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Implementation of a two-stroke quantum heat engine with a collisional model
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We put forth a quantum simulation of a stroboscopic two-stroke thermal engine in the IBM quantum (IBMQ)
processor. The system consists of a quantum spin chain connected to two baths at their boundaries, prepared at
different temperatures using the variational quantum thermalizer algorithm. The dynamics alternates between
heat and work strokes, which can be separately designed using independent quantum circuits. The results show
good agreement with theoretical predictions, showcasing IBMQ as a powerful tool to study thermodynamics in
the quantum regime, as well as the implementation of variational quantum algorithms in real-world quantum
computers. It also opens the possibility of simulating quantum heat transport across a broad range of chain

geometries and interactions.
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I. INTRODUCTION

Energetics of quantum devices is an active topic of re-
search [1], with many unique features. Quantum chains may
present anomalous heat transport [2,3], negative differential
conductivity [4], and perfect rectification [5]. Often, the inter-
action energy between two systems is comparable to that of
their individual parts [6-9], causing the local notion of energy
as belonging to individual systems to break down. As a con-
sequence, the separation between heat and work may become
nontrivial especially in the presence of quantum coherence.
In the quantum domain, other resources also come into play:
Quantum correlations, for example, can be consumed to make
heat flow from cold to hot [10-12], similar to how electric
energy is consumed to run a fridge. Finally, the invasive nature
of quantum measurements makes all the above quantities ex-
trinsic to the specific choice of measurement protocol [13-16].

The above arguments highlight the need for further ex-
periments, able to assess the energetics of specific quantum
devices. In this respect, quantum heat engines [17,18] are
particularly interesting, as they epitomize the fundamental
questions of the field. Several experimental demonstrations of
quantum heat engines have been put forth in recent years, in-
cluding in trapped ions [19-22], single electron boxes [23,24],
superconducting devices on the IBM quantum (IBMQ) net-
work [25,26], nuclear magnetic resonance [27,28], silicon
tunnel field-effect transistor [29], electromagnetically induced
transparency [30], and nitrogen vacancy centers [31,32].

In this paper we provide a demonstration of a quantum
simulation of a stroboscopic, two-stroke quantum heat engine
in the IBM quantum processor [33], based on a collisional
model. We focus on two-stroke engines, which alternate
between heat and work strokes in a generalization of the
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so-called SWAP engines [34—40]. The working fluid is a one-
dimensional quantum chain with both ends connected to
thermal baths at different temperatures. Implementing thermal
baths in quantum processors is notoriously difficult. In our
setup this is overcome using a variational quantum thermalizer
algorithm as put forth by Verdon ez al. in Ref. [41] and detailed
further below. For the heat strokes, the sites are uncoupled
from each other and allowed to interact with the baths at
the boundaries. Conversely, in the work stroke the baths are
uncoupled, and the qubits are allowed to interact with their
nearest neighbors according to an arbitrary interaction [40].
The demonstrations are performed in the engine, refrigerator,
and accelerator configurations. We study both the transient
dynamics as well as the limit cycle. Our framework shows
a procedure to implement quantum heat engines in a cloud
quantum computing platform, providing a way to prepare the
thermal baths through the variational quantum thermalizer
algorithm and showing that it is possible to implement a
collisional model with a single qubit using reset operations
when the system-bath interaction time is short enough. With
the increasing availability of cloud quantum computing ser-
vices, the elaboration of methods to study quantum thermal
machines in those devices is quite relevant.

The paper is organized as follows: Section II provides a
theoretical background for the quantum heat engine provided.
The quantum simulation setup is described in Sec. III, and the
results are discussed in Sec. I'V.

II. TWO-STROKE QUANTUM HEAT ENGINE

The basic idea is depicted in Sec. II. Our design, shown
in Fig. 1(b), involves two separate and independent circuit
implementations for the heat and work strokes. This has the

©2022 American Physical Society
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FIG. 1. The quantum heat engine operates in two modes as shown in (a): the heat stroke and the work stroke. In the heat stroke, the internal
interactions of the quantum chain are turned off, and the system boundary qubits interact with a cold bath at temperature 7¢ and a hot bath at
temperature 7y both described by auxiliary qubits. In the work stroke, the baths are uncoupled, and the chain qubits interact with their nearest
neighbors. The strokes are operated in a cyclic way, and before each heat stroke the auxiliary qubits are discarded and new ones are introduced,
according to the collisional model. The one-cycle circuit configuration, shown in (b), consists of N 4+ 2 qubits (in our case N = 2). At the
beginning, bath qubits C and H in the |0) state are processed with the circuit found with the variational quantum thermalizer (VQT) algorithm
to prepare them in thermal states at temperatures T¢ and Ty . A set of gates implement the heat stroke via a unitary U, when qubits 1 and N are
measured. The procedure is repeated until the work stroke, which is implemented via an unitary U,,, after which all the qubits in the chain are

measured. The auxiliary qubits are reset to |0) for the next cycle.

unique advantage that it holds for any internal interaction dur-
ing the work stroke. As a consequence, it can be implemented
for any chain size and interaction that is programmable on the
simulator.

The two-stroke heat engine we implement consists of a
quantum chain with N-uncoupled qubits, each with local
Hamiltonian H; and prepared in an arbitrary global state pg.
The qubits can interact with their nearest neighbors with a
Hamiltonian V, = Zi Vi.ix1 that can be turned on and off. In
addition, one can also turn on and off an interaction between
the qubits at the boundaries and two heat baths, modeled by
identical and independently prepared qubits with Hamiltoni-
ans H, and prepared in thermal states p, = e /" /Z, with
x € {C, H}, being C for cold and H for hot, Z, is the partition
function, and Te < Ty (we set kg = 1).

The dynamics alternate between heat and work strokes.
During the heat stroke, the internal interactions are turned
off, whereas the boundary qubits interact with their respective
baths C and H via Hamiltonians V¢ and V. The system, thus,
evolves for a period 7,, under the action of a Hamiltonian,
H,=) ,H +Hc+Hy+Vc+Vy and with an evolution
characterized by the map,

ps = &(ps) = Tren{Uy(pcpspn)U, ), (1)

where U, = e~a™_ In the work stroke, the baths are discon-
nected from the chain, and the internal interactions Vg are
turned on, allowing energy to flow through the chain. The sys-
tem evolves for a time t,, under the action of the Hamiltonian
H, =), H; + Vs, according to the map,

ps = Eu(ps) = Uy psU, )

where U,, = e~"H»™ _The execution of the two strokes in suc-
cession results in a cycle of duration T = 7, + T,,. Figure 1(b)
illustrates one such cycle. Crucially, for each new cycle the

baths C and H are reset to the same temperatures 7¢ and Ty
as in a collisional model [42]. The machine, thus, follows a
stroboscopic dynamics. Letting pg denote the initial state of
the nth cycle, and pg is the intermediate state between the
strokes, the dynamics is given by

ps =Eq(05), 5" = Eu(B5). 3)

By splitting the dynamics in two strokes, we have reduced the
problem to two independent simulation designs. For the work
stroke, one need only to design U,,. Conversely, for the heat
stroke, one must design both U, and the thermal states of the
baths. The implementation of the latter is, in practice, quite
difficult and is overcome here using the variational quantum
thermalizer algorithm [41] as explained in Sec. IIID.

In order to track the energetics of the engine, we can
measure the energy changes in the baths and the system during
each cycle. In the heat stroke of the nth cycle, we define heat
as the change in energy of the baths,

0) = —Tr {Hi(p; = pi)} @

which are positive when energy enters the system. Note that
0x 18 the same for all cycles since the baths are reset. The heat
Q! is, in general, different from the change in energy of the
system, as there may be a work cost associated with turning
on/off the interactions V¢ (xy. From global energy conserva-
tion, we find that [42],

Wcon/off — Qé +Tr {Hl (Ibg — pg)} = —AVCn,
W];)n/off — Q;I +Tr {HN(i)g — Iog)} = —AVI_'}, )

with AV = Tr {V.(8¢sy — Pcpspru)}-
This work term only vanishes when

[Vc,Hy + Hel = [Vy, Hy + Hy] =0, (6)
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a condition known as strict energy conservation [40]. When
this is satisfied, we can write

Q¢ =Tr {H(p§ — p5)}, O =Tr {Hy(p5 — p5)}. ()

meaning that all energy that leaves the bath enters the system
and vice versa. Thus, one can determine the change in energy
during the heat stroke measuring only the state of the system
chain.

During the work stroke, the interactions Vs = > ; Viig1 are
turned on so that energy is allowed to flow through the chain.
The work cost associated with this is now connected to turning
Vs on and off,

W=l (S -0t

which is defined as positive when energy leaves the system.
After several strokes, the engine will reach a limit cycle
such that,

pE=E,00), 0} = EulY). ©)

The system, therefore, alternates between p¢ and pg after each
stroke, and Eqgs. (7) and (8) become

Q¢ = Tr {Hy(p} — p3)). (10)
Q5 = Tr{Hv (5§ — p3)}, (1)
W* = —Tr{ <2Hi> (0§ — p;)}. (12)

At the limit cycle, the system internal energy no longer
changes so that

Qe+ 0y =W", 13)

which is the first law.

III. IMPLEMENTATION SETUP

In this paper, we present an implementation of the just-
described engine in IBM_LAGOS (v1.0.8), which is one of the
IBM quantum Falcon processors, based on superconducting
qubits [43]. The use of this quantum processor is accessible
through the cloud along with other similar devices in Ref. [33]
and can be remotely controlled via a personal computer with
the open-source PYTHON framework QISKIT [44], also offered
by IBM.

A. System configuration

The system consists of a chain of N =2 nonresonant
qubits (w; # w;) with Hamiltonians,

H =l Hy=Zol, (14)
and two ancillary qubits to represent the thermal baths,
He="$6C, Hy="2oH. (15)
2 2
All the interactions are chosen to be of the form
Vik = gju(olor +olal), (16)

2

FIG. 2. The picture represents the topology of the quantum chip
IBM_LAGOS. Nodes and edges represent qubits and their connections,
respectively. Nodes 1 and 2 represent the quantum chain with two
qubits. Nodes C and H represent the auxiliary qubits that are used
as the cold and hot baths, respectively. Unlabeled nodes and dashed
edges are qubits and connections that were not used.

0@
|

where o4 = o, £ ioy. This concerns the heat stroke interac-
tions Vo = Vi ¢ and Vg =V, g, as well as the work stroke
interaction V;,. The baths are assumed to be resonant with
their sites (wc = w; and wy = w,) from which one finds that
Eq. (16) satisfies the conditions (6).

From Eq. (7), the heats for the nth cycle are given by

0r=2()), ~ (ol e ="2(3), - 2),). an

where (o)), = Tr{o!p§} and (6!), = Tr{o/p¢}. Following
Eq. (8), the work for the nth cycle is

W= = ol - (5),).

i=1,2

(18)

B. Hardware

The topology of the seven-qubit IBM_LAGOS processor is
shown in Fig. 2. This superconducting device can apply z
rotations, X and +/X gates, reset operations and CNOT gates
between connected qubits. These gates are implemented as
microwave pulses that rotate the qubits in the Bloch sphere.
The properties of the qubits, gates, and connections of the
processor are provided in the Appendix. Each qubit is initially
prepared in the |0) state, and by measuring it one has its
projection on the computational basis. Thus, a quantum circuit
must be executed several times in order to build a statistics of
the measurements, each repetition called a shot. The number
of shots can be defined by the user.

When mapping a quantum circuit to an IBM quantum
processor, any gate that is not in this set must be expressed
in terms of the available operations. Also, the connectivity of
the topology must be considered since applying CNOT gates
to unconnected qubits requires SWAP operations, which are
expensive to perform on a noisy quantum device. All these
steps may be performed automatically with QISKIT by a pro-
cess called transpilation [44,45]. Besides rewriting a quantum
circuit to match the topology of the real device, the transpila-
tion also optimizes it for execution on noisy systems. In our
problem, the interactions are all between neighboring qubits,
thus, a good choice of layout is that shown in Fig. 2.
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FIG. 3. Quantum circuits for the implementation of the heat
(above) and work (below) strokes. S and H represent phase
and Hadamard gates, respectively, and R,(6) are rotations of an
angle 6 around the z axis. Here Uy = e %@ oy +oioy D2 1 —
e~ignfoitoia2 and 1, = ]_[ e 8% (@s9)/2 for the heat stroke
WO — efigrwaylaf/Z’ Wl — e—zgruq oy /2, and Wz — e—tg‘[u (a)m‘ -*—u)zrr~ )/2
for the work stroke.

C. Quantum simulation

The dynamics of the system is implemented via quan-
tum simulation, a process which consists of reproducing the
dynamics of a quantum system using another quantum sys-
tem [46]. For a system in an initial state |y (0)) under the
action of a time-independent Hamiltonian Hg, the time evo-
lution is given by the solution of the Schrédinger equation,

[ (1)) = e /M|y (0)). (19)

The problem consists of simulating the dynamics of Hs given
by (19), using operations that can be implemented in the
physical system that will act as the quantum simulator.

The evolution operators U, and U,, for the heat and work
strokes may be conveniently written as

U, = efzg(o* o, +0 oy )I,,/2 71g(a o, +a [opd )I,,/Z
¢ =
_ 1 2 c H
N (w10, +@20. +wco; +wyo; )14/2’ (20)
ol Conl L2 H ; H
Uw — efzg(ay o, +oy 0y )tu,/ZEﬂg(c o, +a 0 )Tw/2

x e—i(w]trzl+a)2trzz)rw/2' (21)

Thus, one must find a set of single- and two-qubit quantum
gates U, and W,, such that

M M
Ug~ [[thn: U~ ] W (22)
m=0 m=0

Such a set can be found using the Operator flow module from
QISKIT, and the resulting quantum circuits are shown in Fig. 3
with the parts that simulate each factor of Egs. (20) and (21)
being identified in the picture. The energy gaps of the qubits
wy, x = {1, 2, C, H}, the coupling constant g, and the duration
of each stroke are encoded in the angles of the rotations in
both circuits, thus, one can change the system parameters in
the quantum simulation by controlling these rotations.

D. Variational quantum thermalizer

At the beginning of each cycle the thermal states of the
baths are prepared using a quantum circuit found with the
VQT, which belongs to a class of variational algorithms called
quantum-Hamiltonian-based models. Given a Hamiltonian H
and a target inverse temperature 8 = 1/T, the goal of the
VQT is to generate an approximation to the thermal state,

1

_e—ﬁH’ Zﬁ

_ — —-BH
=z =Tr (e "), (23)

Pp
where Zj is the partition function.

We begin with a density matrix pg, defined by a set of
pure states {|1;)}, that constitutes a basis on a Hilbert space
of dimension d, and a parameter vector §. Being {p;(6;)} the
probability distribution corresponding to the ith basis state,
such a matrix can be written as

d
po =y piODIYi) (il (24)

i=1

We sample from this distribution a pure state |y;), pass it
through a parametrized quantum circuit U(¢), and measure
the mean energy (H); = (U(¢)HU(¢));. Repeating this
process many times for the set {|v;), p;(6;)} and averaging the
obtained (H'); will give us the mean energy (H )¢ With respect

to pog = U ($)ppU " (¢),

d
H)op = Y pi(0)(H);. (25)

As in any variational algorithm, in order to find the op-
timal parameters {f’, ¢’} that solve the problem, we must
find the minimum of a loss function, which here can be
obtained from (25) and the von Neumann entropy S(pg) =

—Tr{pp In(0p)},

L0, ¢) = B(H)op — S(po), (26)
COLD BATH
¢ = o | #-(06) o VX {706 o VX [ B 65) |ﬂ—
1
2
H
HOT BATH
C
1
2

FIG. 4. The chosen ansatz for both thermal states consists of
three R, rotations interspersed by square root of NOT gates. Each
rotation has a different ¢ parameter, which are to be optimized during
the VQT implementation. The |v) gate sets the initial state to |0)
or |1).
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FIG. 5. Results for the three different modes of operation. First column: heat engine (w; = 0.75, w, = 1.0, g = 0.80, T = 0.40, and
Ty = 0.80), second column: refrigerator (w; = 0.50, w, = 2.0, g = 0.80, Tc = 1.0, and T = 1.2), third column: heat accelerator (w; = 2.0,
w, = 0.50, g = 0.80, T = 1.0, and Ty = 1.2). In all cases, both chain qubits were initialized in the ground state. Graphics (a)—(c) depict the
dynamics of Q¢, On, and W during the machine operation; graphics (d)—(f) are a statement of the first law, showing that Q¢ + Qg and W
converge to the same value in the limit cycle. The circles, squares, and triangles represent data from the quantum computer, and the solid lines
are from a numerical simulation of the Trotter evolution. All results were obtained with 8192 shots (repetitions of the same circuit in order
to build a statistics from the counts of |0) and |1)). Each demonstration was repeated ten times, and the plot points represent the mean of the
results of the expectation values. The error bars were calculated from three times the standard deviation.

which is minimized when pg4 is equal to the required thermal
state with 8§ = 1/T. This way, in order to control the tem-
perature with the VQT, one must set the required temperature
in the loss function. In order to calculate Eq. (26), the mea-
surements of two quantities would be required, but we can
take advantage from the fact that the entropy is invariant under
unitary transformations on the density matrix: This way, only
the energy measurement is necessary as the entropy can be
calculated from the probability distribution parameters {6}.

In our case, the baths have different temperatures 7¢ and
Ty, so their thermal state preparation circuits must be found
separately with VQT. As they are represented by a single qubit
each (d = 2), one parameter 6 is necessary to describe them,
as pg = p(0)]0)(0] + [1 — p(@)]|1)(1], and their parametrized
circuits must be executed two times in order to obtain the en-
ergy (25). The distribution p(6) was chosen to be the sigmoid
function p(#) = 1/(1 + e%). The ansatzes for the cold and
hot baths are shown in Fig. 4. Their choice is based on the fact
that they can approximate any one-qubit unitary [47], and take
into account the set of gates accessible in IBM_LAGOS backend
as discussed in Sec. I1I B. Other configurations were also tried,
including rotations around other axes, but they did not show
optimal results, and some demanded too many iterations of
the VQT to converge. Therefore, the loss function £(8, ¢) will
contain four parameters to be classically optimized. The result
of the VQT for both baths is a factorized state composed of

their two subsystems with dimension d = 4,

1
e—ﬁch ® _e—ﬁHHH , (27)

PCcH =
z Bc z Bu

Thus, the whole procedure must be repeated four times, one
for each element of the basis {|0), [1)} ® {|0), |1)} as we are
dealing with mixed states and IBMQ quantum circuits always
start with pure states.

In order to implement the VQT, the open-source PYTHON
library PENNYLANE [48] was used along with QISKIT. The clas-
sical optimization was performed using the SCIPY library [49]
with the constrained optimization BY linear approximation
method [50,51], which converged faster than other classical
optimizers for our case. In general, it took less than 15 itera-
tions for the algorithm to converge. When running the VQT
on a quantum computer, it is important that it is performed in
the corresponding qubits that will be used as thermal baths as
in this case it finds optimal parameters that consider the device
noise associated with those qubits during the learning process.

IV. RESULTS

The demonstrations were carried out for three different
modes of operation of the machine: heat engine, refrigerator,
and heat accelerator. They are determined by the values of
the frequencies w; and w,, and the temperatures 7¢ and Ty
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TABLE 1. Decoherence times, frequencies, and errors for the
qubits.

Frequencies =~ Measured Gate
Qubit T; (us) 75 (us) (GHz) errors errors
C 142.53 101.29 5.188 6.000 x 1073 1.866 x 10~
1 139.32 129.54 5.100 6.900 x 10% 2.270 x 10~*
2 143.70 127.84 4.987 1.850 x 1072 1.238 x 1074
H 14991 106.99 5.176 1.500 x 1072 4.118 x 107™*

of the baths [39,42]. These modes can be observed when
the machine reaches the limit cycle. In the interval T¢ /Ty <
w/w, < 1, it operates as a heat engine, withdrawing heat
from the hot bath (Qy > 0), expelling some of it in the cold
bath (Q¢ < 0) and producing some useful work (W > 0).
When w; /w, < Te /Ty, it works as a refrigerator, consuming
work (W < 0) in order to extract heat from the cold bath and
transfer it to the hot bath (Q¢ > 0, Oy < 0). When w;/w, >
1, the machine operates as a heat accelerator as it consumes
work (W < 0) to accelerate the process of transferring heat
from the hot to the cold bath (Qy > 0, Q¢ < 0).

The results are shown in Fig. 5. The columns contain the re-
sults for each mode of operation. For comparison purposes, a
numerical simulation of the Trotter evolution was performed,
represented by the solid lines in the graphics. Graphics (a)—(c)
show the dynamics of the energetic flux during the cycles.
As expected, the heat engine (a) and accelerator (c) show
positive Oy and negative Q¢ in the limit cycle, whereas the
refrigerator (b) presents the opposite behavior. During the
work stroke, in the limit cycle, the heat engine produced work
as denoted by W > 0, and the refrigerator and heat accelerator
both consumed work in order to operate as denoted by W < 0.
Graphics (d)—(f) show that the system obeys the first law as
stated in Eq. (13): In the limit cycle, the sum of the heats
Qc + Qg and the work W converge to the same quantity.

V. CONCLUSIONS

To summarize, we demonstrated the use of the IBMQ pro-
cessor as a tool to implement quantum heat engines with full
access to the energetics of the system. Thermal reservoirs are,
particularly, difficult to implement, which we overcame using
a variational algorithm at each cycle, effectively implementing
a collisional model. This allowed us to access both the limit
cycle as well as the transient regime, offering unique insights
into the relaxation process. Our approach cleanly separates the
heat and work strokes, and, thus, can be readily generalized to
any other type of heat engines. This means either chains with
multiple qubits, or more complicated interactions, opening up
the prospect of simulating quantum heat engines and quantum

TABLE II. Length and associated errors for the connections.

CNOT Length (ns) Error

C-1 327.11 5.930 x 1073
1-2 334.22 5.081 x 1073
2-H 334.22 1.053 x 1072

transport in various many-body systems. Finally, although
quantum coherence can emerge due to the interacting nature
of the Hamiltonians of both strokes, it did not play a particular
role in our study of the system dynamics. All coherence that
arises between the baths and the system during the heat stroke
is lost after the bath qubits are reset. However, a study in this
direction, as discussed in Refs. [52,53], can be implemented
within our framework as the IBMQ provides tools to perform
measurements of quantum coherence and entanglement [54].
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APPENDIX: SYSTEM PROPERTIES

Table 1 shows properties of the qubits used in the
IBM_LAGOS processor. Average single-qubit gate length is of
35.56 ns. The readout length for all qubits is of 704.0 ns, and
its associated error is 0.01. Table II shows the length of the
CNOT gates and their respective errors for all the connections
used in the quantum simulation. Further information about
this and other processors can be found in Ref. [33] in the
Services section.
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