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Tightening the thermodynamic uncertainty relations with null-entropy events:
What we learn when nothing happens
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Fluctuation theorems establish that thermodynamic processes at the microscale can occasionally result in
negative entropy production. At such scales, another distinct possibility becomes more likely: processes in which
no entropy is produced overall. In this work, we explore the constraints imposed by such null-entropy events on
the fluctuations of thermodynamic currents. By incorporating the probability of null-entropy events, we obtain
tighter bounds on finite-time thermodynamic uncertainty relations derived from fluctuation theorems. Our results
are directly applicable to both quantum and classical systems that satisfy the fluctuation theorem. We validate
our framework using an example of a qudit SWAP engine.
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I. INTRODUCTION

Nonequilibrium processes inherently produce irreversible
entropy [1,2]. At the microscopic scale, thermal fluctuations
can induce large variability in individual realizations that may
transiently violate average thermodynamic trends, including
momentary reversals of heat and particle flow. Such events
are vanishingly unlikely in macroscopic systems, revealing
a behavior that sharply contrasts with the smooth, determin-
istic evolution predicted by classical thermodynamics [3-5].
Stochastic thermodynamics offers a rigorous framework for
describing this regime by treating entropy production as a
fluctuating observable defined along the individual trajec-
tories of a stochastic process [6—10]. This trajectory-level
formulation shifts the focus from macroscopic averages to
single realizations, where the statistics of entropy production
becomes the key quantity.

At the heart of stochastic thermodynamics lie the cele-
brated fluctuation theorems [8,11-20], which enforce funda-
mental constraints on entropy fluctuations. These universally
exact relations reveal the extent to which microscopic systems
can transiently defy macroscopic thermodynamic expecta-
tions. If P(X, ¢) denotes the joint distribution of entropy
production ¥ and some thermodynamic current ¢ (e.g., heat
or work) in the forward process, and Pg(—X, —¢) denotes the
corresponding distribution for backward dynamics, then the
fluctuation theorems imply (with kg = 1)

Po(=%, =) _ _y
P(Z, )

Entropy-reducing fluctuations are thus exponentially sup-
pressed. Applying Jensen’s inequality, we recover the second
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law of thermodynamics expressed in terms of the average
entropy production: (X) > 0.

While fluctuation theorems capture the full spectrum of en-
tropy production, they provide limited insight into events that
leave no thermodynamic trace. This is the focus of the present
paper: stochastic events for which no entropy is produced,
i.e., £ =0, henceforth referred to as null-entropy events.
Such events are a hallmark of microscopic machines operating
under stochastic dynamics. These may correspond to true
inactivity, or to sequences of events whose effects cancel out,
leaving no net energy or particle exchange. For these events,
the standard fluctuation theorem, which primarily addresses
nonzero dissipation, offers no new intuition. Nevertheless, the
prevalence of null-entropy events suggests that the structure
of P(X = 0), the probability of zero entropy production, can
still carry meaningful thermodynamic information. In this
work, we attend to this often-overlooked question: what can
be learned when seemingly nothing happens?

To that end, we explore another family of fundamental
results related to entropy production called the thermody-
namic uncertainty relations (TURs) [21-27]. These relations
declare constraints on the signal-to-noise ratio of thermody-
namic currents in terms of the average entropy production.
TURSs can be broadly categorized into two classes. Steady-
state TURs [21-23,25,28-31] apply to long-time integrated
currents, common in autonomous machines or steady-state
heat transport settings. In contrast, finite-time TURs [24,32—
36] address the fundamental precision-dissipation tradeoffs
that govern transient dynamics, such as those encountered in
individual strokes of a heat engine. For long-time integrated
currents, the probability that ¥ = 0 diminishes to be vanish-
ingly small. Therefore, this paper focuses exclusively on the
finite-time formulations, as this is the regime where the notion
of null-entropy events remains meaningful.

Several forms of TURs have been formulated to address
systems operating over finite timescales. To distinguish them,

©2026 American Physical Society
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it is useful to first specify the backward process characterized
by Pg in Eq. (1). Within the framework of the exchange
fluctuation theorem [16], or strong Galavotti-Cohen symmetry
[5], the backward process coincides with the forward process
(Pg = P). For such cases, the TURs have the general form

Var(¢)
(9)?

z fUZE), 2

where f(x) is a monotonically decreasing function, such as
2/(e* — 1) [32,37], or an even tighter version csch’[g(x/2)]
with g~ (x) = x tanh(x) [33]. Here, ¢ is some thermodynamic
current, e.g., the work extracted from a single cycle of a heat
engine. The bound, therefore, establishes a constraint on the
possible fluctuations of ¢ relative to its mean. Consequently,
TURs reveal that enhanced precision in ¢, or equivalently
reduced fluctuations, inevitably leads to a higher entropy pro-
duction. Extensions to cases where Pz # P are deferred to
Sec. VIIL

Considering Eq. (2) for now, a natural question is whether
the knowledge of py = P(X = 0) results in an improved
bound for TURs. In this work, we answer that in the affir-
mative. Our main result is, with both py and (X) available,
the bounds of Eq. (2) are replaced by

'ar(¢) 1 <E) Po
> + = >, . (3
(p)? 1—P0f<1—p0) 1— o SUZ), po)- (3)

These new bounds are tighter than those in Eq. (2) for nonzero
po. The knowledge of null-entropy events imposes stricter
limits on the possible fluctuations of thermodynamic currents.
Remarkably, this improvement in the TUR bound applies to
both classical and quantum systems, provided they satisfy the
fluctuation theorem given in Eq. (1).

This paper is organized as follows. We begin with a mini-
mal toy model in Sec. II to illustrate the properties of py and
establish its relation to fluctuations. By utilizing the knowl-
edge of pg, we discuss a modified fluctuation theorem in
Sec. III and derive new bounds on TURs in Sec. IV. We
identify null-entropy events in a bipartite quantum system
subjected to a two-point measurement scheme in Sec. V.
The improvements to TUR bounds are demonstrated with a
qudit SWAP engine example in Sec. VI. We briefly mention
extensions to asymmetric versions of TURs in Sec. VII, and
we conclude with a discussion in Sec. VIII.

II. MINIMAL EXAMPLE MODEL FOR BOUNDS
ON NULL-ENTROPY EVENTS

To motivate the importance of null-entropy events, we
consider a minimal toy model in which the system can
produce some positive entropy (X = +o) with probability
P+, consume said entropy (X = —o) with probability p_,
or do nothing (¥ = 0) with probability pg. The fluctuation
theorem from Eq. (1) implies p_ = pre™°. Together with
normalization, we have

po+pi(l+e?)=1 “4)

bo

FIG. 1. (a) Average entropy production (¥) and (b) noise-to-
signal ratio Var(X)/(X)? for the minimal model discussed in Sec. II
[Egs. (5) and (6)]. The quantities are plotted as a function of the
null-entropy probability p, for different values of o, as shown in
(a). Significant fluctuations arise precisely in regimes dominated by
null-entropy events. Inset of (b): the functions [tanh?(c/2) — 1]~
(solid black) and [tanh?(o/2)]~! (orange dashed).

The average entropy production is (¥) = p,o(l —e 7).
Combined with Eq. (4), this implies that

(2) = (1 — po) tanh (%) (5)
In principle, pg, p+, p—, and o are all the independent
variables necessary to fully determine the statistics of entropy
production X. However, on account of normalization and
the fluctuation theorem, only two independent parameters
are sufficient: o, which represents the magnitude of entropy
change during active events, and py, the probability associated
with null-entropy events. These not only uniquely determine
the average entropy production, as shown in Eq. (5), but they
also govern the fluctuations since (¥?) =o?(p. +p_) =
o2(1 — py). Consequently, the noise-to-signal ratio (NSR)
reads

Var(£) 1 1 .
()2 (1 - po) tanh?(0/2)

(6)

Equations (5) and (6) are plotted in Fig. 1 as a function of
po for different values of . When null-entropy events are rare
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(po < 1), the NSR is approximately
Var(X) - 1 )
()2 7 tanh®*(0/2)

This is plotted in black in the inset of Fig. 1(b) demonstrating
that, in this regime, fluctuations are substantial only for pro-
cesses with minimal entropy production. In the opposite limit,
as po =~ 1, where null-entropy events are frequent, the NSR
(6) diverges for any o. This divergence scales as 1/(1 — po)
and indicates a universal amplification of relative fluctuations
when reversible-like trajectories dominate, independent of the
typical entropy production. The corresponding prefactor is
now only 1/ tanh? (o /2), which is now lower-bounded (shown
in orange in the inset), so that fluctuations never vanish. Be-
cause this is a consequence of the fluctuation theorem itself,
this observation remains insensitive to microscopic details. In
essence, fluctuations are directly linked to the frequency of
null-entropy events, irrespective of the model.

)

III. MODIFIED FLUCTUATION THEOREM

We now reconsider the general fluctuation theorem (1),
described in terms of the joint probability P(%, ¢) of the en-
tropy production and some generic thermodynamic current ¢.
Without loss of generality, we assume null-entropy events to
satisfy both ¥ = 0 and ¢ = 0, and we denote the correspond-
ing probability by pg; any thermodynamic current can be
redefined to vanish when ¥ = 0. From Eq. (1), null-entropy
events occur with equal probability in forward and backward
processes, P(0, 0) = Pg(0, 0) = po.

Given a certain process characterized by a probability dis-
tribution P(X, ¢), we now examine an alternative, fictitious
process, which excludes the null-entropy events but is oth-
erwise identical to the original. Specifically, for py # 0, we
consider a process characterized by a distribution P(%, ¢) that
satisfies P(0, 0) = 0 and

P(Z, )= P(Z,$)/(1 — po), (8)

where the factor 1 — p ensures that P remains normalized.
We identically define a corresponding backward process char-
acterized by Pg. Rewriting the fluctuation theorem (1) for this
modified process then yields

Pz ¢) _ s
P(=X%, -¢)
This shows that the hypothetical process described by the aux-
iliary distribution P also obeys the same fluctuation theorem.
A property we shall repeatedly employ is that for any

function g(X, ¢), expectation values can be decomposed as
follows:

(8(2, #)) = pog(0,0) + (1 — po)(8(E, )", (10)

where (- - - )™ is an expectation over the modified process char-
acterized by the distribution P. Particularly, for calculating the
moments of ¥ and ¢, the first term vanishes as g(0, 0) = 0,
and we are simply left with

(8(X, 9)) = (1 — po)(e(Z. ). (1)

On the other hand, for the integral fluctuation theorem
(e"%) =1, which is the Jarzynski equality derived from the

€))

detailed fluctuation theorem in Eq. (1), we find
L= (%) =po+(1—po)e ™). (12)

It then follows that the process characterized by P also satis-
fies the Jarzynski equality:

=1 — (e =1, (13)

which, of course, is consistent with Eq. (9).

IV. MODIFIED BOUNDS FOR TUR

We proceed now to the TURs in Eq. (2), where f((X))
is a monotonically decreasing function in (X). Isolating the
null-entropy contributions, we rewrite the noise-to-signal ratio
of any thermodynamic current using Eq. (10) as

Var(¢) _ ™ 1 Var(¢)”
(9)? l—po 1—po (¥y2

By the non-negativity of the variance, Var(¢)~ > 0, it imme-
diately follows that

-1
var(@) o =<L_1> . (15)
@2 ~ 1-po  \po

This is precisely the bound introduced by Hasegawa in
Ref. [36]. Notably, it illustrates how pgy places fundamental
constraints on the fluctuations of finite-time processes.

The bound can be further sharpened by noting that the
fictitious process P also obeys its own TURs due to fluctuation
relations in Eq. (9),

Var(¢)~
(@)
Plugging this into Eq. (14) then leads to our main result pre-

sented in Eq. (3). The resulting bound retains the form of the
original TUR, but with a different right-hand-side function:

(14)

)y
>f((2>w)=f<<_—;o>~ (16)

1

1 )
F(D). po) = A2 2 gy
1—po” \'1—po 1 —po

It represents a modified bound for finite processes that
incorporates both the average entropy production and the null-
entropy probability. It is thus tighter than both the original
TURs (2) and the Hasegawa bound (15).

To illustrate this result, we focus on the particular choice

fUE)) = cseh’[g((T)/2)],  g7'(x) = xtanh(x).  (18)

This bound, termed TUR-de-force in Ref. [33], was shown
to be the tightest (and saturable) among all bounds that (i)
satisfy an exchange fluctuation theorem and (ii) depend only
on (X) on the right-hand side. In Fig. 2, we plot Eq. (17) as a
function of (X) for different values of pg. In the limit py — 0,
we recover the usual TUR since Eq. (17) satisfies

SUZ),0) = f({Z)). (19)
For py # 0, however, we obtain
SUZ), po) = fF(Z)),  Vpo. (20

The difference thus quantifies the extent to which knowledge
of po tightens the fluctuations. This result is not specific to
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FIG. 2. Modified TUR-de-force bounds from Egs. (17) and (18)
shown for different values of the probability p, associated with zero
integrated current and entropy production. The bound gets tighter as
Po increases.

TUR-de-force, but it also holds for

2

(=) = EEER (21)
another bound derived from the fluctuation relations [32].
Remarkably, this was the same bound found in a discrete time-
symmetric setting [37]. By direct inspection for the bounds
considered here, 9 f({(X), po)/dpo = 0 for all py € [0, 1). In
fact, for any non-negative function f({X)) that monotonically
decreases with (X) and satisfies d[(X) f({(X))]/0(Z) > —1,
the corresponding function f((X), pg) defined in Eq. (17)
increases monotonically in py at fixed (X). Consequently,
for such functions, the knowledge of py can only tighten the
bound. On the other hand, if the precision is known, this fact
can be used to establish an upper bound for py.

The improved bound can also be understood in light of
the probabilistic structure presented in Sec. II. There, the
entropy production statistics are represented by a three-point
distribution {—o, 0, o}, in which the null-entropy probability
po being nonzero introduces an additional support point ab-
sent in a purely two-point setting. The nonzero contributions
% # 0 retain the same two-point structure at +o for which
the optimal distribution minimizing the variance at fixed (%)
was first identified in Ref. [33]. This distinction clarifies why
the presence of null-entropy events enables a strictly tighter
TUR than is possible in the conventional two-point case.

It is worth considering the implications to the thermody-
namic uncertainty theorem (TUT) [35], which follows from
the fluctuation theorem (1) when Pg = P. The TUT captures
the contribution to precision from higher moments of ¥ by
replacing the right-hand side in Eq. (2) from f((X)) with
the average of a function of entropy production, i.e., {f(X)).
Specifically, it states

Var(¢) S 1
(#)> ~ (tanh(%/2))

Crucially, this formulation does not lend itself to any
changes with the incorporation of newly acquired knowl-
edge of pg. To see this, we apply TUT to the auxiliary
distribution P, yielding Var(¢)~/{(¢)~? > 1/(tanh(X/2))~ —

~1. (22)

1. Now, substituting this in Eq. (14) and recognizing (1 —
po){tanh(X/2))~ = (tanh(X/2)), the bound reduces to the
original expression (22).

V. NULL-ENTROPY EVENTS IN A TWO-POINT
MEASUREMENT SCHEME

To provide some intuition for what null-entropy events
physically mean, we consider a scenario involving work and
heat exchange in a bipartite system undergoing unitary dy-
namics. We use the two-point measurement (TPM) protocol
[7,8,38] to analyze the trajectory-level statistics of two quan-
tum systems A and B, prepared in their own thermal states
and driven by a time-dependent drive. The Hamiltonian dur-
ing the protocol is H(t) = H(t) + Hp(t) + V(¢), where V (¢)
describes their interaction. For simplicity, we assume that V (¢)
vanishes at the beginning and end of the protocol, so the initial
and final Hamiltonians read

H; = Hy(0) + Hp(0), Hy = Hy(7) + Hp(7). (23)

At t =0, the joint system is initialized in the product
state pg = p' ® pf, where p = ¢=#H©) /7, (0) are thermal
states at inverse temperatures S, and Z,(0) = tr{e~Patla (0
for @ = {A, B}. Let Hy(¢)|io(¢)) = E; (t)]iy(¢)) denote the in-
stantaneous eigenstates of the local Hamiltonians. The TPM
scheme starts with a local projective energy measurement
on the joint system basis [i(0)) = |i4(0), ig(0)). The system
then evolves unitarily under the Hamiltonian H(¢) for du-
ration t, which can be represented by a unitary U(t, 0) =
T expl for dt H(t)], where 7T is the time-ordering operator. At
time T, we again measure the system which yields |f(7)) =
|fa(t), fe(7)). The change in energy of each subsystem, at the
stochastic level, is then AE, = E; (1) — E;, (0).

We shall now define the thermodynamic variables of
interest—heat (Q,), work (W), and entropy production (X)—
for each stochastic trajectory as follows:

Oy = —AE,, W = ZAEO[, T = Zﬂa(AEa — AF,),
o o (24)

where AF, = —ﬁa" log[Z,(7)/Z,(0)] is the difference in
equilibrium free energy of each system. According to the
TPM protocol, the distribution for entropy production is

P(E) =Y pM {f(OIU(x, 0)]i(0))*
if

x 3[2 = Bu(AE, — AFa):|, (25)

where p" = p"p". where each term is given by

P = e P /7,(0) as the probability of measuring the
eigenstate |i,(0)). For convenience, we display §(a — b) to
represent the Kronecker delta §,,. Distributions of other
thermodynamic quantities can be obtained similarly by
replacing the argument of the § function in Eq. (25) with
the appropriate combination of energy changes, such as
in Eq. (24). Hence, this procedure naturally extends to
joint distributions, such as P(Q,, W), and more general
multivariable cases.
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FIG. 3. (a)—(c) Analysis of fluctuations in heat extracted for a qudit SWAP engine. (a) Schematic of a d-level qudit SWAP engine. Two
equally spaced d-level qudits act as the working medium and are connected to a hot and cold reservoir. Qudits initiate in a thermalized state,
after which a SWAP unitary extracts work from them, ending the cycle with rethermalization. Fluctuations in the SWAP engine (solid red),
and TUR-de-force bounds with (dashed blue) and without (dot-dashed green) the knowledge of null-entropy values py [Egs. (17)—(19)], are
presented for (b) qubits with d = 2, and (c) qutrits with d = 3. The null-entropy values are particularly useful for qubits, as they directly
determine the variance, whereas for qutrits, they serve as a means to enhance existing bounds. These plots assume values 84 = 1, B = 2.

We now define the following dephasing superoperator,
acting on an arbitrary operator O as

Dx(0) = Z 110 @) O | f () (f ()]
if

x B[Z Bo(AE, — AFa)i|. (26)

This operator D projects out the off-diagonal elements
of O between subspaces with nonzero entropy production.
The probability that a trajectory produces no entropy, i.e.,
po = P(X = 0), is then given by

po = tr{Ds(UNU plf' o'} 27)

This result connects null-entropy events to the overlap be-
tween a forward unitary U and the dephased version of its
backward unitary U. For a reversible process, Dy (U') = U
and pg = 1.

Equation (27) shows that null-entropy events are linked
specifically to the energetic coherences generated by the
unitary. However, only those coherences connecting the sub-
spaces with different entropy production are relevant. The
interpretation simplifies when the initial and final Hamiltoni-
ans coincide: the systems are driven out of equilibrium, but
their Hamiltonians return to their original form at the end
of the protocol, so AF, =0 and |f(r)) = |f(0)) rendering
initial and final bases the same. The only constraint left in the
dephasing map (26) is (B4 AEs + B AEpR).

If B4 = B, the null-entropy events satisfy AE4 +
AEp = 0. The dephasing occurs only within the energetic co-
herence of H4(0) + Hp(0), so that only degenerate subspaces
are preserved. For B4 # Bp, the constraint typically enforces
AE4 =0 = AEp. While there can be suitably engineered
cases with AE, # 0 but still Za BoAE, = 0, these vanish
under arbitrarily small changes of B,. Thus, null-entropy
events correspond to no energy change in either system indi-
vidually. The dephasing map then factorizes into independent
dephasings in the eigenbases of H,(0) and Hg(0), removing
coherences even within degenerate subspaces.

VI. EXAMPLE: SWAP ENGINE

Motivated by the result from Sec. V, we utilize the TPM
framework in a two-qudit SWAP engine [39] to illustrate
the improvements to precision. A paradigmatic model of a
quantum thermal machine is provided by a simpler two-qubit
version in Refs. [33,40]. The engine operates through repeated
unitary interactions involving two d-level qudits, denoted A
and B, which serve as the working medium [see Fig. 3(a)].
Qudits A and B, with level spacings A4 and Agp, couple,
respectively, to a hot reservoir at inverse temperature 84 and
a cold reservoir at Bz. Both qudits are assumed to have uni-
form level spacings so that their free Hamiltonian appears as
Hy = Ay Y0~ mlm)(m| fora = {A, B). We fix i =1, Ay >
Ap, and B4 < Bp without loss of generality.

Each engine cycle proceeds in two steps: (i) a reset
step, where each qudit of the working medium is brought
into contact with their corresponding reservoir and in-
stantaneously thermalized to the corresponding Gibbs state
o = ¢=Pella j7,, where Z, = tr{e P«H«}; and (ii) a unitary
interaction step, where the two qudits undergo a SWAP op-
eratiodn 1described by the unitary in the computational basis
(m)},

d—1
Uswap = Y [n){m| @ m)(n]. (28)

n,m=0

This operation exchanges the energy of the qudits, resetting
them to their new equilibrium states determined by their
respective baths. A sequential implementation of these two
strokes repeatedly facilitates the operation of this thermal
machine. For each cycle, the heat released by the hot bath
relates to the energy change in qudit A, Q4 = —AE,, and
similarly Qp = —AEp is released into the cold reservoir.
The work from the unitary interaction is then W = —(Q4 +
0p) = AE4 + AEg. The entropy production per cycle follows
Y = —Ba04 — Bp0Op. The joint probability P(X, Q4, W) was
computed analytically in Ref. [39] for arbitrary dimension d.
Naturally, it satisfies the exchange fluctuation theorem

P(_Ev _QAs _W) — e_z
P(%, 04, W) '

(29)
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Here, we focus on the mean and variance of Q4. Let Céd) =
d coth(dByAy/2), and adopt the notation C, = C{"”. Then
from Ref. [39],

A
0 = 56— = (G- ")) (302
_ A_%« 2 _ 2 2 _
Var(Q4) = =2[d”> = 1+ C; + C; — C,Cy

—d(C, — Cp)(CP — ) — d*cPcyh).
(30b)

The average work extracted and entropy produced in each
cycle are simply
_ Ap— Ay

(W) A

(Qa). 3D

(X) = (Bg — Ba)(Qa) + Bp(W). (32)

The null-entropy probability for this example follows from
Eq. (27). For an initial state |i) = |n, m) and final state |f) =
|n', m'), the dephasing map (26) that disconnects null-entropy
subspace from others takes the form

d—1
Ds(0) =Y |n, m){n, m|Oln',m') (0, m|
X S(En/’\ - EnA) 8(Em/§ - EmA)~ (33)

For U;WAP available from Eq. (28), the action of the dephasing
map appears simply as
-1

D5 (Udyap) = Y In, n)(n, nl, (34)
n=0

which decoheres all off-diagonal elements. Since both qudits
begin in their thermal states, we have

d=l _npyAs ,—nPphp
(d) e e
= : (35)
’ n=0 ZA ZB

The simplest case of d =2 recovers a qubit SWAP en-
gine. Upon fixing the average entropy produced, this example
is reminiscent of the minimal model discussed in Sec. II.
Estimating the variance for such an example requires three in-
dependent quantities represented in Var(Qs) = %%(1 — po) —
(£)2. As noted in Eq. (29), since this satisfies the exchange
fluctuation theorem, we can apply the TUR-de-force from
Eq. (18) as the tightest version of TUR. Reference [33]
presented an approach to optimize variance, and thereby
TUR bounds, by considering only two support points: the
entropy production per event, X, and the average entropy
produced, (¥). Introducing an additional independent sup-
port, po, should align precisely with the variance, thereby
saturating the bound. This behavior is clearly demonstrated
in our example, as shown in Fig. 3(b), where the variance and
previously established bounds are compared.

Extending this to higher dimensions is straightforward. For
d = 3, atighter TUR is established from Eq. (3). In Fig. 3(c),
we plot the variance, TUR-de-force, and our modified version
with pg against the energy spacing ratio of the qutrits. Across

the parameter ranges, the new bound proves to be consistently
tighter than the TUR-de-force. The tightness of the new bound
depends on the relative magnitude of pgy, which is plotted on
the second y-axis in Fig. 3(c). A larger py improves the bound,
as evidenced by the decreasing gap between the variance and
the new bound as py increases. Such observations can also be
made for any higher d (see Appendix A).

VII. EXTENSIONS TO ASYMMETRIC TURs

We now address processes that lack a time-reversal sym-
metry, resulting in Pz # P. This distinction between forward
and backward processes is particularly relevant in the pres-
ence of measurement and feedback. Indeed, such processes
exhibit a different constraint on the noise-to-signal ratio from
the one prescribed in Eq. (2). This missing connection was
first established by Potts and Samuelsson in Ref. [41] as

Var(¢) + Var(@)s _ [exp <<2> + <2>B> _ 1}1 36)
(@) + @) 2 ’

where (---)p and Var(---)p denote the mean and variance
of thermodynamic current in the backward process. Conse-
quently, the signal-to-noise ratio in a given measurement can
become arbitrarily large as long as the corresponding back-
ward process compensates for it. Such efforts to extend TUR
to asymmetric processes were further advanced in Ref. [42] to
establish a family of TUR-like relations, which follow from
the fluctuation theorem of the form given in Eq. (1). This
result allowed signal-to-noise ratios for a convex combination
of forward and backward processes such that

aVar(¢) + (1 — a)Var(¢), - a2[1 B ;i|l
(@) + (¢)p)? ~ (%)
for 0 < @ < 1 and a function of entropy production, w(X) =
(A —a+ae =N,
In addition to the forward and backward processes being

asymmetric, if one also has access to py, the Potts-Samuelsson
TUR is modified (see Appendix B) to

(37)

Var(@) + Var(@)y _ ] exp<<2>+<2>3) nh
(@) + (¢)s]*  ~ 1—po 2(1 — po)

Po ()2 + ()2

1 — po () + (d) 517

The above expression is consistent with the existing bound
from Eq. (36) when py = 0. On the right-hand side, while the
first term captures the role of dissipation, the second term can
be seen as a correction purely due to the asymmetry in forward
and backward probability distributions. Since e¢* — 1 = x for
small x, we have the following for small total dissipation:
Var(@)+Var(@)p . 2 po 9+ (9);
) +(P)s]* T (X)+(Z)g 1 —pol(e) + (#)]*

Consider the dimensionless factor in the last term,

@)+ (9)2
[(p) + (¢)s]2

whose range depends on the sign of the product (¢)(¢®)s.
For (¢)(¢)p > 0, the Cauchy-Schwarz inequality gives 1/2 <

(38)

R

(39)
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R < 1,withR = 1/2 when (¢) = {¢)p and R = 1 when either
term vanishes. If (@), (¢)p < 0, then R > 1. In the first case,
the last term in Eq. (38) is bounded above by py/(1 — po);
in the second, it is bounded below by the same expression.
Remarkably, this value is the same as the last term in Eq. (17).

VIII. DISCUSSIONS AND CONCLUSIONS

The improvements to the thermodynamic uncertainty rela-
tion derived here introduces a new perspective on precision
and dissipation tradeoffs by explicitly accounting for null-
entropy events, i.e., transitions that preserve the informational
state of the system. Leveraging this information, our central
result shows that when the probability of such events py > 0,
the conventional TUR bounds can be substantially tightened
for any system that obeys the fluctuation theorem, revealing
a special structure between thermodynamic cost and preci-
sion. Previous extensions of the TUR have primarily targeted
multiple currents or quantum formulations. Our approach sup-
plements them because we decompose the trajectories into
two subensembles: “active” and “null.” Crucially, we obtain
an analytically transparent bound that smoothly reduces to
the conventional TURs as py — 0. Our analysis also encom-
passes processes that lack symmetry in forward and backward
dynamics.

It would be misleading to dismiss the probability of null-
entropy events pg as merely another point in the full spectrum
of entropy distribution. Physically, these events do not con-
tribute to dissipation, making them fundamentally different
from other values. Furthermore, they introduce a special sym-
metry in the statistics of entropy production since py is the
only point where the forward and backward distributions
necessarily coincide, regardless of the process. These obser-
vations explain why py is unique; the statistical properties of
entropy production exhibit features that are consistent whether
or not these null-entropy events are included.

Our derivation relies on a strict separation of trajectories
into zero and nonzero entropy increments; for processes with
continuously distributed entropy changes, this dichotomy may
appear less sharp. Moreover, experimental limitations such as
instrumental noise can obscure true null events, compromising
the practical value of py. Nevertheless, the framework re-
mains highly applicable to systems where entropy changes are
predominantly discrete.

This work contributes to the understanding that TURs not
only represent fundamental limits, but they could also re-
veal structured tradeoffs between precision and dissipation
in stochastic processes. The incorporation of null-entropy
statistics opens new avenues for thermodynamic inference
in intermittent systems. Extending these conceptual frame-
works to address quantum jump processes represents a key
direction in which to gain special insights into microscopic
machines. It would be especially interesting to explore the
interplay between null-entropy events and information flows
in feedback-controlled devices. Specifically, the question of
whether feedback protocols can be designed to selectively am-
plify null-entropy trajectories for enhancing reversible work
extraction while minimizing dissipation remains a topic for
future research.
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APPENDIX A: QUDIT SWAP ENGINE
FOR HIGHER DIMENSIONS

A similar analysis can be performed for qudits of higher
dimensions (see Fig. 4). In general, the expression for pg in a
SWAP engine [Eq. (35)] can be simplified to

) (1- e—ﬂAAA)(l _ e—ﬂBAB)
Po = 1 — e~ (Bala+BsAB)

1 — ¢~ 9(BaAa+BsA8)

x (1 — e*dﬁAAA)(l — e*dﬂﬂAB)' (Al)

Thus, the range of pgd) € [1/d, 1). A global minimum of 1/d
is reached in the high-temperature limit as B4, fp < 1. For
low-temperatures S4, B > 1, it approaches the upper bound
of 1 as expected. For fixed level spacings and temperatures,
pf)d) strictly decreases with d. Subsequently, it saturates in the
large-d limit to

(1— e—ﬂAAA)(l _ e—ﬁBAB)

(d—o00) __
Po - 1 — e Bada—BpAs : (A2)

This follows because, as the number of levels in each qudit
grows, the null-entropy transfer events become increasingly
rare. Consequently, the identification of null-entropy events
enhances the precision to its utmost extent for qubits, while
the magnitude of improvement diminishes as the dimensions
increase.

APPENDIX B: DERIVATION OF MODIFIED
ASYMMETRIC TURs

From the discussion in Sec. III, it is clear that nonzero
entropy and current variables with the distribution P obey
their own fluctuation theorem [see Eq. (9)], which leads to
a TUR of the following general form [42]:

aVar(¢)” + (1 — a)Var(¢)y
(o)~ + (#)p)?
Recall that (- - - )™ and Var(- - - )™ represent the mean and vari-
ance over the auxiliary distribution P. The notations without
~ represent the actual distribution P.
We would like to rewrite the above equation for the original

process characterized by P. To that end, we make use of the
following substitutions obtained from Eq. (10):

(@) =1 —=po)e)”,
Var(¢) = (1 = po)Var(é)™ + po(1 — po)(¢) .

2 Fo[(Go(2))7].

(BI)

(B2a)
(B2b)
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FIG. 4. Extending the analysis done for the heat fluctuations in the qudit SWAP engine (see Fig. 3) with (a)d =4, (b)d =5, (c) d = 6,
(d) d = 8. Across all dimensions, the TUR bound tightens by supplying the null-entropy probability p,. The extent to which p, varies is also
plotted (by a dashed light blue line). These plots also assume the same parameters as in Fig. 3.

It then follows that
aVar(¢) + (1 — a)Var(¢)p = (1 — pp)laVar(e)™ + (1 — a)Var(@)z 1+ po(1 — po)le(p)™? + (1 —a)(¢)3?],  (B3)
> (1= po)((#)~ + (9)5 )V Ful(Ga(2)) 1+ po(l — po)[e()™> + (1 —a)(¢)3%].  (B4)

The inequality in the second line follows from Eq. (B1). Now, we shall eliminate the reference to auxiliary distribution using the
simplifications from Eq. (B2):

1
(1= po){P)™ + (P)5)* = 1_—po<<¢>> + (#)p)7, (B5a)
po(l = po)(a(®)™? + (1 — a)(p)?) = lf—‘;m(aw)z + (1 —a)($)3). (B5b)
F,[(GL(2)] = Fa[«}"(zi) _;OG"(O)}. (B5¢)
— M0

Substituting the above equations into Eq. (B1) results in the modified asymmetric TURs specifying the contributions from pg
explicitly,

Po (9) + (#)5) . [ (Ga(E)) — poGa(0)
aVar(¢) + (1 — a)Var(¢); > (@(@)® + (1 —a)(@)3) + P—F, ., (BO)
1 —po 1 —po 1 —po
where F, and G, are functions of the average entropy production.
1. Modifications to the Potts-Samuelsson bound
To obtain the Potts-Samuelsson’s symmetric TUR bound given in Eq. (36), choose @ = 1/2, and notice that
- (@) + (@) -
Fipl(Gia(2) 7] = [2 exp (%) - 1} : (B7)
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This leads to the identification Fj»(x) = [2(e* — 1)]~". To recognize G, 2(x), consider

)~ pIIy )T 4 (=Xe E)” (1 —e D)\~
<>+<>B:<>+<e>:<<e)>' .
2 2
This implies G1/2(x) = x(1 — €*)/2. Hence, the bound from Eq. (B6) assumes the form mentioned in Eq. (38):
((¢) + (¢)5) () + (%) -
Var(@) + Var(@s > —L2— (g + (¢)3) + WLE @Y o (2RI (BY)
1 —po 1 —po 2(1 = po)
2. Modifications to Timpanaro bounds
A similar procedure to that mentioned above for a family of bounds from Ref. [42] [see Eq. (37)] yields
’ 1 1—e™
FX)=a " +al-—-1), Gx)=—""7—, (B10)
X l—a+ae™

which can be substituted in Eq. (B6) to obtain new bounds with py.
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