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Feedback control in open quantum dynamics is crucial for the advancement of various coherent
platforms. However, currently only a handful of feedback master equations exist in the literature, which are
restricted to specific types of feedback. In this letter we first introduce a unifying framework, based on a
single general equation, that describes all possible feedback schemes in sequentially (and continuously)
measured systems, and from which all previous results follow. Next, we specialize it to the case of quantum
jumps and introduce a new type of feedback based on the channel of the last detected jump, as well as the
time elapsed since it occurred. Our description is experimentally grounded, and naturally allows for the
introduction of realistic effects, such as time-delays in the feedback loop. We illustrate our results with two
time-dependent feedback protocols conditioned on quantum-jump detections: one achieving population
inversion of a two-level system against a thermal bath, and another enabling real-time reversal of quantum
transitions, both admitting steady-state solutions.
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Introduction—Feedback refers to the process of dynami-
cally controlling a system based on previous detection out-
comes (see Fig. 1). It plays a central role across quantum
coherent platforms, including coolingprotocols [1–10], quan-
tum error correction [11,12], entanglement generation [13],
thermodynamics [14–16], transport [17], control [18–20], and
quantum batteries [21]. It has enabled experimental realiza-
tions of Maxwell’s demon in the quantum regime [22–24],
motivating generalized formulations of the second law that
incorporate feedback[25–27]andunderscoringits importance
in both theory and experiment.
The theoretical description of feedback in open quantum

systems is nontrivial. Only a limited set of feedback master
equations has been derived [11,28–32], typically restricted
to specific measurements and feedback schemes. For
example, Ref. [29] considers weak Gaussian measurements
[33] with low-pass filtering, while Ref. [30] employs
feedback based on homodyne outcomes. Consequently,
realistic feedback protocols often rely on stochastic differ-
ential equations [34–41], which are noisy, computationally
demanding, and lacking in physical insights. In contrast,
feedback master equations often yield analytical results
valid across broad parameter ranges, revealing parameter
dependencies and universal features.
The lack of feedback equations is dire for protocols

based on quantum jumps, which are central to many
experiments, from optical cavities [42,43] to quantum dots
[44,45], where jumps can be detected in real time. One of

the few available results is Ref. [31], which implements the
following protocol: upon detection of a quantum jump, an
instantaneous quantum channel (e.g., a pulse) is applied.
However, this framework does not capture many relevant
scenarios, such as applying a coherent drive for a finite
duration or transiently modifying system parameters after a
jump. These protocols have been implemented in quantum-
dot experiments, where jumps are monitored via a quantum
point contact [44,45], although a corresponding feedback
equation is still unavailable [46].
In this Letter, we fill this gap by introducing a general

framework for sequential feedback protocols that provides
analytical treatments in previously inaccessible regimes, all
derived from a single equation (Result 1). In Supplemental
Material [48], we recover all previously known feedback
equations as special cases of Result 1. As our second main
result, we specialize this framework to quantum jumps and
derive a new class of feedback that is based on both the
channel of the last jump, as well as the time elapsed since

FIG. 1. General feedback diagram. A detection outcome is
stored in memory and used in a feedback action that can modify
the system dynamics (e.g., the Hamiltonian H), the environment
(e.g., bath temperature), or the measurement process itself.
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the last jump (Result 2). This is motivated by recent
experiments, such as in quantum dot devices.
We apply our framework to two time-dependent feed-

back protocols conditioned on quantum-jump detections:
(i) population inversion of a qubit coupled to a thermal
bath, and (ii) real-time reversal of quantum transitions.
These experimentally relevant schemes [42–45] lie beyond
the scope of previous deterministic feedback formulations
[29–32]. Further developments and applications of this
framework are presented in follow-up works [49,50].
Memory and data processing—Feedback can be

described in terms of the diagram in Fig. 1. A system is
sequentially measured, yielding a string of random out-
comes ðx1; x2;…; xn;…Þ, where xi is the outcome at the
discrete time ti (the continuous-time version can be
obtained as a limit [51]). The feedback protocol consists
of a set of possible actions, which can be applied to the
system, and which are chosen based on the observed data.
This could be, e.g., applying a laser drive, or changing a
gate voltage. The key aspects that define the protocol are
(i) the type of measurement (projective, diffusive, quantum
jumps, etc.); and (ii) what data is actually being used to
construct the feedback actions. The latter is particularly
nontrivial. At step n, the data available is in principle the
full set x1∶n ≡ ðx1; x2;…; xnÞ, but not all of it might
actually be needed.
A general approach stores part or all of the past

measurement record in a memory, denoted here by yn.
Hence, the memory is a function of the previous outcomes,
yn ¼ ynðx1∶nÞ, and may represent either the full dataset,
yn ¼ ðx1; x2;…; xnÞ, or a compressed version of it. Adding
a memory requires an additional data processing step,
where the new value yn is updated according to some
function yn ¼ fnðxn; yn−1Þ, that depends on the latest
outcome xn, as well as the past memory value yn−1.
With an appropriate choice of data-processing function
fn, one can describe all possible feedback schemes.
For instance, the simplest feedback scheme uses only the

latest outcome xn [30,31], with the data-processing func-
tion fnðxn; yn−1Þ ¼ xn, corresponding to a compression
that discards all previous outcomes. At the opposite
extreme, one may retain the entire record ðx1;…; xnÞ using
fnðxn; yn−1Þ ¼ appendðyn−1; xnÞ, where each new outcome
is appended to the memory, and no compression is applied.
Furthermore, feedback schemes can depend on summary
statistics of the record ðx1;…; xnÞ, such as the sample mean
[32], yn ¼ ðx1 þ � � � þ xnÞ=n, with the update function
fnðxn; yn−1Þ ¼ ðxn þ ðn − 1Þyn−1Þ=n. Additional exam-
ples of data-processing functions are given in [48].
Sequential measurements—A general description of

sequentially measured systems is given in terms of instru-
ments fMxg, i.e., trace nonincreasing maps associated
with outcome x, such that

P
x Mx defines a quantum

channel [52]. For a state ρ, the probability of outcome x is
TrðMxρÞ, and the postdetection state is Mxρ=TrðMxρÞ.

Instruments capture both the system dynamics and the
measurement process, providing a unified framework for
phenomena ranging from projective measurements to
quantum jump detections. For example, consider a system
measured at regular intervals δt > 0 with Kraus operators
fVxg, and intermediate dynamic evolution given by
ρðtþ δtÞ ¼ ΛδtρðtÞ. The corresponding instrument
is Mxρ ¼ Vx½ΛδtðρÞ�V†

x.
The most general feedback mechanism consists of

dynamically modifying the instrument Mxnþ1
at each time

step tnþ1, based on the memory yn stored at that step (see
Fig. 2). The stochastic dynamics in the presence of feed-
back is therefore described by the following rules

Pðxnþ1jx1∶nÞ ¼ Tr½Mxnþ1
ðynÞρx1∶n �;

ρx1∶nþ1
¼ Mxnþ1

ðynÞρx1∶n
Pðxnþ1jx1∶nÞ

; ð1Þ

where ρx1∶n denotes the state conditioned on the data-
set x1∶n.
Our goal is to derive a deterministic equation governing

the time evolution of a general feedback protocol. To do
that we define the memory-resolved state [29,32] (also
called hybrid state [28,53–56]) as ϱnðyÞ ¼ E½ρx1∶nδy;yn �,
where E½·� denotes the average over trajectories, and δy;yn is
the Kronecker delta. The trace of this state gives the
distribution of the memory function yn, Tr½ϱnðyÞ� ¼
Pðyn ¼ yÞ, while the marginalization over all realizations
of yn yields the unconditional state of the system,P

y ϱnðyÞ ¼ ρ̄n. Notice that ρx1∶n is a stochastic (condi-
tional) state, but ϱnðyÞ is deterministic. Our first main
result is:
Result 1—If an instrument fMxðyÞg depends only on a

causal memory function yn ¼ fnðxn; yn−1Þ, the correspond-
ing memory-resolved state ϱnðyÞ evolves according to the
deterministic equation

ϱnþ1ðyÞ ¼
X
x0;y0

δy;fnþ1ðx0;y0ÞMx0 ðy0Þϱnðy0Þ; ð2Þ

FIG. 2. Conditional evolution under feedback. The instruments
Mx describe both the system dynamics and the measurement
process at each step. The quantities ρx1∶n and yn denote,
respectively, the system state and memory after n detections
given the dataset ðx1;…; xnÞ. Feedback is implemented by using
the memory yn to modify the instrument, while the measure-
ment yields the outcome xnþ1 and updates the memory as
ynþ1 ¼ fðxnþ1; ynÞ.
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where the sum runs over all possible outcomes x0 and all
possible realizations y0 of yn.
The proof can be found in [48]. Since ϱnðyÞ is resolved in

y, the state at stepnþ 1 should be just a sumover all possible
trajectories consistent with the constraint yn ¼ fnðxn; yn−1Þ.
Result 1 provides a single, general equation for any feedback
scheme in sequentiallymeasured systems, and all previously
known feedback equations [29–32] are recovered as special
cases [48]. In the remainder of the paper, we employ this
framework to derive a new class of feedback strategies based
on quantum jump detections.
Quantum jumps—We consider a system that is described

by the quantum master equation

∂tρt ¼ Lρ ¼ −i½H; ρt� þ
X
k

LkρtL
†
k −

1

2
fL†

kLk; ρtg; ð3Þ

with HamiltonianH and jump operatorsLk. We assume that
there is a subset of quantum jumps k∈Σ, which can be
experimentally monitored.Within the quantum jump unrav-
elling, this means that the dynamics for an infinitesimal step
δt can be decomposed into a set of instruments [57]

M0ρ ¼ ð1þ δtL0Þρ; ð4Þ

Mkρ ¼ δtJ kρ; ð5Þ

where J kρ ¼ LkρL
†
k, L0 ¼ L −

P
k∈Σ J k. At the stochas-

tic level, the outcome at step tn ¼ nδt is either xn ¼ 0 (no
jump) or xn ¼ k for a jump of type k. Our goal is to introduce
feedback schemes that allow for both theHamiltonianH, and
the jumpoperators, to bemodified in real time basedon these
measurements.
We consider two types of memories. First, one that

records the channel k∈Σ of the last jump. This can be
constructed with a function fn of the form

kn ¼ xn þ kn−1δxn;0: ð6Þ

Second, a memory that records how much time has elapsed
since the last jump, which is built using

τn ¼ δxn;0ðτn−1 þ δtÞ: ð7Þ

We refer to them as the jump and counting memories,
respectively. A general feedback mechanism based on both
jump and counting memories is defined by the total
memory function yn ¼ ðkn; τnÞ, with the instruments given
in Eqs. (4) and (5). In this setting, the feedback allows both
the system Hamiltonian and the jump operators at time tnþ1

to depend on the last detected jump kn and the elapsed time
τn, taking the formsHðkn; τnÞ and Lkðkn; τnÞ, which in turn
define the corresponding superoperators L0ðkn; τnÞ and
J kðkn; τnÞ. Starting from Result 1, we show in [48] the
following result:

Result 2—Let ϱtðk; τÞ denote the state of the system
resolved in both the jump and counting memory functions
(6), (7). In the limit δt → 0 this evolves according to the
deterministic equations

ϱtðk; 0Þ ¼ 2δðtÞδk;k̄ρ̄0 þ
X
q∈Σ

Z
t

0

dτJ kðq; τÞϱtðq; τÞ; ð8Þ

ϱtðk; τÞ ¼ Gðk; τÞϱt−τðk; 0Þ; ð9Þ

where Gðk; τÞ≡ T ½e
R

τ

0
dsL0ðk;sÞ� is the propagator of the no-

jump evolution and T ½·� is the time-ordering operator.
In the limit δt → 0, the memory functions defined in

Eqs. (6) and (7) become continuous-time stochastic proc-
esses, kt and τt, specifying that at time t the last jump
occurred in channel kt at time t − τt. The quantity
Tr½ϱtðk; τÞ� is the joint distribution of ðkt; τtÞ, and from
(7) it follows that τt ∈ ½0; t�. The resolved state is normal-
ized as

P
k∈Σ

R
t
0 Tr½ϱtðk; τÞ�dτ ¼ 1, and the unconditional

state is recovered as

ρ̄t ¼
X
k∈Σ

Z
t

0

dτ ϱtðk; τÞ: ð10Þ

The term 2δðtÞδk;k̄ρ̄0 encodes the initial condition, with
system state ρ̄0 and memory values k0 ¼ k̄ and τ0 ¼ 0. We
adopt the convention

R
t
0 dτ δðt − τÞ ¼ 1=2. Result 2 enables

time-dependent control actions, such as temporarily modi-
fying the system Hamiltonian or environmental parameters.
In contrast, previous jump-based schemes [31] relied solely
on the current jump detection. Although Result 2 cannot, in
general, be expressed as a differential equation, it remains
amenable to analytical treatment—as detailed in [48]—
especially in the stationary regime.
Let us consider the special case where the feedback

depends only on the last detected jump recorded by kt,
regardless of the time elapsed since its detection. We show
in [48] that the marginal state ϱtðkÞ ¼

R
t
0 dτ ϱtðk; τÞ will

evolve as

∂tϱtðkÞ ¼ −i½HðkÞ; ϱtðkÞ� −
1

2

X
k0 ∈Σ

fL†
k0 ðkÞLk0 ðkÞ; ϱtðkÞg

þ
X
k0 ∈Σ

Lkðk0Þϱtðk0ÞL†
kðk0Þ: ð11Þ

Equation (11) represents a system of coupled equations,
one for each jump channel k∈Σ, describing protocols that
update the Hamiltonian and/or jump operators based on kt.
A similar equation was derived in [58] in a different
context.
Returning to the general Result 2, the situation

simplifies when the feedback is applied only on the no-
jump part of the dynamics (e.g., in the Hamiltonian). In this
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case J kðk0; τ0Þ ¼ J k and Eqs. (8)–(10) imply that
ϱtðk; τÞ ¼ 2δðt − τÞδk;k̄Gðk; τÞρ̄0 þ Gðk; τÞJ kρ̄t−τ. The
memory-resolved state can hence be written in terms of
the unconditional state ρ̄t which, in turn, satisfies the closed
integral equation

ρ̄t ¼ Gðk̄; tÞρ̄0 þ
X
k∈Σ

Z
t

0

dτGðk; τÞJ kρ̄t−τ: ð12Þ

The steady state, if it exists, is obtained by setting t → ∞.
In this case, limt→∞Gðk; tÞ ¼ 0 [48], so ρ̄ss will therefore
be the solution of the algebraic equation

ρ̄ss ¼ Ωρ̄ss; Ω ¼
X
k∈Σ

Z
∞

0

dτGðk; τÞJ k; ð13Þ

which also provides the steady-state memory-resolved state
ϱssðk; τÞ ¼ Gðk; τÞJ kρ̄ss. In turn, this can be used to
calculate various time-related properties, such as waiting-
time distributions, the average time between jumps, etc.
The ability to describe jump statistics under a general
feedback protocol, as given by Tr½ϱtðk; τÞ�, is a novel
feature not captured by any previous feedback formulation.
Example 1: Inversion protocol—Two-level systems

(qubits) in excited states act as single-photon sources of
nonclassical light [59] and as key elements in quantum
computing [60]. Coupled to a thermal bath, they relax to a
steady state with a higher ground-state population than
excited-state population (Pg > Pe). Our goal is to achieve
population inversion (Pg < Pe) via time-dependent feed-
back and continuous monitoring of quantum jumps. Let jei
and jgi denote the excited and ground states with
energy gap ω. The thermal reservoir has temperature T,
and the jump operators are L− ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γðN̄ þ 1Þ

p
jgihej and

Lþ ¼
ffiffiffiffiffiffi
γN̄

p
jeihgj describing, respectively, the emission

and absorption of a quanta, where γ > 0 is the coupling
strength, and N̄ ¼ ðexpðω=TÞ − 1Þ−1.
The protocol is defined as follows [see Fig. 3(a)]. In the

rotating frame at frequency ωd, the qubit Hamiltonian reads
H ¼ −ðΔ=2Þσz, where σx;y;z are the Pauli matrices andΔ≡
ω − ωd (see Ref. [48] for technical details). Upon detecting
a thermal emission (jei → jgi) and observing no sub-
sequent detection for a time τ0, an external drive with
amplitude λ and frequency ωd is applied for a duration τ1,
and the Hamiltonian becomes H ¼ −ðΔ=2Þσz þ λσx. In
essence, after an emission and a time τ0, the drive induces
Rabi oscillations for a time τ1, transferring population from
jgi back to jei.
This protocol is described by Result 2, as it depends on

both the last detected jump and the elapsed time. The End
Matter provides analytical steady-state results, including
the optimal drive duration τopt1 [Eq. (A1)] that maximizes
the excited-state population. Notably, τopt1 generally differs
from a π pulse, as dissipation requires a longer drive,

highlighting the interplay between coherence and dissipa-
tion in the feedback dynamics. Determining this optimal
time from stochastic simulations would be cumbersome
due to the large parameter space. Figure 3(b) shows Pe as a
function of N̄ for the ideal case without time delay (τ0 ¼ 0)
and considering the optimal drive duration τopt1 . We find that
for γ=λ ≤ 1.145, there exists a critical value N̄c ≥ 0 such
that Pe > 1=2 for all N̄ < N̄c. This therefore establishes the
population inversion threshold. In Fig. 3(c), we illustrate
how Pe is affected by varying the delay τ0 for N̄ ¼ 0
[Eq. (A2)], demonstrating how increasing τ0 deteriorates
the population inversion.
Figure 3(d) shows the optimal drive duration τopt1

[Eq. (A1)] and the maximum delay τmax
0 [Eq. (A3)]

enabling population inversion for N̄ ¼ 0. In the strong-
drive regime (γ ≪ λ), we find that τmax

0 ∼ 1=γ, indicating
that the maximum delay is on the order of the system’s
natural timescale γ−1. Conversely, τmax

0 ¼ 0 for
γ=λ > 1.145, reflecting that population inversion is no
longer possible in this regime, regardless of the feedback
delay. Additionally, we observe that γτopt1 increases with
γ=λ, implying that as the drive strength λ decreases relative
to γ, the drive must remain on for a longer duration to
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FIG. 3. Population inversion via time-dependent feedback with
quantum jumps. (a) Upon detection of a decay event, an external
drive is applied to return the qubit to the excited state. (b) Pop-
ulation of the excited state without feedback delay (τ0 ¼ 0), and
considering the optimal drive duration τopt1 [Eq. (A1)]. The no-
feedback line corresponds to a qubit coupled to a thermal bath
without an external drive. (c) Effect of feedback delay on the
excited-state population for N̄ ¼ 0. (d) Maximum allowable
feedback delay and the optimal drive duration for N̄ ¼ 0.
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optimize Pe. On the other hand, when dissipation is weak
(γ ≪ λ), the optimal drive duration recovers the π pulse.
Example 2: Reverting quantum transitions—

Reference [43] showed that quantum transitions can be
continuously monitored and reversed in real time via
feedback. There, upon detecting the beginning of a tran-
sition, a pulse is applied after a time τc to reverse its
evolution, originally described using stochastic simula-
tions. We apply our formalism to this setup with photon-
counting detection [61–64]. Rather than averaging many
trajectories, our method yields the steady state from a single
eigenvector equation and directly provides stationary jump
statistics, including the mean interjump time.
The system [Fig. 4(a)] consists of a ground state jGi, a

protected (dark) state jDi designed to minimally couple to
any dissipative environment or measurement apparatus, and
a bright state jBi that decays incoherently to jGi with
coupling rate Γ, emitting a photon. Aweak Rabi drive ΩDG
couples jGi and jDi, while a stronger drive ΩBG satisfies
ΩDG ≪ ΩBG ≪ Γ, linking the populations of jGi and jBi.
The incoherent jump jBi → jGi is monitored by detecting
the emitted photon, which signals occupation of jGi, while
a prolonged absence of photons indicates coherent evolu-
tion within the fjGi; jDig subspace. The protocol proceeds
as follows: after detecting the incoherent jump jBi → jGi
and observing no further detection for a time τc, a pulse is
applied on the fjGi; jDig Bloch sphere, corresponding to a
rotation by angle θ around the axis n̂ ¼ ðcosϕ; sinϕ; 0Þ,
enabling reversal or completion of the jGi ↔ jDi
transition.

Figure 4(b) shows the steady-state populations as a
function of the waiting time τc between the last detected
jump and the application of a (π=2) pulse around the y axis
(ϕ ¼ θ ¼ π=2). For short τc, the system remains mostly in
jGi after the jump jBi → jGi, so the (π=2) pulse transfers
population to jDi, increasing its steady-state occupation.
However, the system may evolve toward jDi before the
pulse, which then drives it back to jGi, maximizing the jGi
population. The inset shows the average interval hΔti
between photon detections (jumps jBi → jGi) as a function
of τc. Maximizing PG enhances coherent excitation to jBi,
making jumps jBi → jGimore frequent and reducing hΔti,
while increasing PD suppresses excitations and lengthens
hΔti. This illustrates how feedback directly shapes the
jump statistics, which can also be analyzed in terms of the
pulse angles θ and ϕ.
Conclusion—We derived a deterministic equation that

describes a general feedback protocol, encompassing both
discrete and continuous feedback. It recovers previous
results as particular cases, and allows for the derivation
of novel feedback schemes, such as time-dependent strat-
egies. Our framework offers numerical efficiency and
conceptual clarity through closed-form expressions,
allowing analytical identification of operating regimes
and critical thresholds—advantages crucial for theory
and experiment.
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End Matter

Appendix A: Population inversion protocol—The
feedback protocol considered in Example 1 affects only
the system’s Hamiltonian; hence, the steady state can be
obtained from Eq. (13). A detailed derivation is provided
in Supplemental Material [48], which gives the
analytical expression for the excited-state population
Pe ¼ hejρssjei at resonance (Δ ¼ 0) as a function of the
bath parameters N̄ and γ, and the feedback parameters λ,
τ0, and τ1. By maximizing Pe with respect to τ1, one
obtains the optimal duration τopt1 for which the external
drive should remain on. We find that

τopt1 ¼
2
h
2π þ arctan

�
p

ffiffiffiffiffiffiffiffiffiffi
16−p2

p
8−p2

�
− πθð ffiffiffi

8
p

− pÞ
i

λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16 − p2

p ; ðA1Þ

where p ¼ γ=λ and θðxÞ is the Heaviside function. This
is finite only for p < 4, and diverges otherwise. It is
noteworthy that τopt1 is independent of both the feedback
delay τ0 and the bath occupation N̄; it depends solely
on the ratio p ¼ γ=λ between the coupling rate to the
bath and the drive strength.
Next we consider a more realistic scenario where we

have a time delay τ0 between the last detected jump and the
moment the external drive is turned on. Even in this more
general case, the optimal drive duration that maximizes the
population of the excited state remains given by Eq. (A1)
[48]. In the low-temperature limit N̄ → 0, the expression
for Pe, evaluated at the optimal drive duration, simplifies to

lim
N̄→0

Pe ¼
1

2 − e−γτ
opt
1
=2 þ 1

4
ðγλÞ2 þ γτ0

: ðA2Þ

In the limit N̄ → 0, population inversion (Pe > 1=2) occurs
only for time delays below a maximum value τmax

0 , given by

τmax
0 ¼ 4e−γτ

opt
1
=2 − ðγ=λÞ2
4γ

: ðA3Þ

It is worth mentioning that this protocol can be adapted
to increase the population of the ground state: by turning on
the drive when an absorption is detected, the drive will
move the system toward the ground state through Rabi
oscillations. In this case, the protocol effectively operates as
a cooling protocol based on quantum jump detections.

Appendix B: Reverting quantum transitions—
Reference [43] experimentally implemented the feedback
protocol described in Example 2. Instead of directly
monitoring the incoherent jump jBi → jGi via photon
detection, they coupled the bright state jBi to a readout

cavity. The population of jBi was then inferred by
measuring the number of photons in the cavity, allowing
them to determine whether the system was in jBi or in a
superposition of jGi and jDi. However, as discussed in
Supplemental Material of Ref. [43], a photon-counting
scheme (as adopted in Example 2) can serve as a first
approximation to the experimental results obtained via
indirect monitoring of jBi using homodyne detection in
the cavity. The authors’ theoretical description employed

FIG. 5. Populations of the system’s state immediately after the
pulse. (a) The vertical arrow on the left-hand side represents the
last detected jump jBi → jGi, and the horizontal axis indicates
the time elapsed since its detection. The system is driven by ΩBG
(blue line) and ΩDG (red line). After a time τc has elapsed since
the last jump, a pulse Rðθ;ϕÞ is applied in the fjGi; jDig
subspace. The drive ΩDG can either remain on during the full
interval τc or be turned off after a timeΔton. (b) Populations of the
ground jGi (PG) and dark jDi (PD) states after the pulse for
θ ¼ π=2, as a function of the direction angle ϕ, for τc ¼ 4.2 μs.
(c) Population PG of the ground state as a function of the waiting
time τc. Solid lines correspond to the case where the drive ΩDG
remains on during τc, while dashed lines correspond to the case
where ΩDG is turned off after a time Δton, as illustrated in (a).
Blue curves represent the feedback case (rotation applied), while
red curves correspond to the no-feedback case (no rotation after
τc). In the feedback case, for each τc we determine the optimal
pulse angles fθðτcÞ;ϕðτcÞg that maximize PG, and use them to
compute PGðτcÞ. The parameters γB;D, N̄B;D, ΩBG, and ΩDG are
the same as those used in Fig. 4.
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stochastic equations accounting for the random homodyne
signal, which were used to sample system trajectories
conditioned on a given homodyne measurement.
A photon-counting scheme can be implemented by mon-

itoring intermittent fluorescence from the bright state jBi in
trapped ions [61–64]. This scheme tracks the incoherent
jumps jBi → jGi, and our formalism directly provides the
steady state of this feedback protocol as the solution of an
eigenvector problem, as well as the jump statistics in the
stationary regime. The feedback protocol in Example 2 does
notmodify the jumpoperators; the feedback action consists of
applying a pulse in thefjGi; jDig subspace after a time τc has
elapsed since the last detected jump.Consequently, the steady
state is given by Eq. (13) (see Supplemental Material [48] for
details).
Our framework provides the analytical solution of the

system state immediately after the pulse, as reported in
Fig. 4 of Ref. [43]. The populations of this conditioned
state, considering the photon-counting scheme of Example
2, are shown in Fig. 5. From our formalism (see Ref. [48]),
the state immediately after the pulse, assuming ΩDG is
continuously on, reads

ρonðτcÞ ¼
Rðθ;ϕÞeτcLð1Þ

0 ðjGihGjÞ
Tr½Rðθ;ϕÞeτcLð1Þ

0 ðjGihGjÞ�
; ðB1Þ

where Lð1Þ
0 is the no-jump Liouvillian with both drivesΩDG

and ΩBG active during τc [see Fig. 5(a)], and Rðθ;ϕÞ
represents the rotation in the fjGi; jDig subspace. In
Example 2, we keep ΩDG on continuously for simplicity,
but we can also consider turning it off after a time Δton
since the last jump, keeping only ΩBG active, as illustrated
in Fig. 5(a). In this case, the state immediately after the
pulse reads

ρoffðτcÞ ¼
Rðθ;ϕÞeΔtoffLð2Þ

0 eΔtonL
ð1Þ
0 ðjGihGjÞ

Tr½Rðθ;ϕÞeΔtoffLð2Þ
0 eΔtonL

ð1Þ
0 ðjGihGjÞ�

; ðB2Þ

whereLð2Þ
0 is the no-jump Liouvillian with onlyΩBG active.

The interpretation of Eqs. (B1) and (B2) is straightfor-
ward: since the jump jBi → jGi is a renewal process [57],
the system resets to jGi after each jump. If no jump occurs
during the interval τc, the system evolves under the
appropriate no-jump Liouvillian, after which the rotation
Rðθ;ϕÞ is applied. Both Eqs. (B1) and (B2) follow directly
from the memory-resolved steady state ϱssðk; τÞ in Result 2,
representing the system state given a time τc since the last
jump. For Example 2, only the jump jBi → jGi is moni-
tored, so the memory-resolved state depends solely on τ,
denoted by ϱssðτÞ.
The memory-resolved steady state reads

ϱssðτÞ ¼ γBðN̄B þ 1ÞhBjρ̄ssjBiGðτÞðjGihGjÞ; ðB3Þ

where GðτÞ is the no-jump propagator and ρ̄ss is the
unconditional steady state given by Eq. (13). For ΩDG
always on, GðτÞ is

GðτÞ ¼
(
eτL

ð1Þ
0 ; if τ < τc;

eðτ−τcÞL
ð1Þ
0 Rðθ;ϕÞeτcLð1Þ

0 ; if τ ≥ τc:
ðB4Þ

The trace Tr½ϱssðτÞ� gives the stationary probability density
of detecting a jump and observing no-jump evolution for a
time τ. This provides the jump statistics under feedback,
showing how the protocol systematically shapes the jumps
and directly connecting to measurable quantities.
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