theorems and uncertainty relations.
These areas are rich with theoretical challenges and practi-
cal applications, and we believe that excursions could offer
a fresh perspective. For example, by decomposing entropy
production into contributions from individual excursions, one

could derive tighter bounds on dissipation or refine existing
thermodynamic uncertainty relations. Such advances would
deepen our understanding of nonequilibrium processes and
provide new strategies for controlling and optimizing small-
scale systems.
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APPENDIX A: PROOF OF RESULTS IN THE MAIN TEXT
1. Evaluation of the excursion duration PDF [Eq. (9)]
Using the 8-function identity 8(r) = [ 24" we get

o]

N 00 oo
Pt=n=% " f du... [
N=Iz1semzn ¥ 0 0
N
X Pexc(xA — 2123... =™ yA)5 t— Z‘L’j
j=1
oo du . o0 00 00
= —e" dry... dt,
/—oo 2 jézl,zﬂ/v‘/.g ! /() N

—iu(ti+...4+1v)
b

X Poxc (X4 — z123.. —> Ya)e (A1)

where P.,. was defined in Eq. (7). Note that this result is inde-
pendent of the number of transitions N within one excursion,
because we take into account all possible excursion lengths by
summing over N. Computing the integrals over time provides

< du =
P(T =1) = Cy sy, / 2—6”” > 0alWas(Tp + iu)™!
o 2m

x [Wg(Tp + i)~ "1V~ Walxa)

® du . . _
= CxA_%/ Zenu<yA|WAB(lu — Wp) ™' Wpalxa)
—0Q

= Cyyoyy (valWage ™o Wia|x4), (A2)

which is Eq. (9).

2. General formula for the joint probability [Eq. (18)]

For simplicity we assume a single counting observable, the
generalization for any number is straightforward. Assuming
that the excursion starts in some state x4 € A and ends in
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another y4 € A, start from the stochastic trajectory of an ex-
cursion in Eq. (7). The distribution of Q and 7' is

P@n=) Y. /Ooodrl.../owdm

N=1z,..., veB

— e =),

X Pexc8(q ~ Vyazw — Vavawo Do T lexA)

xslt=Y 1| (A3)
j

We now introduce Fourier representations for the two Dirac §
functions which turns this into

o 4 ) o 4 )
P(q9t) = Cx/\ﬁy/\/‘ _Eeléq/ _Melm

0o 270 0o 2T

xi Z /Ooodrl...

N=11z,..., ZvEB
o0 . .
% / dTN‘/VyAZNe—wMZNSe—(FZN+m)rN
0

x W, e b |

—(T;, +iu)y —ivy v, &
ININ-1 e ! WZIXAE A,

(A4)
Carrying out the integrals over 7; yields
< dE ® du
P(g,t) = CXA_)VA/ _Selgﬂl/ 27 piut
) 2 oo 2T
- 1
N=1zi,....2v€B FZN + 1w
X WZNZqu*“’ZNW*lS T e Vaué
21
(AS)

In terms of the tilted matrices in Eq. (17) we can write this
more compactly as

o g ) oo g )
P(q,t):c_xﬁ“/ _éeléq/ au it

oo 2T 00 2T

o0
X > (yalWage (T + i)™
N=1

X [Wae (T + i) ™ 1V Waae |xa). (A6)

Carrying out the sum over N we further get

P(q.1) = Cy\osy, / 98 gica / 22 i

0o 2T 0o 2T
X (ya|Wage iu — Wee )™ Waaelxa), (A7)

where we used Wpe = Wpe — I'p. Carrying out the integral
over u and noting that the matrix Wpe has all eigenvalues with
negative real part, we find

o0

ds |
P(g.1) = Cop, / 98 0 s Wage e ™ Wini la), (A8)
oo 2T

which is Eq. (18). Marginalizing this result over the counting
fields immediately provides Eq. (9).

3. Formulas for current [Eq. (45)] and noise [Eq. (46)]

As discussed in the main text, for sufficiently large ¢, the
FCS counting observable Qrelated to a specific interval [0, #]
is related to the counting observables Q, of different excur-
sions according to

Q=Y 0, (A9)

where N(z) is the number of excursions that took place in
the interval [0, ¢]. Here it is assumed that region A has only
one state x4, which means N (t) is a renewal process and
its asymptotic distribution for large ¢ is Gaussian [90]. Fi-
nally, there is also the global constraint ZnNz(tl) T ~ ¢, where
T, = T, + ., is the total cycle time of the nth excursion,
including the duration 7}, of the nth excursion and the random
time %, , the system spends in x before an excursion starts.

The distribution of Q is therefore
P@Q=gq.1)
=ZP(Q1 +..._|_QNzq’T1°Y°_|_...+f]3Y°=;),
! (A10)

Because region A contains only a single state, the variables
(Qn, T,7°) are statistically independent for n # m. We may
therefore write

PO+ + 0y =q.T% + + T =1)

= / dQy...dQy dT° .. .dT°P(01, 1)

N N
o P(On, T¥)8 (q = Qn>5 <t = T,fYC).
n=1 n=1
(A11)
Here P(Q,, T,)’°) is not exactly Eq. (18), only because it refers
to 7,°° instead of 7,,. But since %, is independent of 7,, the

two are still closely related. Using a Fourier representation of
the § function, we can write

P@Q=q.1)=) / BIG ecrronge, ), (A12)
N

@2n)?

where G(&, ) is the joint characteristic function of (0, T°):

GG = / dQdTe e CrtenpQ, 7). (A13)
which is identical for all n =1, 2, ..., N. This can also be
written as

A dédw .
P@Q=gq,t)= S5 i(Eq+en)+NC(E w) Al4d
@Q=gq,1) ;/(27{)26 , ( )

where C(¢, w) = log G(€, w) is the cuamulant generating func-
tion. Conversely, from FCS we know that the left-hand side of
Eq. (A14) can be written as [47]

2
PQ=gq,1)= / %ei$q+l((é)t, K(&) ~ —iEJ — %D,

(A15)
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with J and D denoting the current and diffusion coefficients
defined in Eq. (42). By comparing the two results, we can
relate J and D to quantities pertaining to a single excursion.

To do that, we first expand the cumulant generating func-
tion up to second order in £ and w,

~ w?*A?
CE,w) >~ —iop —i§E(Q) — 5

52 R A A
_ ?Vﬁr(Q) — wé cov(Q, T).

(Al6)

All quantities here are represented in terms of moments com-
putable from Eq. (18). Because 7, is statistically independent
from Q and T, it follows that cov(Q, 7<) = cov(Q, T).
Moreover, we also defined u = E(T,”°) = E(T) + '[! and
A? = var(T,**) = var(T') + I'? as the mean and variance of
T, We then insert Eq. (A16) into (A14) and perform saddle
point approximations, first for the integral over w then for the
sum over N. Finally, expanding the result to order &2 (inside
the exponential) we obtain

itE(Q)  E(Q)tA%€?
w28

P(é:q,t)(xfﬁexp |:i§'q—
2

E(Q)cov(Q, T)ig>  var(Q)r§?
+ 5 - .
I 2p
Comparing with K(&) from Eq. (A15) then yields Egs. (45)
and (46) of the main text.

4. Formulas for monitoring multiple individual
transitions [Eq. (60)]

Consider that we monitor r specific transitions from
Z;- — zj. We begin by splitting the tilted matrix (56) as

—Wpe : =M~ — H, (A17)
where the matrix M is defined in Eq. (63) and H reads
HE) =) W,oe®z)(Z)l. (A18)
j=1
The characteristic function in Eq. (20) then becomes
G =CLIM™" = G)'IR), (A19)

where (L| = (y4|Wap and |R) = Wpal|x,4) for brevity. Using the
geometric matrix expansion we get

G(§) = C{(LIM|R) + (LIMHM|R)

+ (LIMHMHM|R) + - --}. (A20)

Using the definitions in the main text following Eq. (61), it
follows

G(E) — C<L|M|R) + Zaiiei&:[ + Zajibijei(Si+éj)
i i,j

+ Z akibijbjkei(&-&-éj-i—&) 4o, (A21)
i,jk

which is already in the form of Eq. (60). We still want to

further simplify this result with the goal of casting it in terms

only of M. We therefore turn to M in Eq. (63) and rewrite it
using the well-known Sherman-Morrison formula [102]:

Alz) (1A
A+ t=a"t - 22 A22
(A +12)(Z1) ey (A22)
We apply this result to Eq. (63). Let
Sij = —38ij + (zjIM|z;), (A23)
which then results in
M=M= S;'Mlz)(Z;|M. (A24)

ij
Plugging this in Eq. (61) allows to express a and b

[cf. Eq. (65)] in terms of the coefficients 8 and y, which
concludes the proof.

5. Excursion thermodynamic uncertainty relation [Eq. (75)]

In this proof, we adapt the steps from Ref. [70], which de-
rived an uncertainty relation for processes with measurement
and feedback. The starting point is the fluctuation theorem of
Eq. (74), which we write down as

Py, (g, 0)= e"“PyA%xA(—q, —0), (A25)

with ¢ =log(Cy,,,/C,,—x,). Consider the (normalized)
auxiliary distribution

PxA—>_vA (Qv U) + PyA—>xA(_LI7 _0)
2

R(g,0) =

1+e ¢

= —+ 2 PXA
whose support is g, 0 € R. We now compute a few con-
venient quantities. We make use of the fluctuation theorem
in Eq. (A25), the two forms of Eq. (A26), the exponential
form tanh (x/2) = (1 —e™)/(1 4+ e™¥), and the change of
variables {q, 0} — {—q, —o}. We start with the first two mo-
ments of O, where ¢ is the realization of the random variable:

(g, 0), (A26)

EQ) = / dqdo gR(q, o)

— /dqda qPXA*)yA(qv U) +§}'A*>XA(_qv _0)

_ E(Q)XA—{VA - E(Q)yA—)XA

5 (A27)

And

E(QZ)JCA%’VA - E(Qz)yA%xA

E(Q*r = 5

(A28)

The variance therefore reads

Var(Q)x,;—)yA + Var(Q)yA —>XA
2

var(Q)r = E(Q*)r — E(Q) =

N <E(Q>Xm ;E(Q)ym >2_

(A29)
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Last, we shall use the following identity:

E((Q — (0)p) tanh = . c)
R

1l —e ¢

/ dqdo(q — <Q>R>TP>WA<—q, —0)

1 N
z / dqu(CI - <Q>R)PxA~>yA (Qa O-)

1 A
- E/dqdff(q —(QrIPy,x, (=4, —0)

— E(Q)XA—WA + E(Q)}'A—)XA

5 (A30)

The same calculation applies to the entropy production, where
we conclude

. by E(2) sy, FEX)y,x
E((E—i-é“)tanh 2”) = EBon B Do,
R

(A31)
With all the required identities, we are ready to proceed. First
step is to apply the Cauchy-Schwarz inequality:

(E(Q)XﬁyA + E(Q)y, -, )2
2

— E((Q — () tanh = ‘;)
R

& 2
< Var(Q)RE(tanh (ﬂ> ) .
2 R

The hyperbolic tangent is odd and satisfies ktanhx <
tanh(kAx) for any k and noqnegative x. Hence, we take
x = (X +¢)/2 and k = tanh(X + ¢)/2. It then follows that

A 2 A A
tanh <¥> < tanh |:tanh (%) %} (A33)

(A32)

Note that this result holds irrespective of the sign of o + ¢.
Back to Eq. (A33), we now get

2

< var(Q)RE(tanh [tanh <M> ﬂ]) . (A34)
R

<E(Q>WM +EQ)y, s, >2

2 2

The argument of the outer tanh is nonnegative for any {$, ¢},
where the function is always concave. Thus, we can apply
Jensen’s inequality, providing

<E(Q)eryA + E(Q)YA‘)XA >2
2

< var(Q)g tanh |:E<tanh (%) %) ] (A35)
R

Finally, recalling Eqs. (A27) and (A29), and using the ex-
ponential form of the hyperbolic tangent, all that is let is
elementary algebraic manipulations. We then arrive at

Var(Q)xA—WA + Var(Q)yA—NCA > 1
(E@ryooss + E@yns) AP BB 21
(A36)
which is the thermodynamic uncertainty relation at the excur-
sion level.

APPENDIX B: FURTHER COMMENTS ON
THE ABSORPTION REFRIGERATOR

The microscopic Hamiltonian of the model is given by

H= Z we0 0, +g(co, of +o070,0,). (Bl)

a=c,h,w

The transitions are induced by the three reservoirs and the
interaction term with coupling strength g. We assume that
the reservoirs are bosonic and thus follow a Bose-Einstein
distribution, where occupation numbers are given by n, =
(exp(wy/Ty) — 1)~!. The argument is the same in the case
where the reservoirs are fermionic. The evolution of the sys-
tem follows, under the typical reasonable assumptions such as
weak coupling, the master equation

ap .
i Lp = —ilH, p] + D(p), (B2)
where the dissipators are given by
I .
D(p)= Y. Ta [LapLZ, — 5L, p}}, (B3)
a=c,h,w

with jump operators L, = n,o, and L} = (n, + 1)o .

From the shape of Eq. (B2) and the typical classical master
equation (2), it is clear that in certain situations one should
be able to map one into the other. In the weak coupling and
high temperature limit, the jump operators L, can be related to
transition rates between energy eigenstates. Let us assume the
system Hamiltonian H has eigenstates |n) with eigenvalues
E,:

H|n) = E,|n).

The jump operators can therefore be expressed in terms of
transition rates between these eigenstates. For example, if
Ly = /Ynm|n){m|, then the Lindblad equation becomes

50— itH, p)+ Zynm<|n><m|p|m> (nl = 5t G, p}>.

(B4)
If we assume that the density matrix p is approximately diag-
onal in the energy eigenbasis, i.e., p > ), p,|n)(n|, where
pn = (n|p|n) are the populations, then the coherences are
small and decay rapidly. The Lindblad equation then assumes
the form

dpn

? = Z (y,,mpm - ]/mnpn)’ (BS)

which is precisely (up to notation) the classical master equa-
tion in Eq. (1).
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Next, we show how to evaluate the classical and quantum
currents at the steady state. This will be used to check the
consistency of the classical approximation to describe the
absorption refrigerator model. The classical current is trivially
obtained by setting the proper weights v,, at the steady state,
which in turn is recovered by setting dp,/dt = 0 in Eq. (1).
With the steady-state distribution, currents are built by con-
sidering

Jelass = Z V(xywéxyp;S- (B6)

Lxy

Hence, one obtains the cold current by taking weights vy, =
+1 in Eq. (14) if the transition y —, x removes (respectively,
adds) an excitation from (respectively, into) the cold reservoir.
Those weights are exactly the same ones for the cold current
at the excursion level. Likewise, the quantum case follows
from a straightforward calculation from Eq. (B2); see, e.g.,
Ref. [91]. One finds

Jquanl = 28w, Im[tr(ojah_cr;p“)], (B7)

where p* is obtained by setting the right-hand side of Eq. (B2)
to zero (Lp% = 0), and « labels the current (the hot current
would have a minus sign due to the convention we adopted).
The cold current is obtained by choosing w, = w,.

The next step is to verify when the jump operators can
be well approximated by the fully decohered version, and
when the classical and quantum currents match. Physically,
this happens for weak coupling, high temperatures and fast
decoherence. In practice, we solve the dynamics using the
quantum master equation in Eq. (B2) and the classical master
equation [with W matrix shown in Eq. (78)] in Eq. (1) and
plot the population of the cold qubit p,. over time in Fig. 8(b).
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FIG. 8. (a) Cold current as a function of cold reservoir occu-
pation number n., for the classical and quantum dynamics. We
considered n,, = 0.62 fixed. (b) Population of the cold qubit over
time for different values of n,,, with fixed n. = 0.028. Solid lines are
obtained from the classical master equation and dashed lines from
the quantum master equation. All parameters were chosen to match
exactly the ones in Ref. [97]. We fixed, in units of MHz/2x, the
parameters: ', =7.2, T, =0.07, T, =0.0087, g=3.2, w, =
5.327x10%, w, =3.725x10%, w, = w, + w.. We fixed the occu-
pation number of the hot reservoir in both plots to be n, = 0.007.

We then compare the classical current (B6) with the quantum
(B7) in Fig. 8(a).

Clearly, the results for the current J. and the real-time
dynamics of the population of the cold qubit p. suggest
that indeed the classical master equation (1) is a very good
approximation of the full quantum dynamics for the three
qubit absorption refrigerator. We emphasize that the param-
eters used in the plots of Fig. 8 were chosen to match the
experimental values of Ref. [97]. Of course, the parameter
regime used in the simplified model of Ref. [1] and the full
model in this paper (see results in Figs. 4 and 5) also work
very well in the classical approximation.
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