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Entanglement and thermokinetic uncertainty relations in coherent mesoscopic transport

Kacper Prech ,1,* Philip Johansson,2 Elias Nyholm ,2 Gabriel T. Landi ,3 Claudio Verdozzi ,4

Peter Samuelsson ,5 and Patrick P. Potts 1

1Department of Physics, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
2Physics Department, Lund University, PO Box 118, 22100 Lund, Sweden

3Instituto de Física da Universidade de Sao Paulo, 05314-970 Sao Paulo, Sao Paulo, Brazil
4Physics Department and ETSF, Lund University, PO Box 118, 22100 Lund, Sweden

5Physics Department and NanoLund, Lund University, PO Box 118, 22100 Lund, Sweden

(Received 14 December 2022; accepted 27 April 2023; published 6 June 2023)

A deeper understanding of the differences between quantum and classical dynamics promises great potential
for emerging technologies. Nevertheless, some aspects remain poorly understood, particularly concerning the
role of quantum coherence in open quantum systems. On the one hand, coherence leads to entanglement and
even nonlocality. On the other, it may lead to a suppression of fluctuations, causing violations of thermokinetic
uncertainty relations (TUR and KUR) that are valid for classical processes. These represent two different
manifestations of coherence, one depending only on the state of the system (static) and one depending on
two-time correlation functions (dynamical). Here we employ these manifestations of coherence to determine
when mesoscopic quantum transport can be captured by a classical model based on stochastic jumps, and when
such a model breaks down, implying nonclassical behavior. To this end, we focus on a minimal model of a double
quantum dot coupled to two thermal reservoirs. In this system, quantum tunneling induces Rabi oscillations and
results in both entanglement and nonlocality, as well as TUR and KUR violations. These effects, which describe
the breakdown of a classical description, are accompanied by a peak in coherence. Our results provide guiding
principles for the design of out-of-equilibrium devices that exhibit nonclassical behavior.
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I. INTRODUCTION

The inability of classical physics to account for experimen-
tal observations on the atomic scale resulted in the emergence
of quantum mechanics in the last century [1]. Quantum
physics exhibits behavior that may be strikingly different from
that of classical physics. One fundamentally distinguishing
feature is quantum coherence, i.e., the ability to maintain a
superposition of different quantum states. Coherence can be
understood as a resource in quantum information processing
[2], to realize tasks such as quantum computation or quantum
metrology. Coherence also plays an important role in the ther-
modynamics of quantum systems and influences fluctuations
of work and entropy production [3–5].

Despite the enormous interest in quantum advantages for
technological applications, the difference between quantum
and classical behavior has not been fully understood yet.
One particular instance is that of quantum transport and ther-
modynamics in open quantum systems. Such systems may
usually be described by multiple coupled sites, in contact with
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thermal reservoirs at different temperatures and/or chemical
potentials (Fig. 1). After a long time elapses, this system will
reach a nonequilibrium steady state (NESS), characterized
by currents flowing between the reservoirs. This setup forms
the basis for a variety of devices and applications, including
thermoelectrics [6,7], autonomous engines [8], and nanoscale
sensors [9].

Transport through such a system is enabled by quantum
tunneling between sites. However, under certain circum-
stances, a classical model based on stochastic jumps may
fully capture the nonequilibrium behavior. To tap into the
potential provided by quantum coherence, it is thus of crucial
importance to determine when a classical model is ade-
quate to describe an out-of-equilibrium quantum system and
when it breaks down. To determine the breakdown of a
classical description, we consider two manifestations of co-
herence: entanglement in the NESS [10–14] and violations of
thermokinetic uncertainty relations [15–22].

Entanglement [23] is an exceptionally strong form of cor-
relation that may result in nonlocal behavior [24], which may
have an important technological impact as it can be exploited
for, e.g., quantum cryptography [25,26] or to provide advan-
tages in sensing applications [27–29]. Entanglement, though,
depends solely on the quantum state of the system at a given
time; i.e., it is a static quantity.

The second manifestation is provided by violations of
the so-called thermodynamic uncertainty relations (TURs)
[30–33] and kinetic uncertainty relations (KURs) [33], as
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FIG. 1. Manifestations of coherent tunneling in mesoscopic
transport. The buildup of quantum coherence, caused by Rabi oscil-
lations, may result in entanglement and even nonlocality. In addition,
coherent tunneling may also result in a suppression of fluctuations,
leading to violations of thermokinetic uncertainty relations.

well as their recently proposed unification, the TKUR [34].
These are bounds on the signal-to-noise ratio of currents in
classical systems. In quantum-coherent systems, these bounds
no longer need to be respected, so that TUR or KUR violations
can be interpreted as manifestations of quantum coherence. In
contrast to entanglement, the TUR and KUR bounds depend
on two-time correlations. These two types of manifestations of
coherence are therefore complementary: while entanglement
can be regarded as a static manifestation of coherence, TUR
and KUR violations are dynamical in nature.

Here we focus on a minimal model, containing just two
sites and two reservoirs (see Fig. 1). In this setup, both NESS
entanglement [10–12] as well as TUR violations [16,17] are
present. Investigating these manifestations of coherence to-
gether, and comparing to a stochastic jump model, allows us
determine when quantum coherence results in a behavior that
cannot be captured by a classical model. We find that the
buildup of coherence due to quantum tunneling can become
large enough to generate not only entanglement but even
nonlocality, in contrast to previous studies [11]. Furthermore,
the Rabi oscillations induced by quantum tunneling result
in a reduction of fluctuations that may overcome both the
TUR as well as the KUR. To the best of our knowledge,
such KUR (and TKUR) violations have not been reported
in quantum systems before. Interestingly, both manifestations
of coherence occur when the tunnel coupling between the
sites is comparable to the system-bath coupling, where the
coherence in the NESS shows a local maximum. In addition,
entanglement is found for strong tunnel couplings, where co-
herence exhibits its global maximum. In this regime, however,
the dynamics is well captured by a classical jump model
that involves the entangled eigenstates of the two-site system.
Thermokinetic uncertainty relations may therefore not be vio-
lated in this strong-coupling regime.

For concreteness, we consider a double quantum dot,
where electrons can hop between two levels. The basic model
parameters are outlined in Fig. 2. In order to contrast classical
models and quantum-coherent models, we employ differ-
ent quantum master equations [35,36] (local vs global) and
investigate the effect of interactions. For a noninteracting
system, we benchmark local and global quantum master equa-
tions with nonequilibrium Green’s functions (NEGFs). We

FIG. 2. Sketch of the system. Two spin-polarized quantum dots
(QDs) (� = L, R) with on-site energies ε are tunnel-coupled with
strength g and exhibit an interdot Coulomb interaction U . Each QD
is weakly coupled to a fermionic reservoir with temperature T� and
chemical potential μ�. The coupling between system and reservoir is
denoted by γ�.

note that we benchmark not only average quantities, depend-
ing on the steady state, but also current fluctuations which
depend on two-time correlation functions. This further clar-
ifies the regimes of validity of the local and global master
equation which have been debated recently [35,37–39]. In
the presence of interactions, we employ a thermodynami-
cally consistent semilocal master equation [36,40], as well as
NEGFs. While our results are valid for the two-site model
sketched in Figs. 1 and 2, the insights gained in the break-
down of a classical description carry over to more complicated
transport scenarios, serving as guiding principles in designing
out-of-equilibrium devices that can behave nonclassically. We
illustrate this by investigating a chain of three quantum dots.

This paper is organized as follows. The system we consider
and the models we employ for its description are discussed
in Sec. II. The manifestations of coherence are introduced in
Sec. III. In Sec. IV, we present the results for noninteracting
electrons and in Sec. V we discuss the role of interactions.
Section VI contains a discussion on more complicated trans-
port scenarios, including a chain of three quantum dots.
Conclusions are provided in Sec. VII.

II. THE SYSTEM AND MODELS

A. Double quantum dot

We consider two quantum dots (QDs) connected in series,
labeled � = L, R [41–43]. Each QD is weakly coupled to a
fermionic reservoir with temperature T� and chemical poten-
tial μ�, respectively (Fig. 2). As shown previously, this system
exhibits both manifestations of coherence we are interested
in: First, by driving an electron current through the system
it is possible to generate an entangled state [10]. Second,
fluctuations of the same current may be suppressed below
the classical TUR bound [16]. We consider spin-polarized
electrons, such that at most one electron may reside on each
QD. The Hamiltonian of the system reads

Ĥ =
∑

�=L,R

εĉ†
� ĉ� + g(ĉ†

LĉR + ĉ†
RĉL ) + Uĉ†

LĉLĉ†
RĉR, (1)

where ε is the on-site energy of the QDs, g the interdot tunnel
coupling, U the Coulomb repulsion between electrons, and
ĉ� (ĉ†

�) the annihilation (creation) operator of the electron on
QD �, respectively. The effect of unequal on-site energies is
considered in Appendix A.
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The effect of the reservoirs is described by multiple meth-
ods, including local and global Lindblad master equations as
well as NEGFs. We now introduce these methods for nonin-
teracting electrons (U = 0); the interacting case is treated in
Sec. V. The strength of the coupling between QD � and the
corresponding reservoir (assumed to be energy independent)
will be denoted by γ� for all methods. Throughout, we con-
sider a voltage bias that is applied symmetrically such that
μL = ε + eV/2 and μR = ε − eV/2.

B. Lindblad master equations

The main method we use to investigate the dynamics of the
double QD is provided by Lindblad master equations. These
rely on Born-Markov approximations that for our system are
justified when (we set kB = h̄ = 1 throughout)

γ� � max{T�′ , |ε ± g − μ�′ |} (Born-Markov), (2)

for any � and �′ and for both signs. This condition ensures that
the relevant bath properties are flat around the Bohr frequen-
cies ε ± g. To ensure thermodynamic consistency, we follow
a recently derived framework [36,40]. Both the local as well
as the global master equation that we employ can be written
in the form

d ρ̂

dt
= −i[Ĥ , ρ̂] + LLρ̂ + LRρ̂ := Lρ̂, (3)

where L� is the Lindblad superoperator that accounts for the
dissipation to the bath �. For the local master equation, the
Lindblad superoperators are given by [36]

L� = n�γ�D[ĉ†
�] + (1 − n�)γ�D[ĉ�], (4)

where

D[Ô]ρ̂ = Ôρ̂Ô† − 1
2 {Ô†Ô, ρ̂}, (5)

and n� := n�(ε), with the Fermi-Dirac distribution

n�(ω) = 1

exp
(

ω−μ�

T�

) + 1
. (6)

When the Born-Markov approximations are justified, the local
master equation (ME) may be employed when [36]

g � max{T�, |ε − μ�|} (local ME). (7)

In analogy to Eq. (2), this condition ensures that the rele-
vant bath properties are flat across both Bohr frequencies. In
this work, we use the local master equation extensively, as
its regime of validity coincides with the regime where both
manifestations of coherence appear.

In addition, we make use of the global master equa-
tion which relies on the secular approximation [44]. The
Lindblad superoperators in the global approach read [36]

L� = 1

2

∑
s=±

{
ns

�γ�D[ĉ†
s ] + (

1 − ns
�

)
γ�D[ĉs]

}
, (8)

where

ε± = ε ± g, ĉ± = 1√
2

(ĉR ± ĉL ), (9)

and ns
� := n�(εs). The annihilation operators ĉ± correspond to

the eigenmodes of Hamiltonian (1). The secular approxima-
tion is justified when [44]

g � max{γL, γR} (global ME). (10)

In both Lindblad master equations, the steady-state average
current flowing across the system can be computed with the
expression

〈I〉 = Tr[N̂LLρ̂], (11)

where

N̂ = ĉ†
LĉL + ĉ†

RĉR (12)

is the operator of the number of electrons in the double quan-
tum dot. To determine the current fluctuations, we resort to the
method of full counting statistics discussed in Appendix B.

We note that in both master equations, we neglect a Lamb
shift that results in a shift of the on-site energies.

C. Nonequilibrium Green’s functions

For noninteracting electrons, all relevant quantities can be
solved exactly using the method of NEGFs. The transmission
function T (ω), which specifies the transition rate of electrons
with energy ω, is a fundamental quantity to investigate trans-
port across the system. For our system it is given by [17,45]

T (ω) = γLγRg2∣∣(ω − ε + i γL

2

)(
ω − ε + i γR

2

) − g2
∣∣2 , (13)

where we assumed the wideband approximation [46], i.e.,
energy independence of the coupling strength γ� and omit-
ting any Lamb shift. The transmission function allows us to
compute the average of the current and its fluctuations, given
by [47–49]

〈I〉 =
∫ ∞

−∞

dω

2π
T (ω)[nL(ω) − nR(ω)], (14)

and

〈〈I2〉〉 =
∫ ∞

−∞

dω

2π
T (ω){nL(ω) + nR(ω) − 2nL(ω)nR(ω)

− T (ω)[nL(ω) − nR(ω)]2}. (15)

The elements of the density matrix of the system can be com-
puted from the lesser Green’s functions together with Wick’s
theorem. More information on the NEGF formalism can be
found in Appendix A 3.

D. Classical model

The last method that we employ is a classical, stochastic
model for the double QD system [15,50]. We consider the time
evolution of the vector of probabilities 	p = [p0, pL, pR, pD]T ,
where entries denote, respectively, the probability that the
system is empty, only the left QD is occupied, only the right
QD is occupied, and both QDs are occupied. In the classical
model, the time evolution of 	p is governed by the rate equation

d

dt
	p = W 	p, (16)
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where the elements Wi 
= j of the 4 × 4 matrix W are the tran-
sition rates from state j to state i, and Wii = −∑

j 
=i Wji. The
transition rates between states with a different total number
of electrons are taken from the local master equation, i.e.,
WL0 = WDR = nLγL, W0L = WRD = (1 − nL )γL, and similarly
for L ↔ R. The transition rate describing hopping between
the dots can be obtained from perturbation theory (cf. Ap-
pendix A 4) and reads

WLR = WRL = 4g2

γL + γR
. (17)

The average current can be evaluated as

〈I〉 = WL0 p0 − W0L pL + WDR pR − WRD pD. (18)

To compute the fluctuations of the current we resort to full
counting statistics (cf. Appendix B), as in the case of the
Lindblad master equations.

III. MANIFESTATIONS OF COHERENCE

A. Coherence

We study coherence in the quantum state ρ̂ of the system
with respect to the basis of the particle occupation num-
ber of each quantum dot. A local Fock basis {|nL, nR〉 :=
(ĉ†

L )nL (ĉ†
R)nR |0, 0〉} is constructed such that the first (second)

number denotes the occupation of the left (right) QD. Then,
the density matrix of the system can be written in the basis
{|0, 0〉, |1, 0〉, |0, 1〉, |1, 1〉} as a matrix

ρ̂ =

⎛
⎜⎜⎝

p0 0 0 0
0 pL α 0
0 α∗ pR 0
0 0 0 pD

⎞
⎟⎟⎠. (19)

It has a single off-diagonal element α, corresponding to a
single electron being in a superposition between the left and
the right dots. Any other off-diagonal element is strictly zero
due to the charge superselection rule [51,52]. Throughout, we
will quantify coherence with the absolute value |α|, which is
equivalent to one-half of the l1-norm of coherence [53].

B. Entanglement

The system sketched in Fig. 2 and its modifications have
attracted a significant amount of attention because they may
feature entanglement in the steady state [10–14]. This en-
tanglement may arise from two different mechanisms. For
tunnel couplings comparable to the system-bath coupling, the
entanglement is generated by a current passing through the
double dot [12]. This scheme to produce nonseparable states
can be extended to multiqubit machines [54]. It can also be
improved by local filtering [55], and it can be mediated by a
cavity mode [56].

For tunnel couplings much larger than the temperature,
only the lowest-energy eigenstate is occupied. This state is an
entangled state such that the thermal state becomes entangled.
In this paper, we are mainly interested in the generation of
entanglement by passing a current through the system because
this is the regime where we also observe other manifestations
of coherence.

We emphasize that the introduced scheme generates mode
entanglement between two QDs, where the number of par-
ticles plays the role of the degree of freedom [52,57–59].
This is qualitatively different from entanglement between two
particles, such as spin entanglement in electronic systems. We
note that the entanglement of a single electron [60] has been
debated in the literature due to the charge superselection rule.
However, following [58], having two copies of the system
allows to overcome this issue and makes the entanglement of
a single electron useful.

To quantify the amount of entanglement we use the en-
tanglement measure of concurrence [61,62]. For the present
system, the concurrence is given by

C = max{2|α| − 2
√

p0 pD, 0}. (20)

From this expression, we can already anticipate that Coulomb
interactions have a favorable effect on the entanglement, be-
cause they reduce pD. This has a twofold effect as it allows
for a larger occupation in the single-electron subspace, which
may result in a larger α.

C. Thermodynamic and kinematic uncertainty relations

The TUR and KUR are two different inequalities that
bound the signal-to-noise ratio of a current in classical sys-
tems. The TUR has been developed in the field of classical
stochastic thermodynamics [63–67], which is a framework
to describe fluctuations of thermodynamic quantities, such as
work or heat, in nanoscale systems. It provides the bound in
terms of the average entropy production rate, which quantifies
the irreversibility of a process. The TUR can be applied to
obtain a trade-off between power production, constancy, and
efficiency in stochastic heat engines [68] and to infer the
efficiency of molecular motors [69].

The KUR was derived using the fluctuation-response in-
equality for out-of-equilibrium stochastic dynamics [70] and
finds applications outside of the thermodynamic settings. In
the case of the KUR, the signal-to-noise ratio is bounded
by the average dynamical activity, which is a measure of
the total rate of transitions between the states of the system.
The question whether the KUR can be violated in a quantum
system has, to the best of our knowledge, not been explored.
We note that in contrast to entropy production, which can
be derived using any model, subtleties arise when computing
the dynamical activity that features in the KUR with different
models. These are discussed below.

While the TUR provides a tight bound when dissipation is
small, the KUR is more relevant for systems that are far from
equilibrium. Either of these two different inequalities may
thus provide a stronger bound on the fluctuations depending
on the situation. As discussed below, these inequalities have
also recently been combined into the TKUR [34].

The TUR quantifies a trade-off between an average of a
current, 〈I〉, its fluctuations 〈〈I2〉〉, and the total entropy pro-
duction rate 〈σ 〉. It was initially proven in the long-time limit
for nonequilibrium systems that follow a time-homogeneous
Markovian dynamics and obey local detailed balance. It is
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given by [30,31]

QT := 2〈I〉2

〈〈I2〉〉〈σ 〉 � 1. (21)

In addition, several modified versions of the TUR have been
derived, which include a finite time generalization [71,72],
measurement and feedback scenarios [73], as well as time-
dependent periodic [74] and nonperiodic [75] driving. In this
work, however, we restrict our attention to the TUR given in
Eq. (21). In the steady-state regime, entropy production comes
solely from the dissipation of heat within the reservoirs [6],

〈σ 〉 = − JL

TL
− JR

TR
, (22)

where J� is the steady-state heat current from the reservoir �.
How these heat currents can be computed from the different
models is discussed in Appendix A. For reservoirs with equal
temperature T , the entropy production simplifies to

〈σ 〉 = (μL − μR)〈I〉
T

= eV 〈I〉
T

. (23)

Moreover, Eq. (21) reduces to

QT := 2T 〈I〉
eV 〈〈I2〉〉 � 1, (24)

which only depends on the Fano factor 〈〈I2〉〉/〈I〉.
The KUR provides an alternative bound on the signal-to-

noise ratio [33],

QK := 〈I〉2

〈〈I2〉〉〈A〉 � 1, (25)

where 〈A〉 is the dynamical activity that quantifies the average
rate of jumps the system undergoes. For a system described
by a classical rate equation, such as Eq. (16), the dynamical
activity is defined as [33]

〈A〉 =
∑
i 
= j

Wi j p j . (26)

It quantifies the average total rate of jumps between all states
of the system. In the quantum model, the process of elec-
trons moving between the left and right QDs is modeled by
a coherent evolution, not classical jumps. For this reason,
the dynamical activity for Markovian quantum master equa-
tions is usually defined such that it only quantifies the rate of
jumps induced by Lindblad jump operators [76,77]. For the
local master equation, this would read

〈Aq〉 = 〈A〉 − 4g2

γL + γR
(pL + pR), (27)

resulting in a strictly smaller dynamical activity. Employing
〈Aq〉 in the KUR could result in the following problem: In a
regime where the classical model and the master equation pro-
vide the same probabilities and fluctuations (i.e., the system
essentially behaves classically), we could get a violation of
the KUR simply because 〈Aq〉 does not take into account
the transitions between the left and right dots. To avoid such
problems, we employ Eq. (26) throughout for the dynamical
activity, where the rates Wi j are always taken from the classi-
cal model (16), and the probabilities p j are obtained with the
respective method that is employed.

Finally, we consider the TKUR that combines the above
bounds as [34]

QT K := 〈〈I〉〉2

〈〈I2〉〉
4〈A〉
〈σ 〉2

f

( 〈σ 〉
2〈A〉

)2

� 1, (28)

where f (x) is the inverse function of x tanh x. This inequality
optimizes between the TUR and the KUR, and thus gives a
stronger bound than both of them.

When investigating violations of uncertainty relations, we
use the quantifier

V j = max{Q j − 1, 0}, (29)

where j = T, K, T K correspond to TUR, KUR, and TKUR,
respectively. We refer to this quantity as j violation. If it is
positive, the respective uncertainty relation is violated. We
note that numerically comparing the values of these quanti-
fiers between different types of violations is not meaningful.

IV. NONINTERACTING ELECTRONS

In this section, we provide our results for noninteracting
electrons. In this case, there exist exact solutions obtained
with NEGFs (cf. Appendix A 3), which serve as a benchmark.
Before illustrating the manifestations of coherence, we con-
sider the influence of the tunneling strength g on coherence,
the current, and its fluctuations. This allows for illustrating the
coherent nature of the dynamics and to compare the different
models. All analytical expressions provided in this section are
derived with the local Lindblad master equation. For analyt-
ical results obtained with the global approach we refer the
reader to Appendix A 2.

A. Coherent dynamics: Comparing the models

We first discuss how the coherence in the system changes
with the interdot tunnel coupling in the steady state. We find

|α| = 2g|nL − nR|γLγR

(γL + γR)(4g2 + γLγR)
. (30)

Interestingly, this expression exhibits a peak at g  γ (with
γL = γR = γ ) [see Fig. 3(a)]. This peak in coherence can be
understood as follows: The coherent tunneling induces Rabi
oscillations between the left and the right dots, which may
result in a buildup of coherence. For g � γ , the decoherence
induced by the bath suppresses any buildup of coherence akin
to the Zeno effect. For g � γ , the Rabi oscillations become
very fast, suppressing coherence by phase averaging. For in-
termediate g, coherence can build up, resulting in a peak.
We note that the location of this peak does not depend on
temperature or chemical potential (which only enter in the
Fermi-Dirac distributions n�).

While the peak in coherence is captured well by the local
master equation, this approach breaks down when g becomes
of the order of T [cf. Eq. (7)]. In this regime, where the
global master equation is justified, coherence grows again. As
discussed above, this is a result of the entangled ground state
being more populated than the excited state. In the large-g
limit, the steady state reduces to the ground state, a pure sin-
glet state with maximal coherence. As illustrated in Fig. 3(a),
we find excellent agreement between the exact NEGF solution
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FIG. 3. Coherence, current, and fluctuations for noninteracting electrons. Results are shown for the local master equation (red), global
master equation (green), classical model (blue dashed), and NEGFs (black dashed). (a) Coherence |α|, (b) average current 〈I〉, and (c) current
fluctuations 〈〈I2〉〉, all as a function of g/γ . Parameters: γL = γR = γ , T/γ = 100, μL = eV/2, μR = −eV/2, eV/T = 6.5, ε = 0, U = 0.
Background shadings mark approximate regions where the local master equation (red), the global master equation (green), and the classical
model (blue) are valid, respectively.

and the Lindblad master equation solutions in their respective
regime of validity.

Additionally, the current and its fluctuations provide in-
sight into the effect of coherence on the dynamics. For the
current, the local master equation yields

〈I〉 = 4g2(nL − nR)γLγR(γL + γR)

(γL + γR)2(4g2 + γLγR)
. (31)

The average current is illustrated in Fig. 3(b). Starting from
small g, its value grows as g2 and saturates when the tunnel
coupling g becomes larger than the system-bath coupling γ ,
which becomes the bottleneck for transport. Similarly to the
coherence, when g is of the order of T we observe a break-
down of the local approach. For larger values of g, where
the global approach describes the dynamics well, the average
current decreases, as the eigenenergies of the Hamiltonian
leave the bias window, and transport of electrons is impeded.
In addition, the plot includes the average current predicted
by the classical model (cf. Appendix A 4). It is in complete
agreement with the local master equation, and as such is
accurate in the regime of validity of the local approach.

The current fluctuations are given by

〈〈I2〉〉 = 〈I〉nL + nR − 2nLnR

nL − nR

− 2〈I〉2

(
1

γL + γR
+ γL + γR

4g2 + γLγR

)
, (32)

which is illustrated in Fig. 3(c). Comparison with the NEGF
solution shows that the local and global master equations re-
produce the exact current fluctuations in their respective
regime of validity. To the best of our knowledge, this is the
first time that these regimes of validity have been bench-
marked by quantities that do not only depend on the quantum
state alone but instead depend on two-time correlation func-
tions. As a function of g/γ , the fluctuations display analogous
features to the average. However, when g is of the same order
as γ , the fluctuations are suppressed below the value of the
classical model (see also Ref. [15] for a similar observation).
The regime characterized by the peak in coherence thus co-
incides with the regime where the fluctuations of the current
are suppressed relative to the classical model. These features
underlie the manifestations of coherence that we focus on
below.

B. Manifestations of coherence

The expression for the concurrence [cf. Eq. (20)] is given
by

C = max

{
0, 2|α| − 2γLγR

4g2 + γLγR

√[
nLnR + 4g2

γLγR
n̄2

]

×
√[

(1 − nL )(1 − nR) + 4g2

γLγR
(1 − n̄)2

]}
, (33)

where

n̄ = nLγL + nRγR

γL + γR
, (34)

and |α| is given in Eq. (30). Maximal concurrence occurs for
infinite bias, (ε − μL )/TL → −∞ and (ε − μR)/TR → ∞;
i.e., eV → ∞. In this regime the maximal value is C = (

√
5 −

1)/4 ≈ 0.31 and can be reached by setting g/γ = (
√

5 −
1)/4. The TUR violation, on the other hand, is computed from
Eq. (29) together with Eq. (24). It becomes saturated at g/γ =√

15/6 [16] irrespective of the applied bias, similarly as it
was found for the coherence. The corresponding maximum is
VT ≈ 0.141, which occurs at eV/T ≈ 4.8. Similarly, we find
KUR violations, i.e., VK > 0. Its optimal value VK ≈ 0.216
occurs when (ε − μL )/TL → ∞ and (ε − μR)/TR → −∞,
which is the same regime saturating concurrence, and when
g/γ ≈ 0.59.

All three manifestations are presented in Fig. 4 as a func-
tion of g and eV . The range of values of g coincides with the
window of the tunnel couplings that exhibit both a peak of co-
herence and reduction of current fluctuations. This is directly
demonstrated in Figs. 4(b) and 4(c), where we compare |α|
with C, VT , VK , and VT K on two cross sections of Fig. 4(a).
Both plots show excellent agreement between the local mas-
ter equation (solid color lines) and NEGFs (corresponding
dashed black lines). The regime where g and γ are comparable
thus features both entanglement, a static manifestation of co-
herence describing the steady state, as well as TUR and KUR
violations, dynamical manifestations of coherence which arise
from the nonclassical dynamics of the system. Crucially, we
see how these two manifestations of coherence do not always
appear together. As discussed above, in the regime of strong g,
entanglement is found. However, the dynamics of the system
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FIG. 4. Comparison of coherence |α|, concurrence C, TUR
violation VT , KUR violation VK , and TKUR violation VT K for nonin-
teracting electrons. (a) Manifestations of coherence as a function of
g/γ and eV/T . Results are obtained with the local master equation.
Parameters: γL = γR = γ , T/γ = 100, μL = eV/2, μR = −eV/2,
ε = 0, U = 0. For clarity we only show the region, enveloped by the
black dashed lines, where VT K > 0. [(b), (c)] Cross sections of panel
(a) (gold and black vertical lines) corresponding to eV/T = 6.5 and
eV/T = 11.5, respectively.

are well described by the global master equation, a classi-
cal rate equation involving the entangled eigenstates of the
Hamiltonian. Consequently, we do not find TUR and KUR
violations.

There are also regimes where entanglement and TUR vi-
olations are found to partially overlap, such that a crossover
can be achieved by increasing the voltage bias. Specifically,
the TUR is only violated for small voltage bias, whereas
entanglement requires large voltage bias. Increasing eV gives
rise to increasing entropy production, which causes the TUR
to become less tight. Entanglement grows with increasing
current, which itself increases with the voltage. For large
voltages, we also observe KUR violations due to the sup-
pression of current fluctuations. In agreement with previous
findings VK ≈ 0.216, TUR violations are observed close to
equilibrium while KUR violations appear far from equilib-
rium. As the TKUR is tighter than both the TUR and the KUR,
its violations encompass both the TUR as well as the KUR
violations.

We end this section by considering the usefulness of the
entangled quantum state to achieve nonlocality [24] and to
perform quantum teleportation [78] (see Appendix D). This
has been done previously in a similar system [11]. For non-
interacting electrons, we find a teleportation fidelity of f =
(7 + √

5)/12 ≈ 0.77 (cf. Appendix D 2), which is above the
classical limit of 2/3. As expected, this corresponds to the
value found in Ref. [11] in the noninteracting case. Concern-
ing nonlocality, in our system with noninteracting electrons
we do not find any violation of the Clauser-Horne-Shimony-
Holt (CHSH) inequality [79] (cf. Appendix D 1), in agreement
with the findings of Ref. [11]. As discussed in Sec. V C, inclu-
sion of Coulomb interactions allows for a higher teleportation
fidelity and even CHSH violations, implying Bell nonlocal-
ity. This is in contrast to the results of Ref. [11], where no
chemical potential was present and population inversion was
obtained using negative temperatures.

V. INTERACTING ELECTRONS: ENHANCED
COHERENCE, STRONGER VIOLATIONS,

AND NONLOCAL STATES

Coulomb interactions between the electrons change the
dynamics of the double QD system by incorporating an
additional energetic cost for occupying both QDs. In this
section we show how the presence of interactions affects the
manifestations of coherence.

A. Methods

We investigate the dynamics of the system using methods
analogous to the noninteracting case, adjusted to take into
account the effect of Coulomb interactions between electrons.

1. Master equation

In the previous section we have identified the regime of
interest to be where the peak of coherence appears together
with all the manifestations of coherence. Since the same holds
for interacting electrons, we restrict our attention to the regime
where tunnel couplings g are comparable to γ�. A Lindblad
master equation suitable for treating this regime in the pres-
ence of Coulomb interactions (termed semilocal) has recently
been microscopically derived [36]. The corresponding super-
operators read

L� = γ�

[
n�D[(1 − ĉ†

�̄
ĉ�̄)ĉ†

�] + (1 − n�)D[(1 − ĉ†
�̄
ĉ�̄)ĉ�]

]
+ γ�

[
nU

� D[ĉ†
�̄
ĉ�̄ĉ†

�] + (
1 − nU

�

)
D[ĉ†

�̄
ĉ�̄ĉ�]

]
, (35)

where

n� := n�(ε), (36)

nU
� := n�(ε + U ), (37)

and �̄ 
= �. It is valid in the regime

g � max{T�, |ε + U − μ�|} (semilocal ME). (38)

The key difference between the semilocal master equation and
the local one, which we used for the noninteracting case, is
that now the jump rates from each QD to the adjacent reser-
voir depend on the occupation of the other QD. Importantly,
the results from the semilocal master equation reduce to the
results from the local master equation in the limit U → 0 [36].

In order to compute the average current and its fluctua-
tions we proceed analogously to the case of noninteracting
particles. The average current in the steady state is given by
Eq. (11), and the fluctuations are obtained with full counting
statistics (Appendix B).

2. Classical model

As for noninteracting electrons, we derived a classical
model of the form of Eq. (16) using the perturbative approach
described in Appendix A 4. The matrix elements describing
jumps of electrons between the reservoirs and the system read
WL0 = γLnL, W0L = γL(1 − nL ), WDR = γLnU

L , WRD = γL(1 −
nU

L ), and similarly for L ↔ R. These are the same rates that
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FIG. 5. The effect of Coulomb interactions on coherence and concurrence. (a) Coherence |α| as a function of g/γ for different strength
of Coulomb interaction: U/T = 0 (black), U/T = 3 (blue), U/T = 5 (green), and U → ∞ (red). The plot was produced with the results
of the semilocal master equation. Parameters: T/γ = 100, eV/T = 6.5, ε = 0. [(b), (c)] Coherence |α| and concurrence C as a function of
U/g, respectively, obtained with the semilocal master equation (black) and NEGFs (red). Parameters: g/γ = 0.3, T/γ = 10, eV/T = 3.6, and
ε = 0.

appear in the semilocal master equation [cf. Eq. (35)]. The
interdot tunnel rate is given by

WLR = 4g2

γL
(
1 − nL + nU

L

) + γR
(
1 − nR + nU

R

) , (39)

and WRL = WLR.

3. NEGFs

The effect of Coulomb interactions in the NEGF can be in-
troduced via a many-body self-energy. This is an in-principle
exact procedure. In practice, one must, however, resort to
approximate self-energies, calculated, e.g., via many-body
approximations. Here, we consider a rather simple approxi-
mation, namely the second Born perturbative scheme [80–82]
(for details we refer the reader to Appendix C 2). The range
of U/g where the second Born approximation gives a reli-
able description of electronic correlations is limited and much
smaller than the range we consider with the Lindblad master
equation in the remainder of the paper. Nonetheless, it may
still be useful to compare the two methods in a restricted
domain where both approaches produce meaningful results.

We thus notice that in this limited U/g range the two
treatments give results that are in good mutual agreement
for the coherences, while discernible discrepancies occur for
the concurrence, due to well-known possible shortcomings
of the second Born approximation when determining double
occupancies (see Appendix C 2).

B. Enhanced manifestations of coherence

Since Coulomb interactions introduce an energetic cost
of having both QDs simultaneously filled, the probability of
double occupation, pD, is suppressed and vanishes in the
limit U → ∞. This reduced occupation of the doubly filled
subspace generally has a beneficial effect on the amount of
coherence, as it increases the probability for the subspace
with a single electron on the dot. However, as explained
below, Coulomb interactions do not always result in an in-
creased amount of coherence. The expression for coherence

reads

|α| = 2gγLγR

γL + γR

× nL
(
1 − nU

R

) − nR
(
1 − nU

L

)
4g2(1 + n̄ − n̄U ) + (1 − 
L
R)γLγR(1 − n̄ + n̄U )

,

(40)

where we have introduced

n̄U = γLnU
L + γRnU

R

γL + γR
, (41)

and 
l = nl − nU
l . In the limit U → ∞ the coherence reduces

to

|α| = 2gγLγR(nL − nR)

(γL + γR)[4g2(1 + n̄) + (1 − nLnR)γLγR(1 − n̄)]
.

(42)

As illustrated in Fig. 5(a), increasing U results in a larger
peak in coherence that is shifted to smaller values of g/γ .
Because of this shift, there are values of g/γ where coherence
decreases when increasing U .

From the definition of concurrence, given by Eq. (20), we
anticipate that Coulomb interactions increase the amount of
entanglement in the system for two reasons: first, because
pD is smaller, and second, because this may increase the
off-diagonal element α. This is illustrated in Figs. 5(b) and
5(c), where we survey the influence of U/g on the coherence
and concurrence, respectively. In Fig. 5(b) coherence shows
moderate growth with the strength of the Coulomb interaction.
For comparison, we feature the results of the semilocal master
equation (black) and of NEGFs (red) on the restricted interval,
demonstrating a good agreement between the two methods. A
similar plot showing the concurrence is presented in Fig. 5(c).
For concurrence we observe a strong impact of Coulomb
interactions, which indicates that the growth of concurrence
comes predominantly from the suppression of pD. We note
that the agreement between the semilocal master equation and
NEGFs is better for coherence than for concurrence. We at-
tribute this to the fact that the concurrence relies not only
on single-particle quantities but requires the computation of
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FIG. 6. Evolution of concurrence C, TUR violation VT , KUR violation VK , and TKUR violation VT K for different strengths of Coulomb
interaction: (a) U/T = 0, (b) U/T = 3, (c) U/T = 5, and (d) U/T = 10. Plots as a function of g/γ and eV/T were obtained with the local
master equation. Parameters: γL = γR = γ , T/γ = 100, μL = eV/2, μR = −eV/2, ε = 0. Dashed black lines envelop the regions of TKUR
violations.

pD. As discussed in Appendix C 2, this quantity may be more
sensitive to the employed approximations.

In addition to entanglement, Coulomb interactions im-
pact the dynamical manifestations, TUR and KUR violations,
which is illustrated in Fig. 6. In the series of panels we show
how C, VT , and VK evolve as U/T increases. Concurrence and
TUR violations are considerably enhanced by interactions,
while the enhancement of KUR violations is less prominent.
While the range of g/γ where entanglement is present is ex-
tended, the same is not true for the remaining manifestations.
This is a consequence of the fact that larger C is caused pre-
dominantly by the reduction of pD as opposed to an increase
in coherence. In addition, the values of g/γ that maximize VT

and VK become smaller and align with the optimal value for C.
This is similar to the observed shift in the peak of coherence.

C. Nonlocality and entanglement for an interacting
double quantum dot

The main drawback of looking at the entanglement solely
through the prism of any entanglement measure, such as con-
currence, is that it does not provide a definite measure of the
usefulness to achieve nonlocality [24] or perform quantum
information tasks, such as quantum teleportation [78]. The
problem of generating operational nonclassicality in the class
of systems akin to the double quantum dot was systematically
analyzed by Bohr Brask et al. [11], where no nonlocality was
found. In their approach, however, the system was brought out
of equilibrium via a temperature gradient alone but allowing
for negative temperatures to describe population inversion.
Here we show that, by considering a bias voltage, Coulomb
interactions may result in nonlocality.

The optimal regime to maximize concurrence and observe
nonlocality is provided by the following conditions: First,
jumps from the right reservoir into the system are completely
suppressed, i.e., nR = nU

R = 0. Second, jumps from the left
reservoir are suppressed only when there is already an electron
in the system, i.e., nU

L = 0 and nL = 1. This is achieved in the
limits U → ∞ and eV → ∞, with U/eV → ∞.

Under these conditions, the probability of the double occu-
pation pD vanishes and the coherence reduces to

|α| = 2gγLγR

γLγ 2
R + 4g2(2γL + γR)

. (43)

The expression for concurrence simplifies to

C = 4gγLγR

γLγ 2
R + 4g2(2γL + γR)

. (44)

Upon examining ∂C
∂g , we find the maximal value C = √

2/2 ≈
0.71 when γR/g = 2

√
2 and γL/g → ∞. This is significantly

larger than (
√

5 − 1)/4 ≈ 0.31, which we found to be the
maximum in the noninteracting case. If the couplings to the
baths are assumed to be equal, the largest concurrence occurs
at γ /g = 2

√
3, resulting in C = √

3/3 ≈ 0.58. We note that
in the absence of a chemical potential (even allowing for
negative temperatures), Coulomb interactions do not alter the
maximal value for the concurrence [11].

Motivated by the substantial increase in concurrence due
to Coulomb interactions, we revisit the question of Bell non-
locality (cf. Appendix D 1), focusing on the CHSH scenario
[79], which was also considered in Ref. [11]. In this scenario,
if the statistics of the outcomes of measurements on a quantum
state admit a local hidden-variable model, then the CHSH
quantity obeys CHSH � 2 [24]. Any violation of this bound
is a signature of nonlocality, and the maximal CHSH = 2

√
2

can be achieved with maximally entangled Bell states. For
the double quantum dot, in the regime discussed above, we
find the maximal value CHSH = 2

√
3/2, which is achieved

for the same set of parameters γL, γR, and g that saturate
concurrence. When γR/g = 2

√
2, CHSH displays nonlocality

for γL/g > 5.66.
For the optimal fidelity of quantum teleportation [83] we

find f = (4 + √
2)/6 ≈ 0.9, which outperforms the system

without Coulomb interactions, where f = (7 + √
5)/12 ≈

0.77, which coincides with the maximum found in Ref. [11].
The details of the calculations are outlined in Appendix D 2.

VI. MORE GENERAL MODELS

Up to this point we have been concerned with the min-
imal model consisting of only two sites, which allows to
clearly identify the regimes of nonclassical behavior. The
fact that similar conclusions hold for both interacting and
noninteracting electrons implies that our results may serve to
anticipate the behavior of more general mesoscopic systems.
To illustrate this, we investigate TUR violations in a chain
of three QDs, where electrons in the system may coherently
traverse between the neighboring QDs. The corresponding
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FIG. 7. TUR violations and coherence in the chain of three QDs: (a) TUR violation, VT , and (b) one-half of the �1-norm of coherence,
1
2C�1 , as a function of two coherent couplings g1/γ and g2/γ ; (c) diagonal cross sections corresponding to g1 = g2 = g. Parameters: eV/T = 5,
T/γ = 100, ε = 0.

Hamiltonian is given by

Ĥ =
∑

�=L,M,R

εĉ†
�c� + g1(ĉ†

LcM + ĉ†
McL ) + g2(ĉ†

McR + ĉ†
RcM ),

(45)

where the subscript M refers to the middle QD, and g1 (g2)
denotes the coherent coupling between the left and the middle
(the right and the middle) QDs. We investigate the chain with
the NEGFs using analogous methods as those presented in
Appendix A 3. As anticipated from our simple model, we
find nonclassical behavior where both coherent couplings,
g1 and g2, are of the order of the coupling to the baths γ .
This is illustrated in Figs. 7(a) and 7(b), which show TUR
violation VT and the amount of coherence in the system,
respectively. As a quantifier of the amount of coherence we
use one-half of the �1-norm of coherence, here denoted by
C�1 , which reduces to |α| in the two-site model. The peaks
of VT or C�1 are visualized in Fig. 7(c), where we show
the diagonal cross sections with equal coherent couplings,
g1 = g2 = g, of Figs. 7(a) (black) and 7(b) (red), respectively.
These graphs further demonstrate that the TUR violation and
coherence are maximized for g1 = g2 both being comparable
to γ . Moreover, in the chain of three QDs we observe stronger
TUR violation than in a double quantum dot (DQD) operating
under the same set of parameters (see Fig. 4). This indicates
that nonclassical behavior is more easily accessible in longer
chains. The fact that our conclusions, drawn from the inves-
tigation of the DQD, hold in the chain of three QDs provides
evidence for the applicability of these results in more general
systems. We note that these results are also consistent with
Refs. [84,85], where TUR violations in longer chains of QDs
were investigated.

VII. CONCLUSIONS AND OUTLOOK

In this paper we investigated the nonclassical behavior
of a mesoscopic open quantum system by analyzing two
complementary manifestations of coherence: Entanglement,
a static manifestation, and violations of thermokinetic uncer-
tainty relations, dynamical manifestations of coherence. We
considered a double quantum dot weakly coupled to fermionic
reservoirs, where the transport of electrons between the dots
can be modeled either by coherent tunneling or by stochastic
jumps.

We identified the regime where the system exhibits truly
nonclassical behavior: On the one hand, coherence exhibits
a peak, which may result in an entangled state and, in the
presence of interactions, even nonlocality. On the other hand,
coherent tunneling suppresses the fluctuations of the current
below the classical model, allowing for violations of the TUR
and the KUR. This behavior occurs in the regime where the
coherent tunnel coupling is of the order of the coupling to the
baths, which is captured by the local master equation. This is
different from the regime of large tunnel couplings, which is
captured by the global master equation, where the state of the
system may be strongly entangled, but the dynamics of the
system can be expressed through a classical rate equation, and
no TUR or KUR violations are present.

Our systematic characterization of the electron transport
across the system performed with different master equa-
tions and NEGFs illustrates the need to go beyond the steady
state in order to fully capture the nonclassical behavior in
mesoscopic transport. While the steady state captures the
entanglement, the violations of thermokinetic uncertainty re-
lations cannot be captured by the steady state alone. Those
different manifestations of coherence are not equivalent and
do not need to coincide. We note that in the regime of non-
classical behavior, not only the quantum state of the DQD but
also the current fluctuations, which depend on two-time corre-
lations, are well captured by the local master equation. While
our results are obtained for a specific model, we believe that
these conclusions are relevant for a broad range of open quan-
tum systems and provide guiding principles for the design of
out-of-equilibrium devices that exhibit nonclassical transport.
This is evidenced by the fact that our predictions about the
nonclassical behavior, drawn from the noninteracting two-site
model, also hold for interacting electrons and in the chain of
three QDs.

Our results may be probed experimentally in a number
of different platforms, including electronic QDs, which can
be implemented, e.g., using two-dimensional electron gases
[86,87] or nanowires [88,89], as well as superconducting
qubits [90–92]. While measurements of the electric current
and its fluctuations across a DQD is a standard experimen-
tal technique [93], accessing the quantum state of the DQD
is more challenging. Alternatively, the density matrix and,
therefore, the entanglement may be probed in an imple-
mentation of our model using two coupled superconducting
qubits [90].
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APPENDIX A: NONINTERACTING ELECTRONS

In the main text of the paper we restrict our attention to
the case with the same on-site energies of both QDs. In this
Appendix, however, we provide a derivation of the results in
the general case of noninteracting electrons. The Hamiltonian
operator of the system is given by

Ĥ =
∑

�=L,R

ε�ĉ†
� ĉ� + g(ĉ†

LĉR + ĉ†
RĉL ), (A1)

where ε� is the on-site energy of the QD �. In the nonin-
teracting case, the coefficients of density matrix (19) can be
expressed as

p0 = (1 − 〈ĉ†
LĉL〉)(1 − 〈ĉ†

RĉR〉) − 〈ĉ†
LĉR〉〈ĉ†

RĉL〉,
pL = 〈ĉ†

LĉL〉(1 − 〈ĉ†
RĉR〉) + 〈ĉ†

LĉR〉〈ĉ†
RĉL〉,

pR = 〈ĉ†
RĉR〉(1 − 〈ĉ†

LĉL〉) + 〈ĉ†
LĉR〉〈ĉ†

RĉL〉,

pD = 〈ĉ†
LĉL〉〈ĉ†

RĉR〉 − 〈ĉ†
LĉR〉〈ĉ†

RĉL〉,
α = 〈ĉ†

RĉL〉, (A2)

where we have used a corollary of Wick’s theorem [94],

〈ĉ†
LĉLĉ†

RĉR〉 = 〈ĉ†
LĉL〉〈ĉ†

RĉR〉 − 〈ĉ†
LĉR〉〈ĉ†

RĉL〉. (A3)

1. Local master equation

In the local master equation satisfying thermodynamic con-
sistency the Lindblad superoperators appearing in Eq. (3) are
given by [36]

L� = n�γ�D[ĉ†
�] + (1 − n�)γ�D[ĉ�], (A4)

where now n� := n�(ε̄), and ε̄ = (εL + εR)/2. In order to find
the density matrix in the steady state, we consider the vector

	v = [〈ĉ†
LĉL〉, 〈ĉ†

RĉR〉, 〈ĉ†
LĉR〉, 〈ĉ†

RĉL〉]T . Its equation of motion
reads

d

dt
	v = A	v + 	b, (A5)

where

A =

⎛
⎜⎜⎝

−γL 0 −ig ig
0 −γR ig −ig

−ig ig 2iδ − γL+γR

2 0
ig −ig 0 −2iδ − γL+γR

2

⎞
⎟⎟⎠, (A6)

	b = [γLnL, γRnR, 0, 0]T , and δ = (εL − εR)/2. The steady-
state solution −A−1	b then yields

〈ĉ†
LĉL〉 = 4g2(γL + γR)(nLγL + nRγR) + nLγLγR((γL + γR)2 + 16δ2)

(γL + γR)2(γLγR + 4g2) + 16γLγRδ2
,

〈ĉ†
RĉR〉 = 4g2(γL + γR)(nLγL + nRγR) + nRγLγR((γL + γR)2 + 16δ2)

(γL + γR)2(γLγR + 4g2) + 16γLγRδ2
,

〈ĉ†
LĉR〉 = −2ig(nL − nR)γLγR(γL + γR + 4iδ)

(γL + γR)2(γLγR + 4g2) + 16γLγRδ2
,

〈ĉ†
RĉL〉 = 2ig(nL − nR)γLγR(γL + γR − 4iδ)

(γL + γR)2(γLγR + 4g2) + 16γLγRδ2
. (A7)

Using Eq. (A2) we obtain

p0 = 4g2(1 − n̄)2 + (1 − nL )(1 − nR)γLγR(1 + ξ 2)

4g2 + γLγR(1 + ξ 2)
,

pD = 4g2n̄2 + nLnRγLγR(1 + ξ 2)

4g2 + γLγR(1 + ξ 2)
,

pL = 4g2n̄(1 − n̄) + nL(1 − nR)γLγR(1 + ξ 2)

4g2 + γLγR(1 + ξ 2)
,

pR = 4g2n̄(1 − n̄) + (1 − nL )nRγLγR(1 + ξ 2)

4g2 + γLγR(1 + ξ 2)
,

α = 2ig(nL − nR)γLγR(1 + iξ )

(γL + γR)(4g2 + γLγR(1 + ξ 2))
, (A8)

where

n̄ = nLγL + nRγR

γL + γR
and ξ = 4δ

γL + γR
. (A9)
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Using the formula for the concurrence, given by Eq. (20), we obtain the following expression,

C = 2|α| − 2γLγR

4g2 + γLγR(1 + ξ 2)

√[
(1 − nL )(1 − nR)(1 + ξ 2) + 4g2

γLγR
(1 − n̄)2

][
nLnR(1 + ξ 2) + 4g2

γLγR
n̄2

]
, (A10)

if this quantity is positive and zero otherwise.

a. Average current

In the steady state, the average current passing through
the system from the left reservoir can be obtained from the
expression given in Eq. (11). Equivalently, one may compute
the current as an expectation value of the current operator,

Î = ig(ĉ†
LĉR − ĉ†

RĉL ). (A11)

In the steady state, we find

〈I〉 = 4g2(nL − nR)γLγR(γL + γR)

(γL + γR)2(4g2 + γLγR) + 16γLγRδ2
. (A12)

b. Heat current

We define the heat currents in the thermodynamically
consistent framework [36,40], which guarantees the thermo-
dynamically consistent heat flow and maintains the accuracy
of the local form of the master equation. In this framework
the average heat current from the reservoir � to the double
quantum dot is given by [36]

J� = Tr[(ĤT D − μ�N̂ )L�ρ̂], (A13)

where we have introduced a thermodynamic bookkeeping
Hamiltonian

ĤT D = ε̄(ĉ†
LĉL + ĉ†

RĉR). (A14)

We find

JL = Tr[(ε̄ − μL )N̂LLρ̂] = (ε̄ − μL )〈I〉, (A15)

and

JR = Tr[(ε̄ − μR)N̂LRρ̂] = −(ε̄ − μR)〈I〉. (A16)

We note that if εL = εR, which is assumed in the main text
of this paper, the steady-state heat currents reduce to the ones
obtained from the conventional definition, where in Eq. (A13)
the Hamiltonian Ĥ is used instead of ĤT D.

c. Current fluctuations

In order to investigate the fluctuations of the current, we
resort to the method of full counting statistics. All the details
about this procedure are explained in Appendix B.

The counting-field-dependent Liouvillian L(χ ), intro-
duced in Eq. (B5), is obtained by inserting the terms e±iχ

into the Lindblad superoperator [Eq. (A4)] of the local master
equation,

L(χ )ρ̂(χ, t ) = Lρ̂(χ, t ) + γLnL(eiχ − 1)ĉ†
Lρ̂(χ, t )ĉL + γL(1 − nL )(e−iχ − 1)ĉLρ̂(χ, t )ĉ†

L, (A17)

where L is the Liouvillian in the absence of a counting field given in Eq. (3). Writing L(χ ) in the basis
{p0, pL, pR, pD, Re[α], Im[α]} corresponding to the elements of the density matrix [cf. Eq. (19)] yields

L(χ ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

−nLγL − nRγR e−iχ (1 − nL )γL (1 − nR)γR 0 0 0
eiχ nLγL −(1 − nL )γL − nRγR 0 (1 − nR)γR 0 −2g

nRγR 0 −nLγL − (1 − nR)γR e−iχ (1 − nL )γL 0 2g
0 nRγR eiχ nLγL −(1 − nL )γL − (1 − nR)γR 0 0
0 0 0 0 − γL+γR

2 2δ

0 g −g 0 −2δ − γL+γR

2

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(A18)

The expression for the current fluctuations is given by

〈〈I2〉〉 = 〈I〉nL + nR − 2nLnR

nL − nR
− 2〈I〉2

γL + γR

(
1 + (γL + γR)2 + 16δ2(γL − γR)2/(γL + γR)2

4g2 + γLγR + 16δ2γLγR/(γL + γR)2

)
. (A19)

2. Global master equation

In the global master equation electrons jump into the eigen-
modes of the Hamiltonian [cf. Eq. (A1)], which can be written
in diagonal form,

Ĥ = ε+ĉ†
+ĉ+ + ε−ĉ†

−ĉ−, (A20)

where we have introduced the annihilation operators

ĉ+ = cos (θ/2)ĉL + sin (θ/2)ĉR,

ĉ− = − sin (θ/2)ĉL + cos (θ/2)ĉR,
(A21)
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and the corresponding eigenenergies

ε± = ε̄ ±
√

δ2 + g2. (A22)

Here ε̄ = (εL + εR)/2, and the angle θ (0 � θ � π ) is defined
by cos (θ ) = δ/

√
g2 + δ2. The Lindblad superoperators in the

global master equation are given by [36]

L� =
∑
s=±

ns
�γ

s
�D[ĉ†

s ] + (
1 − ns

�

)
γ s

�D[ĉs], (A23)

where we have introduced the rescaled coupling rates

γ +
L = γL cos2 (θ/2), γ −

L = γL sin2 (θ/2),

γ +
R = γR sin2 (θ/2), γ −

R = γR cos2 (θ/2),
(A24)

and

ns
� := n�(εs). (A25)

From the global master equation, we find the equations of
motion

d

dt
〈ĉ†

s ĉs〉 = (
γ s

Lns
L + γ s

Rns
R

) − (
γ s

L + γ s
R

)〈ĉ†
s ĉs〉. (A26)

The corresponding steady-state solution is given by

〈ĉ†
s ĉs〉 = γ s

Lns
L + γ s

Rns
R

γ s
L + γ s

R

=: n̄s, (A27)

and the remaining expectation values vanish, i.e., 〈ĉ†
+ĉ−〉 =

〈ĉ†
−ĉ+〉 = 0.
The density matrix elements in the local basis can be ob-

tained from Eq. (A2), using the relations

〈ĉ†
LĉL〉 = sin2(θ/2)〈ĉ†

−ĉ−〉 + cos2(θ/2)〈ĉ†
+ĉ+〉,

〈ĉ†
RĉR〉 = cos2(θ/2)〈ĉ†

−ĉ−〉 + sin2(θ/2)〈ĉ†
+ĉ+〉,

〈ĉ†
LĉR〉 = sin (θ/2) cos (θ/2)(〈ĉ†

+ĉ+〉 − 〈ĉ†
−ĉ−〉),

〈ĉ†
RĉL〉 = sin (θ/2) cos (θ/2)(〈ĉ†

+ĉ+〉 − 〈ĉ†
−ĉ−〉). (A28)

The coherence then reads

|α| = g

2
√

g2 + δ2
|n̄+ − n̄−|, (A29)

whereas the concurrence is given by

C = 2|α| − 2
√

n̄+n̄−(1 − n̄+)(1 − n̄−). (A30)

a. Average current

As for the local master equation, the average may be
obtained from Eq. (11). We note that for the global master
equation, we may not use a current operator [35]. We find

〈I〉 = (n+
L − n+

R )γ +
L γ +

R

γ +
L + γ +

R

+ (n−
L − n−

R )γ −
L γ −

R

γ −
L + γ −

R

. (A31)

b. Heat current

The heat current from reservoir � may be written as [36]

J� = Tr[(H − μ�N̂ )L�ρ̂], (A32)

resulting in

J� =
∑
s=±

(
ns

� − ns
�̄

)
γ s

� γ s
�̄

γ s
� + γ s

�̄

(εs − μ�), (A33)

where �̄ 
= �.

c. Current fluctuations

Similarly to the local master equation, we find a χ -
dependent Liouvillian:

L(χ )ρ̂(χ, t ) = Lρ̂(χ, t ) +
∑
s=±

(eiχ − 1)γ s
Lns

Lĉ†
s ρ̂(χ, t )ĉs

+
∑
s=±

(e−iχ − 1)γ s
L

(
1 − ns

L

)
ĉsρ̂(χ, t )ĉ†

s .

(A34)

In the global master equation, the natural choice of the basis
is given by {p0, p+, p−, pD}, where p± = 〈0, 0|ĉ±ρ̂ĉ†

±|0, 0〉.
In this basis the Liouvillian reads

L(χ )

=

⎛
⎜⎜⎜⎜⎜⎝

−∑
s,� ns

l γ
s
� e−iχ (1 − n+

L )γ +
L + (1 − n+

R )γ +
R e−iχ (1 − n−

L )γ −
L + (1 − n−

R )γ −
R 0

eiχn+
L γ +

L + n+
R γ +

R −∑
�[(1 − n+

� )γ +
� + n−

� γ −
� ] 0 e−iχ (1 − n−

� )γ −
L + (1 − n−

R )γ −
R

eiχn−
L γ −

L + n−
R γ −

R 0 −∑
�[(1 − n−

� )γ −
� + n+

� γ +
� ] e−iχ (1 − n+

L )γ +
L + (1 − n+

R )γ +
R

0 eiχn−
L γ −

L + n−
R γ −

R eiχ n+
L γ +

L + n+
R γ +

R −∑
s,�

(
1 − ns

�

)
γ s

�

⎞
⎟⎟⎟⎟⎟⎠.

(A35)

Using the method of full counting statistics outlined in Ap-
pendix B, we find

〈〈I2〉〉 =
∑
s=±

γ s
Lγ s

R

γ s
L + γ s

L

(
ns

L + ns
R − 2ns

Lns
R − 2γ s

Lγ s
R

(
ns

L − ns
R

)2

(
γ s

L + γ s
L

)2

)
.

(A36)

3. Nonequilibrium Green’s functions

The key building blocks in the steady-state description with
NEGFs are the retarded Gr (ω) and the lesser G<(ω) Green’s
functions [95,96]:

Gr (ω) = 1/(ω1 − H − �r (ω)), (A37)

G<(ω) = Gr (ω)�<(ω)Ga(ω). (A38)
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We use boldface symbols to represent 2 × 2 matrices in the
site indices (L, R) of the QD system. 1 is the identity matrix,
the Hamiltonian of the system [cf. Eq. (A1)] is represented by

H =
(

εL g
g εR

)
, (A39)

and Ga = (Gr )†. In the absence of Coulomb interaction the
retarded or lesser self-energy �r/<(ω) describes the coupling
between the double quantum dot and the reservoirs. In the

wideband limit we have [46,96,97]

�<(ω) = i

(
nL(ω)γL 0

0 nR(ω)γR

)
, (A40)

and

�r (ω) = − i

2

(
γL 0
0 γR

)
. (A41)

From Eqs. (A37) and (A38) we find the following four
elements of G<(ω), given by

G<
LL(ω) = i

∣∣ω − εR + iγR

2

2
γLnL(ω) + g2γRnR(ω)∣∣(ω − εR + iγR

2

)(
ω − εL + iγL

2

) − g2
∣∣2 ,

G<
RR(ω) = i

∣∣ω − εL + iγL

2

2
γRnR(ω) + g2γLnL(ω)∣∣(ω − εR + iγR

2

)(
ω − εL + iγL

2

) − g2
∣∣2 ,

G<
LR(ω) = ig

(
ω − εR + iγR

2

)
γLnL(ω) + (

ω − εL − iγL

2

)
γRnR(ω)∣∣(ω − εL + iγL

2

)(
ω − εR + iγR

2

)) − g2
∣∣2 ,

G<
RL(ω) = ig

(
ω − εR − iγR

2

)
γLnL(ω) + (

ω − εL + iγL

2

)
γRnR(ω)∣∣(ω − εL + iγL

2

)(
ω − εR + iγR

2

)) − g2
∣∣2 . (A42)

The expectation values 〈ĉ†
� ĉ�′ 〉 (�, �′ = L, R) are obtained by

taking the inverse Fourier transform of the corresponding
lesser Green’s functions [95,96]

〈ĉ†
� ĉ�′ 〉 = −iF[G<

�′�(ω)], (A43)

where we use the convention

F[G(ω)] = lim
τ→0

1

2π

∫ ∞

−∞
dωe−iωτ G(ω). (A44)

Cumulants of the electron current through the system can
be obtained from the transmission function T (ω). The expres-
sion for the average current reads [47–49]

〈I〉 =
∫ ∞

−∞

dω

2π
T (ω)[nL(ω) − nR(ω)], (A45)

and the fluctuations are given by

〈〈I2〉〉 =
∫ ∞

−∞

dω

2π
T (ω){nL(ω) + nR(ω)

− 2nL(ω)nR(ω) − T (ω)[nL(ω) − nR(ω)]2}. (A46)

The transmission function itself can be expressed with the
Green’s functions [96]

T (ω) = Tr[Ga(ω)�LGr (ω)�R], (A47)

where

�L = Diag(γL, 0) and �R = Diag(0, γR). (A48)

For the double quantum dot system it is given by [17,45]

T (ω) = γLγRg2∣∣(ω − εL + i γL

2

)(
ω − εR + i γR

2

) − g2
∣∣2 . (A49)

In the same framework, the heat current from reservoir � reads

J� =
∫ ∞

−∞

dω

2π
(ω − μ�)T (ω)[n�(ω) − n�̄(ω)], (A50)

where �̄ 
= �.

4. Stochastic model of the system

To motivate the classical model, given by the rate equa-
tion in Eq. (16), we consider the local master equation

d ρ̂(t )

dt
= Lρ̂(t ), (A51)

with L given in Eqs. (3) and (4).
We now introduce Nakajima-Zwanzig superoperators P

and Q = I − P , such that P projects onto the population
subspace of ρ̂. Here I is the identity superoperator. We note
that P and Q are projectors, i.e., P2 = P , Q2 = Q, and
QP = 0. We also decompose the Liouvillian of the system
into L = L0 + V , where V is the contribution due to the
interdot tunneling, i.e., V ρ̂ = −ig[ĉ†

LĉR + ĉ†
RĉL, ρ̂]. For small

g we can treat V as a perturbation. In the following derivation,
we will use the relations

PVP = [L0,P] = [L0,Q] = 0. (A52)

By acting with P and Q on Eq. (A51) we obtain the
equations

dP ρ̂(t )

dt
= PLP ρ̂(t ) + PLQρ̂(t ) (A53)

and

dQρ̂(t )

dt
= QLP ρ̂(t ) + QLQρ̂(t ). (A54)
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The formal solution to the second equation reads

Qρ̂(t ) = G(t, 0)Qρ̂(0) +
∫ t

0
dsG(t, s)QLP ρ̂(s), (A55)

where we have introduced the propagator

G(t, s) = e
∫ t

s dτQL. (A56)

After inserting Eq. (A55) into Eq. (A53) and assuming that
Qρ̂(0) = 0, we find

dP ρ̂(t )

dt
= PLP ρ̂(t ) + PL

∫ t

0
dsG(t, s)QLP ρ̂(s). (A57)

By inserting L = L0 + V , applying Eq. (A52), and using the
properties of Nakajima-Zwanzig projectors, we obtain the
formal solution

dP ρ̂(t )

dt
= L0P ρ̂(t ) + (PVQ)

×
∫ t

0
dse(QL0Q+QVQ)s(QVP )P ρ̂(t − s),

(A58)

where we have also made a substitution s → t − s. The eigen-
values of V and L0 are proportional to g and γ�, respectively.
For g � γ�, we can treat V as a perturbation and neglect its
contribution to the exponential e(QL0Q+QVQ)s. This exponen-
tial thus decays on the timescale 1/γ�. We now assume that the
diagonal elements of the density matrix remain approximately
constant during this timescale, an assumption which is not
justified (see below for more information). This allows us to
substitute P ρ̂(t ) for P ρ̂(t − s) in Eq. (A58) and to extend the
integral to infinity. Equation (A58) then reduces to a Marko-
vian master equation for P ρ̂,

dP ρ̂(t )

dt
= (

L0 − PVQL−1
0 QVP

)
P ρ̂(t ), (A59)

where

L−1
0 = −

∫ ∞

0
dseL0sQ (A60)

is the Drazin inverse of L0.
Equation (A59) can be cast into the form given in Eq. (16)

with the stochastic matrix

W =

⎛
⎜⎜⎜⎝

−nLγL − nRγR (1 − nL )γL (1 − nR)γR 0
nLγL −(1 − nL )γL − nRγR − 4g2

γL+γR

4g2

γL+γR
(1 − nR)γR

nRγR
4g2

γL+γR
−nLγL − (1 − nR)γR − 4g2

γL+γR
γR (1 − nL )γL

0 nRγR nLγL −(1 − nL )γL − (1 − nR)γR

⎞
⎟⎟⎟⎠.

(A61)

All entries in W are identical to the ones in the local mas-
ter equation [cf. Eq. (A18)] except the element WLR = WRL,
which comes from the term PVQL−1

0 QVP (here we assumed
δ = 0 for simplicity).

We stress that the approximation giving rise to Eq. (A59)
is not justified. It assumes that the diagonal elements remain
constant over the timescale 1/γ�. This is, however, exactly the
timescale over which the diagonal elements do change. For
our purposes, this is not problematic since our aim is to derive
an analogous classical description for the system. We do not
claim that this classical analog is exact in any limit.

Interestingly, we find the steady-state populations in the
classical model to be the same as in the local master equa-
tion given in Eq. (A7) for all choices of parameters. The same
holds for the average current, which agrees with expression
(31) obtained with the local master equation. The fact that the
derived rate equation reproduces the average behavior of the
local master equation further justifies its use as an analogous
classical model.

To obtain the current fluctuations, counting fields may be
introduced in analogy to Eq. (A18). Using full counting statis-
tics, we then obtain

〈〈I2〉〉 = 4g2γLγR(nL(1 − nR) + nR(1 − nL ))

(γL + γR)(4g2 + γLγR)
− 32[g2γLγR(nL − nR)]2[4g2 − γLγR + (γL + γR)2]

[(γL + γR)(4g2 + γLγR)]3
. (A62)

APPENDIX B: FULL COUNTING STATISTICS

In order to obtain the expressions for the current fluctua-
tions, we employ the technique of full counting statistics. In
this framework the density matrix of the system is resolved
into ρ̂(n, t ), the (unnormalized) density matrices given that
a net number of n electrons tunneled from the left reser-
voir into the DQD during the time interval [0, t] [98–100].
The probability that n electrons have tunneled can then be

obtained by

P[n] = Tr[ρ̂(n, t )]. (B1)

The original density matrix can be recovered by taking the
sum

ρ̂(t ) =
∑

n

ρ̂(n, t ). (B2)
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The cumulants of the net number of transported elec-
trons can be obtained from the cumulant generating function
S(χ, t ), given by

S(χ, t ) = log
∑

n

P[n]eiχn = log Tr[ρ̂(χ, t )], (B3)

where

ρ̂(χ, t ) =
∑

n

ρ̂(n, t )eiχn, (B4)

and χ is known as the counting field.
The time evolution of ρ̂(χ, t ) can be found by inserting

the χ -dependent term, which tracks electron jumps, into the
original Lindblad master equation [100]. This results in a
counting-field-dependent master equation,

d ρ̂(χ, t )

dt
= L(χ )ρ̂(χ, t ). (B5)

The specific form of L(χ ) depends on the choice of the master
equation, and the original Liouvillian can be recovered with
L = L(0). The formal solution to Eq. (B5) is given by

ρ̂(χ, t ) = eL(χ )t ρ̂(0, 0). (B6)

The cumulants of the electron current in the steady state
can be obtained from the scaled cumulant generating function
of n in the long-time limit,

〈〈Ik〉〉 = dk

d (iχ )k

(
lim

t→∞
S(χ, t )

t

)∣∣∣∣
χ=0

= dk

d (iχ )k
λ(χ )|χ=0,

(B7)

where λ(χ ) is the eigenvalue of L(χ ) with the largest real part.
The average of the current, 〈I〉 = 〈〈I〉〉, and its fluctuations,
〈〈I2〉〉, can be evaluated by taking k = 1, 2, respectively.

Since a direct of computation of λ(χ ) is not straightforward
for our system, we make use of the scheme described in [101].
We express the Liouvillian L(χ ) as a matrix L(χ ) in a basis
that can be freely chosen and may be different depending on
whether we use the local or global master equation. Let Pχ (x)
be the characteristic polynomial

Pχ (x) = det [L(χ ) − xI], (B8)

where I is the identity matrix. Upon expanding in x we obtain

Pχ (x) =
M∑

j=0

a jx
j =

M∑
j=0

∞∑
k=0

a(k)
j (iχ )k

k!
x j, (B9)

where

a j = ∂ j

∂x j

Pχ (x)

j!

∣∣∣∣
x=0

and a(k)
j = dk

d (iχ )k
a j |χ=0. (B10)

Here M is the dimension of the matrix L(χ ). By definition,
the eigenvalue λ(χ ) of L(χ ) (with the largest real part) fulfills

Pχ (λ(χ )) = 0. (B11)

It follows that

0 = d

d (iχ )
Pχ (λ(χ ))|χ=0 = a(1)

0 + a(0)
1 〈I〉. (B12)

In order to obtain the right-hand side, we first expanded
Pχ (λ(χ )) using Eq. (B9), used λ(0) = 0, as well as Eq. (B7).
We thus find

〈I〉 = −a(1)
0

a(0)
1

. (B13)

The second cumulant of the current may be obtained in a
similar fashion from

0 = d2

d (iχ )2
Pχ (λ(χ ))|χ=0, (B14)

resulting in

〈〈I2〉〉 = −a(2)
0 + 2a(1)

1 〈I〉 + 2a(0)
2 〈I〉2

a(0)
1

. (B15)

APPENDIX C: INTERACTING ELECTRONS

When investigating the system interacting electrons we
restrict ourselves to the case with equal on-site energies of
quantum dots, where the Hamiltonian of the system is given
by Eq. (1). In the presence of Coulomb repulsion, the coeffi-
cients of the density matrix in the basis already introduced in
Eq. (A2) are given by

p0 = 1 − 〈ĉ†
LĉL〉 − 〈ĉ†

RĉR〉 + 〈ĉ†
LĉLĉ†

RĉR〉,
pL = 〈ĉ†

LĉL〉 − 〈ĉ†
LĉLĉ†

RĉR〉,
pR = 〈ĉ†

RĉR〉 − 〈ĉ†
LĉLĉ†

RĉR〉,
pD = 〈ĉ†

LĉLĉ†
RĉR〉,

α = 〈ĉ†
RĉL〉. (C1)

1. Semilocal master equation

In the semilocal master equation, the Lindblad superoper-
ator for bath � is given by [36]

L� = γ�

[
n�D[(1 − ĉ†

�̄
ĉ�̄)ĉ†

�] + nU
� D[ĉ†

�̄
ĉ�̄ĉ†

�]

+ (1 − n�)D[(1 − ĉ†
�̄
ĉ�̄)ĉ�] + (

1 − nU
�

)
D[ĉ†

�̄
ĉ�̄ĉ�]

]
,

(C2)

where

n� := n�(ε), (C3)

and

nU
� := n�(ε + U ). (C4)

The steady state of the system is given by the eigenvector
corresponding to the zero eigenvalue of the Liouvillian. The
Liouvillian can be computed from Eq. (C12) evaluated at zero
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counting field χ = 0. We find

p0 =
4g2(1 − n̄)(1 − n̄U ) + γLγR(1 − n̄ + n̄U )

(
(1 − nL )(1 − nR) − nU

L nU
R + ∑

l
γl nU

l (nl̄ −nl 
l̄ )
γL+γR

)
4g2(1 + n̄ − n̄U ) + γLγR(1 − 
L
R)(1 − n̄ + n̄U )

,

pL =
4g2n̄(1 − n̄U ) + γLγR(1 − n̄ + n̄U )

(
nL(1 − nR) + ∑

l
γl nl nU

l 
l̄

γL+γR
+ γR (nU

L nR−nLnU
R )

γL+γR

)
4g2(1 + n̄ − n̄U ) + γLγR(1 − 
L
R)(1 − n̄ + n̄U )

,

pR =
4g2n̄(1 − n̄U ) + γLγR(1 − n̄ + n̄U )

(
(1 − nL )nR + ∑

l
γl nl nU

l 
l̄

γL+γR
+ γL (nU

R nL−nRnU
L )

γL+γR

)
4g2(1 + n̄ − n̄U ) + γLγR(1 − 
L
R)(1 − n̄ + n̄U )

,

pD =
4g2n̄n̄U + γLγR(1 − n̄ + n̄U )

∑
l

γl nU
l (nl̄ −nl 
l̄ )
γL+γR

4g2(1 + n̄ − n̄U ) + γLγR(1 − 
L
R)(1 − n̄ + n̄U )
,

α = 2igγLγR
[
nL

(
1 − nU

R

) − nR
(
1 − nU

L

)]
(γL + γR)[4g2(1 + n̄ − n̄U ) + (1 − 
L
R)γLγR(1 − n̄ + n̄U )]

, (C5)

where

n̄U = γLnU
L + γRnU

R

γL + γR
, (C6)

and 
l = nl − nU
l . Expressions for coherence |α| as well as

the concurrence C, which is defined in Eq. (20), can be ob-
tained from the coefficients shown above.

a. Average electron current

For the average electron current through the system, given by Eq. (11), we find

〈I〉 = 4g2γLγR
[
nL

(
1 − nU

R

) − nR
(
1 − nU

L

)]
(γL + γR)[4g2(1 + n̄ − n̄U ) + (1 − 
L
R)γLγR(1 − n̄ + n̄U )]

. (C7)

b. Heat currents

The heat current from bath � is defined in complete analogy to the local master equation, i.e., Eq. (A13) [36]. In the presence
of Coulomb interactions, the bookkeeping Hamiltonian reads

ĤT D = ε(ĉ†
LĉL + ĉ†

RĉR) + Uĉ†
LĉLĉ†

RĉR, (C8)

resulting in

〈QL〉 = (ε − μL )〈I〉 + UγLγR

γL + γR

4g2
(
nU

L − nU
R

)
n̄ + γLγR(1 − n̄ + n̄U )

(
nU

L nR − nU
R nL − nLnU

L 
R + nRnU
R 
L

)
4g2(1 + n̄ − n̄U ) + (1 − 
L
R)γLγR(1 − n̄ + n̄U )

, (C9)

and

〈QR〉 = −(ε − μR)〈I〉 − UγLγR

γL + γR

4g2
(
nU

L − nU
R

)
n̄ + γLγR(1 − n̄ + n̄U )

(
nU

L nR − nU
R nL − nLnU

L 
R + nRnU
R 
L

)
4g2(1 + n̄ − n̄U ) + (1 − 
L
R)γLγR(1 − n̄ + n̄U )

, (C10)

respectively.

c. Current fluctuations

The current fluctuations are obtained in complete analogy to the method used in the noninteracting case, i.e., full counting
statistics (cf. Appendix B). The χ -dependent Liouvillian reads

d ρ̂

dt
=Lρ̂ + γL(eiχ − 1)

[
nL(1 − c†

RcR)ĉ†
Lρ̂ĉL(1 − c†

RcR) + nU
L (ĉ†

RĉR)ĉ†
Lρ̂ĉL(ĉ†

RĉR)
]

+ γL(e−iχ − 1)
[
nL(1 − c†

RcR)ĉLρ̂ĉ†
L(1 − c†

RcR) + nU
L (ĉ†

RĉR)ĉLρ̂ĉ†
L(ĉ†

RĉR)
]
. (C11)
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In the basis {p0, pL, pR, pD, Re[α], Im[α]} it is given by

L(χ ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

−nLγL − nRγR e−iχ (1 − nL )nL (1 − nR)γR 0 0 0
eiχnLγL −(1 − nL )γL − nU

R γR 0
(
1 − nU

R

)
γR 0 −2g

nRγR 0 −nU
L γL − (1 − nR)γR e−iχ

(
1 − nU

L

)
γL 0 2g

0 nRγR eiχ nLγL −(1 − nL )γL − (1 − nR)γR 0 0
0 0 0 0 γU 2δ

0 g −g 0 −2δ γU

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(C12)
where γU = −∑

l
1−nl +nU

l
2 γl . We thereby find the current fluctuations

〈〈I2〉〉 =
nL(1 − nR) + nR(1 − nL ) + 2nLnRn̄U − 2nU

L nU
R n̄ + γL (nLnU

R −nRnU
L )+γR (nRnU

L −nLnU
R )

γL+γR(
nL

(
1 − nU

R

) − nR
(
1 − nU

L

)) 〈I〉

+ 2〈I〉2

γL + γR

(
nU

L (1 − nR) − nU
R (1 − nL )

nL
(
1 − nU

R

) − nR
(
1 − nU

L

) − 2(1 − 
L
R)γLγR + 8g2 + (γL + γR)2(1 − n̄ + n̄U )

4g2(1 + n̄ − n̄U ) + (1 − 
L
R)γLγR(1 − n̄ + n̄U )

)
.

(C13)

2. Nonequilibrium Green’s functions

To determine the densities of the system via NEGFs, we
can still proceed as in Appendix A 3. However, we have to
account, within NEGF, for the Coulomb interaction via a
many-body contribution to the self-energy [80–82]. As before,
the key building blocks in the steady-state description with
NEGF in the presence of interactions are the retarded Gr (ω)
and lesser G<(ω) Green’s functions, defined in Eqs. (A37) and
(A38) and for convenience repeated here:

Gr (ω) = 1/( ω1 − H − �r (ω)), (C14)

G<(ω) = Gr (ω)�<(ω)Ga(ω). (C15)

The self-energy � now has two parts, coming from the em-
bedding (emb) and many-body (MB) contributions: �r/< =
�

r/<
emb + �

r/<
MB , where the embedding term has been discussed

before in Appendix A 3. The correlation effects due to inter-
actions are introduced via the many-body self-energy �

r/<
MB =

�
r/<
MB [Gr, G<]. For �MB we use the second Born approxima-

tion [97,102,103], keeping all Feynman diagrams up to second
order. These equations are then solved self-consistently,
using the Pulay scheme [104] to improve convergence. Self-
consistency ensures that general conservation laws [80–82]
are obeyed (e.g., if IL is the current from lead L, then IR =
−IL). The embedding self-energy is independent of the self-
consistency cycle and is calculated separately only once. For
the particle density in the device region and the average cur-
rent 〈I〉 coming from the left reservoir, the expressions are
[96], respectively,

〈N̂�〉 = 〈ĉ†
� ĉ�〉 =

∫ ∞

−∞

dω

2π i
G<

��(ω), (C16)

〈I〉 =
∫ ∞

−∞

dω

2π i
Tr[�L(G<(ω) − 2π inL(ω)A(ω))]. (C17)

Here 2πA(ω) = i(Gr (ω) − Ga(ω)). Finally, the concurrence
C is computed starting from the expressions for 〈N̂�〉 (� =
L, R), directly obtained from Eq. (C16), and from 〈N̂LN̂R〉.
The latter quantity is obtained according to a prescription
introduced in Ref. [105].

We start with the defining expression for �. This in stan-
dard NEGF notation on the Keldysh contour reads∫

d3 �(1, 3)G(3, 2) = −i
∫

d3 ν(1, 3)G2(1, 3+; 2, 3++),

(C18)

in terms of the two-particle Green’s function G2:

G2(1, 2; 3, 4) = −〈�|T [ĉ(1)ĉ(2)ĉ†(4)ĉ†(3)]|�〉. (C19)

Here and in Eq. (C18), 1 ≡ (�1, z1) (and similarly for 2, 3,
4), with �1 a site index and z1 a time variable on the Keldysh
contour.

We now make the site indices explicit in Eq. (C18),
i.e., 1 → (�, z), 2 → (�′, z′), 3 → (�̄, z̄), and set
(�′, z′) = (�, z+) = (L, z+). Furthermore, with nonlocal
interactions, the interaction term becomes ν��̄(z, z̄) =
U (δ�Lδ�̄R + δ�Rδ�̄L )δ(z − z̄). Equation (C18) then becomes

∑
�̄

∫
dz̄ �L�̄(z, z̄)G�̄L(z̄, z+)

= −iUGLRLR(z, z+; z+, z++), (C20)

where, here and in the following, �̄ = L, R in the sums. Then,
using the definition of G2 in Eq. (C19),

∑
�̄

∫
dz̄ �L�̄(z, z̄)G�̄L(z̄, z+)

= iU 〈�|T [ĉL(z)ĉR(z+)ĉ†
R(z++)ĉ†

L(z+)]|�〉, (C21)

and by applying the Langreth rules, we arrive at an expression
for physical times:

−i

U

∑
�̄

∫
dt̄

[
�<

L�̄
(t, t̄ )Ga

�̄L(t̄, t+) + �r
L�̄

(t, t̄ )G<
�̄L(t̄, t+)

]
= 〈�|[ĉ†

R(t++)ĉR(t+)ĉ†
L(t+)ĉL(t )]|�〉 = 〈N̂RN̂L〉.

(C22)
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Finally, moving to frequency space, we have

〈N̂LN̂R〉 = 1

U

∑
�̄

∫
dω

2π i

(
�<

L�̄
(ω)Ga

�̄L(ω)

+�r
L�̄

(ω)G<
�̄L(ω)

)
. (C23)

For computational convenience we separate the self-energy
into a correlation part and one coming from the Hartree-Fock
interaction:

〈N̂RN̂L〉 = (〈N̂R〉〈N̂L〉 − 〈ĉRĉL〉〈ĉLĉR〉)

+ 1

U

∑
�̄

∫
dω

2π i
(�<

c,L�̄
(ω)Ga

�̄L(ω)

+ �r
c,L�̄

(ω)G<
�̄L(ω)), (C24)

where the subscript c on the self-energy indicates that it con-
tains only the contribution from correlations.

The applicability of this expression has been examined
in Ref. [105]. There it was shown that some approximate
but conserving many-body self-energies (among them, those
obtained in the second Born approximation) do not always
guarantee a non-negative value for local double occupancies
〈N̂�↑N̂�↓〉 in a spinful model with Hubbard interactions. Here,
by contrast, we are considering a spinless model, with non-
local interactions and correlations and in all applications of
Eq. (C23) in the present paper, no negative correlations were
encountered.

APPENDIX D: OPERATIONAL NONCLASSICALITY

Following Ref. [10], we consider the usefulness of the
DQD steady state for Bell nonlocality and quantum telepor-
tation.

1. Nonlocality

In the CHSH scenario [79], two players that share a bi-
partite quantum state make measurements x and y and obtain
outcomes a and b. The conditional probability p(a, b|x, y) is
nonlocal if it does not admit a local hidden-variable model

p(a, b|x, y) =
∑

λ

p(λ)p(a|x, λ)p(b|y, λ) (D1)

for any λ with an underlying distribution p(λ) [106]. In the
CHSH scenario a, b, x, y ∈ {0, 1}, and p(a, b|x, y) can be ex-
plained by a local hidden-variable model whenever [79]

CHSH =
∑

a,b,x,y

(−1)a+b+xy p(a, b|x, y) � 2. (D2)

For the density matrix of the double quantum dot, given in
Eq. (19), the maximal value for the CHSH quantity is given
by [11]

CHSH = 2
√

8|α|2 + (1 − 
)2 − min{4|α|2, (1 − 
)2},
(D3)

where 
 = 2p0 + 2pD.
For noninteracting electrons, we examine the maximum

possible CHSH in the regime eV → ∞, where the corre-
sponding Fermi distributions reduce to nL → 1 and nR → 0.

Using the expressions for the coefficients of the density ma-
trix, given in Eq. (A8), we do not find any parameters of the
system that give rise to a violation of CHSH inequality.

In the presence of Coulomb interactions, we proceed sim-
ilarly, and consider the regime described in Sec. V C. Under
this set of conditions, the probability of the double occupation,
pD, vanishes, and the maximal value of the CHSH quantity
reduces to

CHSH = 2
√

8|α|2 + (1 − 2p0)2 − min{4|α|2, (1 − 2p0)2},
(D4)

where the corresponding |α| and p0 are given by Eqs. (43)
and (C5), respectively. We find that the maximal value of
the CHSH quantity is CHSH = 2

√
3/2. It is achieved when

γR/g = 2
√

2 and γL/g → ∞.

2. Quantum teleportation

Quantum teleportation [78] is a protocol where an un-
known quantum state is sent between two parties by the means
of a shared entangled state and classical communication.
In the original implementation, a maximally entangled Bell
state |ψ−〉 = (|01〉 − |10〉)/

√
2 was used, giving the average

fidelity of teleportation f = 1. However, when the parties
implementing the protocol do not share a Bell state, but any
other less entangled state ρ̂, the fidelity of the teleportation is
lower with the threshold value f = 2/3 for separable states.
The average fidelity f = (1 + 2F )/3 can be computed from
the so-called singlet fraction [83]

F = max
U

〈ψ−|(U ⊗ I ) ρ̂ (U ⊗ I )|ψ−〉, (D5)

where the optimization is performed over the unitary transfor-
mations U . For the density matrix of the double quantum dot,
given in Eq. (19), we have that if its singlet fraction exceeds
that of any separable state, i.e., F > 1/2, then it is given
by [11]

F = |α| + 1 − p0 − pD

2
. (D6)

In the absence of Coulomb interactions F is saturated at
the maximal bias, i.e., when eV → ∞. Using the expressions
for the steady state of the density matrix, given by Eq. (A8),
we find the corresponding singlet fraction,

F = γLγR(8g2 + 4g(γL + γR) + (γL + γR)2)

2(γL + γR)2(4g2 + γLγR)
. (D7)

It is maximized for the symmetric coupling strength to the
baths that fulfills g/γ = (

√
5 − 1)/4, resulting in F = (3 +√

5)/8 ≈ 0.65.
Under the conditions described in Sec. V C for interacting

electrons, pD = 0, whereas |α| and p0 are given by Eqs. (43)
and (C5), respectively. The singlet fraction is then given by

F =
(
8g2 + 4gγR + γ 2

R

)
γL

2γ 2
R γL + 8g2(γR + 2γL )

. (D8)
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F is maximized when γR/g = 2
√

2 and γL → ∞, which
coincides with the parameters that saturate concurrence,
and amounts to F = (2 + √

2)/4 ≈ 0.85. If the cou-

pling strengths to the baths are equal, the maximal sin-
glet fraction occurs at γ /g = 1 + √

13 and is equal to
F = (5 + √

13)/12 ≈ 0.72.
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