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The kinetic uncertainty relation (KUR) bounds the signal-to-noise ratio of stochastic currents in terms of
the number of transitions per unit time, known as the dynamical activity. This bound was derived in a

classical context and can be violated in the quantum regime due to coherent effects. However, the precise
connection between KUR violations and quantum coherence has so far remained elusive, despite
significant investigation. In this Letter, we solve this problem by deriving a modified bound that exactly
pinpoints how, and when, coherence might lead to KUR violations. Our bound is sensitive to the specific
kind of unraveling of the quantum master equation. It, therefore, allows one to compare quantum jumps and
quantum diffusion, and understand, in each case, how quantum coherence affects fluctuations. We illustrate

our result on a double quantum dot, where the electron current is monitored either by electron jump
detection or with continuous diffusive charge measurement.
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Introduction—Superposition is one of the key features of
quantum mechanics that distinguishes it from classical
physics. While the most prominent consequences of
quantum coherence are entanglement and nonlocality [1—
3], it also has a profound effect on dynamical properties,
such as the fluctuations of currents in open quantum
systems [4—6], and thermodynamic quantities such as heat
and work [7-21]. Crucially, since these fluctuations depend
on two-time correlations [22], this effect is not necessarily
related to the amount of coherence present in a quantum
state, but rather to the dynamical generation and consump-
tion of coherence in a process. However, the precise way in
which this takes place remains poorly understood.

In classical systems, current fluctuations are constrained
by a set of bounds, discovered over the last decade, and
collectively known as thermokinetic uncertainty relations
[23-36]. They provide lower bounds on the noise-to-signal
ratio D/ J?, where J is the average current, and D (called
the noise, scaled variance, or diffusion coefficient) quan-
tifies its fluctuations. Two prominent classes of bounds are
the thermodynamic uncertainty relation (TUR) [25,26] and
the kinetic uncertainty relation (KUR) [23,24]. This Letter
will focus on the latter, which reads

1
325 (1)

where A is the average dynamical activity (“freneticity”)
[37] and measures the average number of transitions per
unit time in a stochastic system. The fact that the right-hand
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side depends on 1/A means that high dynamical activities
are required in order to decrease fluctuations. The bound,
therefore, has a very practical implication in establishing
the minimum activity required to achieve a certain pre-
cision. The TUR has an analogous form to the KUR, but the
bound is given in terms of the average entropy production
rate in place of the dynamical activity, which is a measure
of irreversibility.

In the quantum domain, however, Eq. (1) can be violated.
Several authors have worked to pinpoint the precise
mechanisms responsible for these violations [4-6,38—47].
While TUR violations received a considerable amount of
attention, results for the KUR were first explored recently
in [4]. It is noteworthy that quantum effects are not always
beneficial for reducing fluctuations, and there are cases
where it can actually be deleterious [40].

This, therefore, begs the question of when, and how, can
coherence be used to improve the precision of stochastic
currents? This led several authors to derive quantum
extensions of the TUR and KUR [48-57]. These bounds
are very useful in providing practical constraints. And they
have also helped shed light on what new ingredients come
into play when we move to the quantum domain.
Unfortunately, they do not shed much light on the precise
roles of coherence.

In this Letter we derive a new bound that holds for
Markovian open quantum systems, in the presence of
arbitrary quantum coherent effects. It replaces Eq. (1) with

2
22 > M (2)
J A
where y  [H, p| [c.f. Eq. (6)] is directly proportional to
how much the steady-state density matrix py fails to
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commute with the system Hamiltonian A (i.e., to the
amount of energetic coherence present in the steady state).
We refer to Eq. (2) as the y-KUR. A nearly identical bound
also holds for the diffusive unraveling, with (1 +y) —
(1/2 4 ). In diffusive measurements, instead of directly
detecting each monitored transition, their outputs are
combined with strong reference currents, and their devia-
tions are observed [58,59]. For incoherent processes v = 0,
and our result reduces to the classical KUR [Eq. (1)].
Conversely, for coherent processes, violations of Eq. (1)
become possible when w €[-2,0], while outside this
interval violations are strictly not allowed. This, therefore,
unambiguously pinpoints energetic coherence as the
fundamental ingredient required for KUR violations. The
inequality in Eq. (2) also uncovers the special case y = -2,
in which the original KUR holds, even though the
system has coherence. To illustrate the significance of this
special point, as well as the intuition behind Eq. (2), we
carry out a detailed analysis of a double quantum dot
(DQD) model [60].

The y-KUR—We consider an open quantum system with
a density matrix p, that evolves in time according to the
Lindblad master equation [61-64] (A = 1)

d SA PO .
E/)t = —l[H,/),] + Zk:D[Lk]/)r =Ly, (3)

where H is the Hamiltonian of the system, L, are Lindblad
jump operators, and D[0]p, := 0p,0° —%{OTO,ﬁ,}. We
assume the system has a unique steady state £pg = 0.

The derivation of Eq. (2) is done in the Appendix. Here
we only make explicit the main quantities involved. Our
bound concerns generic stochastic counting observables
and integrated currents N(z), whose definition depends on
the unraveling in question (specified below). The average
and scaled variance (noise) of the stochastic current /(7) =
dN(7)/dr are given by

‘ pYulNEL

where E[-] denotes the expectation value and Var[-] the
variance. The dynamical activity reads [48,49]

A= ZTr{i‘kﬁssz‘Z} (5)
k

and represents the average number of jumps per unit time in
the steady state. In turn, the factor y in Eq. (2) is given by
the expression

Tr{ T L Hp,
- { % },

- (©)

where Hp := —i [E{ ,p|, LT is the Drazin inverse [65] of £
(see Supplemental Material [66] for details), and 7 is the

current superoperator, i.e., J = Tr{J7p}. We note that the
superoperator H describes the amount of steady-state
energetic coherence, whereas the Drazin inverse depends
on the relaxation rates, highlighting that y depends on the
dynamics.

Crucially, since y depends on 7, our bound is sensitive
to both the particular current measurement and the type of
unraveling. For the jump, unraveling the current super-
operator is given by

JIp = Zykikﬁﬁ, (7)
k

where v, denotes the weight with which a jump L, changes
the integrated current N(7) [22,58]. Conversely, for the
diffusive unravelling [22,58]

Jap = Zl/k (e_i(ﬁki‘kf) + f)lz}teid’k), (8)
x

where ¢, are arbitrary angles. In this case the bound
Eq. (2) holds with the replacements (1 + ) — (1/2 + ),
J = T4 and J - J,.

Having introduced the quantum yw-KUR [Eq. (2)], we
compare it with a different, previously obtained bound [48]:

D 1

J? Za +x° ©)
which also applies in the steady state for the quantum jump
unraveling of the Lindblad master equation [Eq. (3)]. For
the diffusive unraveling, 1 is replaced by 1/4 in the
numerator. Here y is a different coherence-dependent factor
(see Supplemental Material [66] for the expression).
However, as opposed to y, it does not concisely capture
how much p fails to commute with H. Moreover, for a
given system, the factor y is the same for all unravelings
and current measurements, because it does not depend on
the current superoperator J, forfeiting a tailoring of the
noise-to-signal bound to a particular current measurement.
This is in contrast to y.

Double quantum dot—We illustrate the yw-KUR [Eq. (2)]
on a DQD model [60], where we find that w € [-2,0]
allows for considerable violations of the classical KUR due
to coherence when the noise D cannot be faithfully
described by a classical model. The system consists of
left (L) and right (R) spinless quantum dots, which are
weakly coupled to their respective fermionic reservoirs.
The Hamiltonian is

= etie, + g(e}eR n a;eL>, (10)
/=L.R

where ¢, (6;) are annihilation (creation) operators of an
electron in dot # = L, R, € is the occupation energy of each
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FIG. 1.
dephasing (I" = 0): (black) DA/J?; (red) (1 +

w-KUR in the DQD. (a) Current fluctuations in the quantum jump unraveling as a function of g/y, with y = y; = yz and no
1/1)2 [computed from Eq. (13)], which bounds the black curve according to Eq. (2); (green)

A/(A + y) from Eq. (9); (dashed gray) A/A; (dotted gray) A/A,q. Parameters: ff; u; = —frpg = 7 and € = 0. The inset shows the
same plots with dephasing rate I'/y = 0.3. (b) The noise D as a function of g/y for the quantum (black) and classical (orange) models, as
well as the /; norm of coherence C (gray) obtained with Eq. (14). Solid lines correspond to the parameters of (a) (without dephasing) and
dashed lines to those of the inset of (a) (with dephasing). (c) Same as (a) but for the diffusive measurement of the charge difference
between the quantum dots. Parameters are the same as in (a), except I'/y = 1.

quantum dot, and g the coherent tunnel strength. The chemical
potential, inverse temperature, and coupling strength to
reservoir £ are denoted by u,, ., and y,, respectively.

The Lindblad master equation governing the time
evolution of the system is given by

r
ilH,p +Z£fp+ Dlefe, —eheglp,  (11)

Lp=-— 5

where the last term denotes a dephasing in the local basis,
with strength I", while

Lep=1(feDR] + (1= fODEA)p  (12)

describes the coupling to reservoir £, with Fermi—Dirac

occupation f, := {exp [Bo(e — uz)] + 1171
For the quantum jump unraveling, we consider a net flow
of electrons from the left reservoir through the system,

which has the average current J = y;Tr[f Lé;ﬁéL—
(1-f L)éLﬁéZ] The analytical expression for y in this
case reads

=2y yr(yL +vgr +20)
49*(yL +7r) +voyr(re +7vr +20)

y = <0, (13)

which ranges between y = —2 when g — 0 and yw =0
when g — co. It is, thus, always in the range (1 + y)? < 1
such that, for this model, the DQD coherence always allows
for a reduced minimal activity to sustain a fixed noise-to-
signal ratio. Figure 1(a) compares DA/J? with (1 + y)? as
a function of g/y. The bound is found to be tighter for large
g/v- Moreover, it is tighter than Eq. (9) for the majority of
values ¢g/y, but not always.

The steady-state coherence, quantified by the [;
norm [67] in the occupation basis, is (see Supplemental
Material [66])

2

L trRT+ vt T
Thus, the range of coherent tunnel strength g where y
predicts a significant contribution of coherence to the KUR
violation corresponds to the peak of coherence.

Dephasing (I') is found to be detrimental to loosening the
KUR bound, and we find (1 4+ w)?> — 1 in the strong I"
limit consistently with our expectations for incoherent
dynamics. A similar, anticipated effect of dephasing, which
features in the inset of Fig. 1(a), is that DA/J? obeys Eq. (1)
in a much wider range of ¢/y.

Breakdown of the classical description—To gain addi-
tional insights we ask whether the noise D can be captured
by an effective classical model, where transport is described
by a Markovian rate equation

d

— W5, 15
7P P (15)

where W is a matrix of transition rates and p = [po, pz,
Pr»Pp| is a vector of probabilities that the system is
empty, occupied on the left, occupied on the right, or
doubly occupied. The rates arising from the coupling to
the environment are obtained from Eq. (12)—for instance,

Wio=v.fr- Conversely, the coherent tunneling is
replaced by the rate
4q”
Wig=Wg =——F——, 16
W Ry fyg 2T (16)

which can be obtained from perturbation theory [4,5,68] or
by imposing that the two models should have the same
average current.

Figure 1(b) compares the noise in the classical and
quantum models. While the classical model describes the
average current in the entire range of g/y, there is a
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discrepancy in the noise D, which appears precisely where
the coherence in Eq. (14) has a peak. In this regime, the
classical model fails to reproduce the reduction of the noise
predicted by the quantum master equation. This coincides
with the range where (1 + y)? < 1, i.e., where the y-KUR
in Eq. (2) differs from the KUR in Eq. (1).

While the classical model reproduces the noise for both
small and large ¢/y, these limits are quite different in nature.
For large g, the Lindblad jumps provide the bottleneck for
transport and, thus, determine the average current and the
noise. Indeed, in thisregime p; — px ~ 0 can be adiabatically
eliminated, and the classical model reduces to a three-state
model p = [po, p; + Pr, Pp] (see Supplemental Material
[66] for details). In this limit, coherence is suppressed and
w = 0.1In the limit of small g/y, transport is dominated by the
coherent tunneling, which now provides the bottleneck, but
this tunneling can be captured by the perturbative rate W; p. In
this case, we obtain y — —2, which also constitutes a
classical limit where the w-KUR reduces to Eq. (1). As
shown in the Appendix, since the current can be expressed as
a series of conductances containing both perturbative rates
and Lindblad jump rates, we find y € [-2, 0].

It is important to point out that the dynamical activity of
the classical model differs from that of the quantum model
given in Eq. (5). Indeed, the classical model implies the
bound D/J? > 1/A, with the dynamical activity Ay =
A+ (Wi —T/2)(pr + pr) [see Fig. 1(a)]l. The term
proportional to I" is subtracted, because dephasing jumps
contribute to the dynamical activity of the quantum model
but not in the classical rate equation. Nonetheless, for small
I, in the regimes where the DQD behaves classically, the
quantity A is the relevant quantity that bounds the signal-to-
noise ratio according to Eq. (1). For small ¢g/y the
contribution from W, is negligible, and A, ~ A. For large
g/y, interdot transitions are very rapid but do not influence
the noise. As mentioned above, the relevant classical
dynamics may be described by a coarse-grained three-state
model. The dynamical activity of this model, A,4, tends to A
for large g/y [see Fig. 1(a)]. Therefore, in the regimes where
D is captured by the classical model, the y-KUR in Eq. (2)
provides the relevant bound for the signal-to-noise ratio. We
note that, in contrast to the y-KUR, the KUR in Eq. (9)
becomes very loose as g/y becomes large as the denom-
inator on the right-hand side approaches A.. We note that
Egs. (2) and (9) can be combined to obtain a tighter bound.

Diffusive charge measurement—We consider next the
diffusive measurements of the charge difference between
the dots, which can be implemented using a quantum point
contact [22,45,69,70]. The resulting diffusive current is
Jq = V2UTr[(2] &, — &4¢g)p), where we assumed that all
dephasing in Eq. (11) is due to the measurement. The y-
KUR is illustrated in Fig. 1(c), where now

8¢%(rL + 7r)
49*(yr +vr) +vevr(ye +vr +20)

y = (17)
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FIG. 2. A scatter plot of DA/J? against (1 + y)? (red circles)
and A/(A + y) (green circles) for 1000 random networks of a
five-level quantum system. Each transition |n) <> |k) is either
coherently or dissipatively connected. Coherent tunneling
strength g,; = gx, and jumping rates y,; are sampled from a
uniform U/[0, 3], whereas yy,, = y e, with 6, sampled from
U[3,5]. The current is defined along a single edge with
antisymmetric weights +1. The gray dashed line represents x,
i.e., the w-KUR bound in Eq. (2) for red circles and the bound in
Eq. (9) for green circles. The blue dashed line is 1, i.e., the
classical KUR bound in Eq. (1).

In this case y > 0 always, resulting in a tighter bound than
the KUR [i.e., no violations of Eq. (1) are allowed]. One of
the key features of the yw-KUR is that it is unraveling
dependent. For instance, we can contrast our result with the
quantum bound in Eq. (9) (green line), which exhibits
opposite behavior when compared to Eq. (2), thus repre-
senting a looser constraint on the noise-to-signal ratio.
Interestingly, diffusive charge measurement is not the only
example where we find y > 0. It happens also for the jump
current, where we count only electrons entering the system
from the left reservoir, which corresponds to the current
J =y.f1Te{é} pe;} (see Supplemental Material [66]).

Random network of states—To illustrate the yw-KUR in
more general settings, we numerically investigate a five-
level system, where each transition |n) <> |k) between the
computational basis states is realized either by a coherent
interaction g,|n)(k| or jump operators /7,|n)(k| and
Tilk)(n|. Values of g,, = gy, and y,, are randomly
sampled from a uniform distribution U]0,3], whereas
Yin = Y€ %%, with o, sampled form U[3,5] to ensure
a strong bias. We consider an antisymmetric current for a
single transition |0) <> |1), meaning that ,/71,|1)(0| and
V/701/0) (1] have weights 1 and —1, respectively, whereas all
other jumps are not counted toward the current.

The red circles in Fig. 2 show DA/J? vs (1 + )? for
1000 randomly sampled networks. These points illustrate
that the factor y may be both positive and negative, and that
the yw-KUR provides a relevant bound also for more
complex systems. The green circles show DA/J? vs
A/(A+y) for the same network. It is noteworthy that
many green circles fall close to x =0, where Eq. (9)
reduces to the trivial bound DA/J? > 0.
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Conclusions and outlook—We derived an unraveling-
dependent quantum KUR that holds for Markovian open
quantum systems in the steady state, and includes a factor
(y) that captures the effect of energetic coherence in the
density matrix. This bound pinpoints precisely how coher-
ence may or may not allow for violations of the classical
KUR. The physical significance of our results is substan-
tiated by illustrating the KUR and the meaning of y on the
DQD with with two different unravelings corresponding to
different measurements. Interesting future questions
include deriving thermokinetic uncertainty relations under
strong system-environment couplings or for a unitary
description of system and environment, investigating the
transient regime [49,71,72], extending the results to the first
passage times [49,73], exploring the implications of our
findings on the precision of clocks [52,74,75], and general-
izing a newly established clock uncertainty relation [76,77],
which constitutes a generally tighter bound than the
classical KUR with the average residual time in place of
the dynamical activity, to the quantum regime. Since there
is a growing interest in current fluctuations in non-
Markovian settings [78,79], with a potential development
of a theory of unravelings in non-Markovian master
equations [80], our methods could be useful to find similar
bounds on the signal-to-noise ratio.
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End Matter

Appendix: Derivation of Eq. (2)—To derive the yw-KUR
given in Eq. (2), we consider the following deformation
of the jump operators in the Lindblad master equation
[Eq. (3)]: Ly = Lyg:=+/1+0L,. This results in the
modified Lindblad master equation

d, P P .
P = —iHp ]+ (1 G)Xk:D[Lk}p =Lop;, (A1)

such that we recover the original master equation when
60 — 0. Contrary to the method used to derive Eq. (9),
here the deformation is only in the jump operators. It,
therefore, does not amount to a homogeneous scaling
of time. We use a generalized quantum Cramér—Rao
bound [81,82]

. 2
Vary[N(7)]g_o = {0015;([27\/(_))1)6;):0} ,

(A2)

where Ey[N(z)] and Vary[N(z)] denote the expectation
value and the variance of N(r) corresponding to the
distorted dynamics [Eq. (A1)], and Z(6) is the quantum
Fisher information (QFI) of the parameter 6. In Eq. (A2),
N(z) plays the role of an estimator for the parameter 6.
While it may not be a good estimator (it is generally
biased), it nevertheless is a possible estimator and, thus,

obeys the Cramér—Rao bound. While Eq. (A2) holds
universally, analytically computing all expressions therein
is often not straightforward, as evidenced by this Letter.
Similarly, finding measurements that saturate it is highly
nontrivial.
Using the formalism of Ref. [83] to compute the QFI of
continuously monitored open quantum systems, we find
(6 - 0)="r1A. (A3)
The expectation value of the time-integrated current is
given by

(140) [¢diTr{Te*"p} (jump current)
V140 [fdiTr{T e "p} (diffusive current).
(A4)

BV (o) = {

Due to a different prefactor, we obtain two expressions for
its partial derivative with respect to 6:

Jr(l +y)
Je(5+w)

(jump current)

0gEg|N 0 = .
vEoN(®)]o-0 { (diffusive current)

(AS)
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Using the relation Vary[N(7)],_, = Dz and inserting
Egs. (A3) and (AS) into the quantum Cramér—Rao bound
[Eq. (A2)] leads to our y-KUR [Eq. (2)]. See Supplemental
Material [66] for a derivation of Egs. (A3) and (AS).

The classical KUR [Eq. (1)] can be recovered in the limit
of incoherent dynamics as a result of [H, p] = 0, implying
w = 0. For the DQD, this is what happens in the limit
g — o0. As discussed in the main text, we may also recover
(1 +w)* = 1 when y = =2, which happens for the DQD
in the limit g — O where both [A, p] as well as J tend to
zero, c.f. Eq. (13). This observation may be understood by
considering the rates in the classical model. In the limit
of large g, the couplings to the bath become the bottleneck
that dominates transport, and the current reduces to
J=v1vr(fr = fr)/(yz +7r)- Under the rescaling in
Eq. (A1), Ey[N(z)] = Jz(1 + @), which results in y =0
from Eq. (AS). In contrast, in the limit of small g, interdot
tunneling with rate W, provides the bottleneck and the
current reduces to J = W(f, — fr). Since W, is
inversely proportional to the Lindblad jump rates, the
rescaled integrated current reduces to Ey[N(7)] = Jz/(1 +
0) ~ Jz(1 — ) for small 6, which results in y = —2. For
arbitrary interdot couplings, the current can be written as a
series of conductances

J= 0" +rR' + Wi (fL = fr)- (A6)

The rescaled current then reads, for small 6,

Ey[N ()] = JT(I iy Wir(re +vr) — 7L7R), (A7)

Wir(ye +7vr) +7LYr

which imposes in —-2<wy <0. As we detail in
Supplemental Material [66], the same restrictions for y
hold whenever the current can be written as a series of
conductances including both perturbative rates as well as
Lindblad jump rates.

It is interesting to examine Eqgs. (2) and (9) as a
quantum Cramér—Rao bound, c.f. Eq. (A2). In Eq. (2),
the quantum correction y arises from the numerator,
i.e., the bias of the estimator. The bound becomes trivial
(i.e., the right-hand side vanishes) when the estimator does
not depend on 6, which happens for y = -1 [c.f.
Eq. (A5)]. In this regime, where coherence plays a strong
role, we can, thus, not expect our bound to be tight, as the
fluctuations generally remain finite even when they do not
contain information on 6. In contrast, the quantum
correction y in Eq. (9) arises from the quantum Fisher
information, i.e., the denominator in Eq. (A2) [48]. The
bound becomes loose when there is a large amount of
information on € in the output of the system. This
generally happens when the system hosts fast processes,
which allow for estimating time precisely, since in
Ref. [48], O corresponds to a rescaling of time. This
explains why Eq. (9) becomes loose for large g in Fig. 1.
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