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We put forth a unifying formalism for the description of the thermodynamics of continuously monitored
systems, where measurements are only performed on the environment connected to a system. We show,
in particular, that the conditional and unconditional entropy production, which quantify the degree of irre-
versibility of the open system’s dynamics, are related to each other by the Holevo quantity. This, in turn,
can be further split into an information gain rate and loss rate, which provide conditions for the existence
of informational steady states, i.e., stationary states of a conditional dynamics that are maintained owing to
the unbroken acquisition of information. We illustrate the applicability of our framework through several

examples.
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I. INTRODUCTION

The dynamics of a quantum system depends not only
on itself, but also on how it is probed, showcasing the
remarkable extrinsic character of quantum mechanics.
This unavoidable backaction due to measurements can be
directly probed in the laboratory [1-4], and is by far the
most intriguing and dramatic aspect of quantum theory. It
also has a clear thermodynamic flavor [5], since backaction
is an intrinsically irreversible process. A comprehensive
theory describing the thermodynamics of monitored sys-
tems would therefore greatly benefit our understanding of
the interplay between information and dissipation. Con-
structing such a theory, however, is not trivial, since it
requires reformulating the second law to take into account
the information learned from the measurements. We call
this a conditional second law. It quantifies which pro-
cesses are allowed, given a certain set of measurement
outcomes. Interestingly, due to measurement backaction,
the noise introduced by the measurement can actually
make the conditional process more irreversible, as recently
demonstrated in a superconducting qubit experiment [6].
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When a system is coupled to two baths at different
temperatures, it usually tends to a nonequilibrium steady
state (NESS), where the competition between the two
baths keeps the system away from equilibrium. Contin-
uous measurements can lead to a similar effect. In this
case, noise is constantly being introduced by the environ-
ment or the measurement backaction. But information is
also constantly being acquired. These two effects com-
pete, leading the system toward an informational steady
state (ISS). Crucially, the ISS relies on the experimenter’s
knowledge of the measurement records. A beautiful exper-
imental illustration of this effect was recently given in
Ref. [7], where the authors studied an optomechanical
membrane monitored by an optical field. By measuring
the field, one could monitor the position of the mechanical
membrane and thus infer a steady state that was close to the
ground state. Conversely, if the measurements are not read,
the membrane is perceived to be in a thermal state with
higher temperatures. The ISS is therefore colder, due to the
information acquired from the continuous measurement.

ISSs are just one example of the many interesting
phenomena that emerge when quantum measurements
are introduced in a thermodynamic picture. The deep
connections between the two concepts, together with
recent experimental advances in controlled quantum plat-
forms, have led to a surge of interest in formulating
conditional laws of thermodynamics [8—20]. This also
motivated ground-breaking experiments applying these
ideas to Maxwell demon engines and feedback control
[6,21-24]. In all these frameworks, however, the
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measurements are assumed to act directly on the system,
making them explicitly invasive.

Conversely, our interest in this paper will be on formu-
lating the laws of thermodynamics when the measurements
are done only on the environment and only after it inter-
acted with the system. The scenario is therefore nonin-
vasive by construction, so that any information acquired
can only reduce the entropy produced in the process even
if the measurement is very poor (as is often the case
when dealing with large environments). This represents a
change in philosophy compared to, e.g., Ref. [12], where
the measurement was introduced by coupling the system
to a memory and then measuring the memory. In that case
one constructs the conditional second law by comparing
the situation where the system is fully isolated with that in
which it is open due to the interaction with the memory. In
our case, we assume instead that the interaction between
system and bath is inevitable and will happen whether or
not we measure it. We then ask how measuring the bath
affects the degree of irreversibility of the process.

Crucially, the framework we develop will focus on a
continuously monitored system, in contrast to, e.g., Ref
[12]. Tt is therefore particularly suited for describing ISSs.
Our endeavor began in Ref. [20], where we put forth
a semiclassical theory valid for Gaussian processes. We
were interested in quantum optical experiments, which
have already been using some of these ideas for many
decades, in the framework of continuously monitored sys-
tems [25,26]. In fact, our theory was recently employed in
Ref. [27] to experimentally assess the conditional second
law in an optomechanical system. However, in addition
to being semiclassical, the framework of Ref. [20] also
has another serious limitation: it is formulated solely in
terms of the stochastic master equation obeyed by the sys-
tem; that is, it does not require an explicit model of the
environment, but only which type of open dynamics it
produces.

There has been increasing evidence that a proper for-
mulation of thermodynamics in the quantum regime is
only possible if information on the environment and
the system-environment interactions are provided [28].
Reduced descriptions, based only on master equations, can
show apparent violations of the second law [29], some-
thing that can only be resolved by introducing a specific
model of the environment [30].

In this paper we put forth a very general framework for
describing the thermodynamics of continuously monitored
systems, where measurements are only done indirectly
in the bath. The formalism applies to a broad variety
of systems and processes, and is particularly suited for
describing ISSs. The building block we use is to replace
the continuous dynamics by a stroboscopic evolution in
small time steps, described in terms of a collisional model
(CM) [31-40]. This has two main advantages. First, the
thermodynamics of CMs is by now very well understood

[30,40-43] (see also Ref. [28] for a recent review). And
second, CMs naturally emerge in quantum optics, from
a discretization of the field operator into discrete time
bins [44,45]. The typical scenario is a system interacting
with an optical cavity, where a constant flow of photons
is injected by an external pump [cf. Fig. 1(a)]. At each
time step, the system will only interact with a certain
time window of the field, thus transforming the dynam-
ics into that of a series of sequential collisions between the
system and some ancilla. Because of this connection, col-
lisional models serve as a convenient tool for constructing
the framework of continuous measurements in experimen-
tally relevant systems. We refer to these as continuously
monitored collisional models (CM?s).

Our paper is organized as follows. Section II establishes
the basic framework, including the collisional setup. The
corresponding information flows and thermodynamic fea-
tures are characterized in Sec. III, which also contains the
main contribution of this work: namely the construction
of a conditional second law, which is capable of capturing
the interplay between thermodynamics and information. In
Sec. IV, we apply the CM? framework to models involving
qubits providing some illustrative applications. Accompa-
nying this manuscript, we also make publicly available a
self-contained numerical library in MATHEMATICA for car-
rying out stochastic simulations of CM?s [46]. Finally,
in Sec. V we draw our conclusions and highlight the
perspectives opened by our approach.

II. CONTINUOUSLY MEASURED COLLISIONAL
MODELS

Here we develop the basic framework of a CM2. We
consider a system X', with initial density matrix py,, which
is put to interact sequentially with a series of independent
and identically prepared ancillae, labeled Y;, Y>, etc., and
prepared always in the same state py, = py. Time is labeled
in discrete units of t = 0,1,2,3,.... The collision taking
the system from #— 1 to ¢ is described by a unitary U,
[47] acting only between the system X and ancilla Y; as

[Fig. 1(b)]
pxy, = Ulpx,_, ® ,OY,)UtT, (D

where Y, refers to the state of ancilla Y, after the colli-
sion. Taking the partial trace over the ancilla leads to the
stroboscopic (Markovian) map

px, = E(px,_,) = try{pxy}- ()

Note that £ does not need to carry an index ¢, since it is
the same for all collisions. After such a map, the ancilla
Y, never participates again in the dynamics and, for the
next step, a fresh ancilla Y;; is introduced and the map
in Eq. (2) is repeated.
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(a) A typical method for continuously monitoring a system is to couple it to an optical cavity and measure the photons

leaking out. (b) In a collisional model picture, the monitoring is introduced instead through a series of sequential collisions between
the system X and independent ancillae Y;, which are subjected to measurement after each collision. (¢) Diagrammatic representation
of the model. The system is described stroboscopically (discrete time) by a state pyx,. At each instant of time, it interacts with an
independent ancilla, prepared in state py, according to the map in Eq. (1). Afterwards, the ancillae are measured, as described by
generalized measurement operators {M.}, which produce a classical (and random) outcome z;. (d) As time progresses, one builds up a

measurement record ¢; = (zq, . ..

Information on the state of the system is acquired indi-
rectly by measuring the states py, of each ancilla after
they collided with X. The measurement is described by a
set of generalized measurement operators {M.}, satisfying
3. MM, = 1, so that outcome z, occurs with probability

P(z)) = tr{M.,py M}. 3)

By using generalized measurements, we encompass both
projective, as well as weak measurements in the bath.
A diagrammatic depiction of the dynamics is shown in
Fig. 1(c). A CM? is completely described by specifying
{P v> U, Mz}

The distribution in Eq. (3) concerns only the marginal
statistics of a single outcome. Our interest will be instead
on the joint statistics of the set of measurement records

&= (z1,...,2)). (4)

The indices are chosen so that ¢, contains all information
about the system available up to time z. As { encompasses
the entire measurement record, it is associated with the
“integrated” information on X . Conversely, z, represents a
differential information gain associated only with the step
X;—1 — X; [Fig. 1(d)]. The joint distribution P(¢;) is given
by

P(&) = tryyyy (M, -+ My pyyy oy M - MY, (5)
where
t t t +
OXY; Y, = <1_[ Uk) <,0X0 ® ,OYJ-) (1_[ Uk) .
k=1 j=1 k=1

,Z;), which contains all the information acquired about X up to time ¢.

The factorization in this last expression stems from the fact
that U; only has support between X and Y;, and hence com-
mutes with all other ancilla states Py ¢ # t. Note also that,
since the measurements act only on those ancillae that no
longer participate in the dynamics, it is irrelevant whether
the measurement M, occurs before the next evolution with
Y41 or not.

Finally, we also require the conditional state of the
system py,;,, which quantifies the knowledge the experi-
menter has about the system, given that the measurement
record ¢; is observed. Such a state is given by

t t +
—t M, -, M, ) i
PXi|g = P@) Ty, - Yt{Q] k)pXYI Y(E k> }

(6)

As the measurements are performed only on the ancillae,
there is never a direct backaction on the system, which is
expressed mathematically by

Y PEDpxie = Px; @)

Gt

for any choice of generalized measurements {A.}. That is,
the average of py,;, over all outcomes ¢; yields back the
unconditional state py,. Thus, while there may be a con-
ditional backaction, unconditionally the measurement is
noninvasive.

The normalization factor P(¢;) in Eq. (6) introduces an
unwanted complication, as it forbids us to write py,;, as
a map acting on py, ,;,_,. This can be resolved, how-
ever, if we work with unnormalized states. We define the
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completely positive, trace nonpreserving map
E:(px) = trr{M:Ulpx ® pr) UM}, (®)

which is indexed by the possible outcomes z of the mea-
surements. Instead of working with py,,, in Eq. (6), we
consider the unnormalized states gy, defined as the
sequence generated by the map ox,;, = &-,(0x, ,|¢,_,) With
initial condition @y, |;, = px,. One may readily verify that

tryox, e, = trx (&, 0 0 &, (px)} = P&).  (9)

The states oy, ;, therefore contain the outcome distribution
P(¢;) at any given time. And the normalized state in Eq. (6)
is recovered as px,i;, = Ox,i¢,/P(L0).

It is useful to keep in mind the interpretation of a CM?
as a hidden Markov model [9,48,49]. The system evolution
is Markovian, but this is hidden from the observer who is
partially ignorant about its dynamics: access to X is only
possible through the classical outcomes ¢;. In the language
of Bayesian networks, the key issue entailed by our frame-
work is thus about the predictions that can be made on the
state of the hidden layer X given the information available
through the visible layer of the outcomes ¢; only. This high-
lights the nice interplay between quantum and classical
features present in these models: The evolution of the sys-
tem is quantum, but information is only accessed through
classical data. We have also found it illuminating to under-
stand what would be the classical version of a CM?, as
this allows us to relate our framework directly with the
classical formalism of Ito, Sagawa, and Ueda [9,10]. This
is addressed in Appendix A, where we also discuss the
conditions for a CM? to be incoherent.

III. INFORMATION AND THERMODYNAMICS

A. Quantum-classical information

The information content in the unconditional state py,
can be quantified by the von Neumann entropy S(X;) =
S(px,) = —trpx, In px,. Similarly, the information in the
conditional state py,|;, (properly normalized) is quantified
by the quantum-classical conditional entropy

SXilE) =Y P&)S(pxe)- (10)
&t

Each term S(py, ;) quantifies the information for one spe-
cific realization ¢, and S(X;|¢;) is then an average over
all trajectories. Equation (10) is already averaging over
¢, even though ¢, is referenced explicitly on the left-hand
side. Albeit possibly confusing at first, this is a standard
notation in information theory. Note also that Eq. (10) is
not the quantum conditional entropy, a quantity which can
be negative. Here, since we are conditioning on classical
outcomes, S(X;|¢;) is always strictly non-negative. In this
paper all conditional entropies will be of this form.

The mismatch between S(X;) and S(X;|¢;) is given by
the Holevo information (or Holevo quantity) [50]

I(X; 2 &) = S(X) — SX&)). (1D

It quantifies the information about X contained in the clas-
sical outcomes ¢;. Its interpretation becomes clearer by
casting it as

I(Xi: &) = ZP(Q) D(px,¢,llpx) = 0, (12)
St

where D(pl|lo) =tr(plnp — plno) is the quantum rela-
tive entropy. Therefore, /(X; : ¢;) is the weighted average
of the “distance” between py,|;, and py,.

The Holevo information reflects the integrated infor-
mation, acquired about the system, up to time z. This is
different from the small increment that is obtained from a
single outcome z, at each step. In order to quantify such
differential information gain, the natural quantity is the
conditional Holevo information

G :=1.(X: zi|g—) = 1(X: &) — T(X;: §—1)
= SWXi|g-1) — SXilg).  (13)

It describes the correlations between X; and the latest
available outcome z;, given the past outcomes ¢, =
(z1,...,z1-1). The first term involves the state oy, ,,
which stands for the state of the system at time ¢, condi-
tioned on all measurement records, except the last one. In
symbols, it can thus be written as

Pxiley = E(Ox,_1151) (14)

where £ is the unconditional map in Eq. (2). This therefore
affords a beautiful interpretation to Eq. (13). Starting at
Px,_,lz,_,» One compares two paths: a conditional evolution
taking px, ,1;,, = Px);, and a unconditional evolution
taking ox, ,1;,, = Pxi¢,_,- Equation (13) measures the
gain in information of the latter, compared to the former.

B. Information rates and informational steady states

Equation (11) is always non-negative. However, this
does not imply that it will necessarily increase with time.
In fact, the information rate

Al =1(X;: §) — 1 (Xi—1: §—1) (15)

can take any sign. This reflects the trade-off between the
gain in information and the measurement backaction. A
natural question is then whether it is possible to split A/, as
the difference between two strictly non-negative terms, the
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first naturally identified with the differential gain of infor-
mation (13), and the second to the differential information
loss. That is, whether a splitting of the form

AL =G, —L, (16)

would lead to the identification of a loss term L; that is
strictly non-negative. As we will see in what follows, the
answer to this question is in the positive.

To find a formula for L,, we simply insert the first line
of Eq. (13) into Eq. (15) to find that

Ly:i=TXq: &1) — (X2 Gm1). (17)

This is already clearly interpretable as a loss term, as
it measures how information is degraded by the map in
Eq. (14) and stems from the very collision with the ancillae
invariably introducing extra noise in the system. Indeed,
we can show that it is strictly non-negative. To do that, we
use Eq. (12) to write L, as

L= P&-DID(x, it 1px,_) = Do, 11ox)].
$r—1

(18)

But px, = E(px,_,) [Eq. (2)] and px,,_, = E(ox,_1c,,)
[Eq. (14)]. Together with the data processing inequality
[51], this is enough to ascertain the non-negativity of L,
for any quantum channel £.

In the long-time limit the system may reach a steady
state where I, no longer changes, so Al = 0. This
does not necessarily mean that G, = Lo, = 0, however.
It might simply stem from a mutual balancing of gains and
losses. That is, Go, = Lo, 7# 0. We define an ISS as the
asymptotic state for which

Aliss =0 but Giss = Liss # 0. (19)
In an ISS, information is continuously acquired, but this is
balanced by the noise that is introduced by the measure-
ment. Crucially, the ISS does not mean that py,;, is no
longer changing. This state is stochastic and thus continues
to evolve indefinitely. Instead, what becomes stationary is
the stochastic distribution of states in the state space [52].

Next we address the conditions for the existence of an
ISS. First, one must bear in mind that the ISS depends
on the choice of measurement, and it is always possible
to choose a completely uninformative measurement {M,},
making the problem pathological. This flexibility in the
choice of measurement means that one can only provide
necessary (and never sufficient) conditions for Gisg # 0.
As we now show, this condition boils down to whether or
not the system and ancillae continue to correlate with each

other, even in the long-time limit. More precisely, for a
given history ¢, consider the state

pxrie s = Upx_ ey ® p3) U} (20)

An ISS will not exist if, in the limit t — oo, the condi-
tional state (20) factors into a product state for all ¢
with nonzero support. This follows from the fact that, as
discussed in Appendix B, the gain rate G; is bounded by

G <Y PG DT(pxy, ) @1
$—1

where Z(p4p) = S(p4) + S(ps) — S(p4p) is the full quan-
tum mutual information. Since Z(p4p) = 0 if and only if
paB = P4 ® pp, we are only guaranteed to have Gigs = 0
if all states (20) (with finite support) factor into a prod-
uct. This analysis therefore shows that ISSs should in
general be very easy to construct. In fact, similar con-
siderations could be made concerning equilibrium versus
nonequilibrium steady states.

C. Unconditional second law

Next we turn to the thermodynamics. The second law of
thermodynamics characterizes the degree of irreversibil-
ity of a certain process and can be formulated in purely
information-theoretic terms. This allows it to be extended
beyond standard thermal environments, and also to avoid
difficulties associated with the definitions of heat and work,
which can be quite problematic in the quantum regime
[28].

At each collision, the entropy of the system will change
from S(X;) to S(X;11). This change, however, may be either
positive or negative. The goal of the second law is to iden-
tify a contribution to this change associated with the flow
of entropy between the system and ancilla, and another rep-
resenting the entropy that is irreversibly produced in the
process. The separation thus takes the form

AT = S(X) = S(X-1) + AP, (22)

where A®Y is the unconditional flow rate of entropy from
the system fo the ancilla in each collision, and AX! is the
unconditional rate of entropy produced in the process. The
second law is summarized by the statement that we should
have AX} > 0. Equation (22) is merely a definition, how-
ever. The goal is precisely to determine the actual forms of
A®} and AXY.

In standard thermal processes, this is usually accom-
plished by postulating that the entropy flow A ®¥ should be
linked with the heat flow O, entering the ancillae through
Clausius’ expression [53] A®Y = O;, where B is the
inverse temperature of the thermal state the ancillac are
in. By fixing A®¥ we then also fix AXY. This, however,
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only holds for thermal ancillae, thus restricting the range
of applicability of the formalism.

Instead, we approach the problem using the framework
developed in Ref. [54] (see also Refs. [40,55]), which
formulates the entropy production rate in information-
theoretic terms as

AT =T(X:Y) + DY) 20,  (23)

where Z(X;:Y)) = S(pox,) + S(py,) — S(px,y) is the quan-
tum mutual information between the system and ancilla
after Eq. (1) and D(Y}||Y)) = D(pyllpy,) is the relative
entropy between the state of the ancilla before and after
the collision. The first term thus accounts for the correla-
tions that built up between the system and ancilla, while the
second measures the amount by which the ancillae were
pushed away from their initial states. Thus, from the per-
spective of the system, irreversibility stems from tracing
over the ancillae after the interaction in such a way that all
quantities related either to the local state of the ancilla, or
to their global correlations, are irretrievable [55].

As the global map in Eq. (1) is unitary, and the system
and ancillae are always uncorrelated before a collision, it
follows that

S(oxy) = S(px,_,v) = S(px,_,) + S(py,). (24)
Hence, the mutual information may also be written as
ZX, . Y) =SX) +SY) —SXi—1) =S¥, (29)

Substituting this into Eq. (23) and comparing with Eq. (22)
then allows us to identify the entropy flux as

AD! = S(¥)) — S(Y) + DY,IY) = tr{(py, — py) In py, .
(26)

The entropy flux is seen to depend solely on the degrees
of freedom of the ancilla. Although Eq. (26) is general and
holds for arbitrary states of the ancillae, it reduces to 80,
as in the Clausius expression, if py is thermal.

Another very important property of the entropy flux
is additivity. What we call an “ancilla” may itself be a
composed system consisting of multiple elementary units.
In fact, as we illustrate in Sec. IV, this can give rise to
interesting situations. Suppose that ¥; = (Y1, Yo, ..., Yiv)
and that the units are prepared in a globally product state
oy, = ®;V:1 Py - After colliding with the system, the state
py, might no longer be uncorrelated, in general. Despite
this, owing to the structure of Eq. (26), we would have

N N
AR =Y Ay = trl(py, — py) Inpy, ) (27)
j=1 j=1

where oy is the postcollision reduced state of the j th unit
of the ancilla. This property is quite important, as it allows

one to compute the flux associated with each dissipation
channel acting on the system.

D. Conditional second law

Equations (22), (23), and (26) specify the thermodynam-
ics of the unconditional trajectories py,, when no informa-
tion about the ancillae is recorded. We now ask the same
question for the conditional trajectories py,;,. In this case,
the relevant entropy is the quantum-classical conditional
entropy S(X;|¢;) in Eq. (10). Thus, we search for a splitting
analogous to Eq. (22), but of the form

AXF =SX[E) — SKi—1lg-1) + AD;,  (28)

where AX¢ and AP are the conditional counterparts of
the unconditional quantities used in Sec. III C. The iden-
tification of suitable forms for such quantities is the scope
of this section.

We adopt an approach similar to that used in Refs. [20,
56], which consists in defining the conditional flux rate as
the natural extension of Eq. (26) to the conditional case.
That is, as A®{ refers to a specific collision, it should
depend only on quantities pertaining to the specific ancilla
Y;, thus being of the form

A®] = S(Ylz) — S(Y) + Y PE)D(oyy lpy), (29)

Zt

where py., = (Mthy;MZT, )/P(z;) is the final state of the
ancilla given outcome z, and P(z;) = tr(MZt,oY;MZT, ) [cf.
Eq. (3)]. Moreover, S(Y}|z) is defined similarly to Eq. (10).
Note how the causal structure of the model implies that the
flux should be conditioned only to outcome z,, instead of
the entire measurement record Z,.

By defining the reconstructed state of the ancilla after
the measurement Py = 2., P@) Pyjz = >, Mz,,oY;MZJE ,
Eq. (29) can be recast into the form

A®] = tr{(py, — py) Inpy,}, (30)

which showcases the potential difference between condi-
tional and unconditional fluxes. Depending on the mea-
surement strategy {M.} being adopted, it is reasonable to
expect that py, # p‘yt, thus resulting in A®Y # AP, This
reflects the potentially invasive nature of the measure-
ments on the ancilla. However, it should be noted that
this is an extrinsic effect, related to the specific choice of
measurement by the observer, and fully unrelated to the
thermodynamics of the system-ancilla interactions.

We henceforth assume that the measurement strategy is
such that

tr{py In py,} = tr{py In py,}. (31

That is, it does not change the population of Y] in the eigen-
basis of the original state py,. This can be accomplished,
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for instance, by measuring in the same basis into which
the state of the ancillae is prepared. We can then reach the
important conclusion that

ADS = AD. (32)

This result is intuitive: conditioning on the outcome is a
subjective matter related to whether or not we read out the
outcomes of the experiment. It should therefore have no
effect on how much entropy flows to the ancillae. Similar
ideas were also used in many contexts [10,12,18,56,57].
However, these studies were concerned with the heat flux,
which coincides with the entropy flux for thermal baths.
Here we show that this is a general property, valid for
any bath, provided we restrict to the special class of
measurements characterized by Eq. (31).

Under these conditions, comparing Egs. (28) and (22),
and recalling the information rate in Eq. (15), we find that

ASS = AX! — Al (33)

This is a key result of our framework: It shows how the act
of conditioning the dynamics on the measurement outcome
changes the entropy production by a quantity associated
with the change in the Holevo information. Hence, it serves
as a bridge between the information rates and thermody-
namics. In particular, in an ISS, Afigs = 0 and so AX [ =
AXgs, although py, and py, |, are in general different.

E. Properties of the conditional entropy production

We now move on to discuss the main properties of the
conditional entropy production. The quantities AX} and
AX¢ refer to the incremental entropy production in a single
collision. Conversely, it is also of interest to analyze the
integrated entropy production

t
TE=) AX!,  a=uc (34)
=1

Since A/, in Eq. (15) is an exact differential, when we sum
Eq. (33) up to time ¢, the terms in A/; successively cancel,
leaving only

5= B - 10X 4. (35)

The integrated entropy production up to time ¢ there-
fore depends only on the net information /(X;: ¢;). Since
I1(X;: ¢) > 0, it then follows that

X > 3 (36)
Therefore,conditioning reduces the entropy produced in

the dynamics. This happens because we only carry out
measurements in the environment, so that there is never

a direct backaction in the system. An upper bound to
the difference of the two entropy productions can also be
obtained by using the fact that L, > 0, which then leads to

t
-3 <Y G (37)
=1

The reduction in entropy production is thus at most the
total information gain.

Returning now to the entropy production rate in each
collision, in Appendix B we provide a proof of the relation

A > DY) +1(Y,: ¢) >0, (38)

where D(Y}||Y;) is the backaction caused in the ancillary
state due to its collision with the system, while /(Y}: ¢.1)
quantifies the amount of information gained about the
ancilla through the measurement strategy. This is one of
the overarching conclusions of our work, bearing remark-
able consequences. On the one hand, it proves that the
second law continues to be satisfied in the conditional case.
On the other hand, it provides a nontrivial lower bound
to the conditional entropy production rate in terms of the
changes that take place in the ancillae only. It should
also be noted that the first inequality in Eq. (38) is satu-
rated by processes where the measurement extracts all the
information available.

IV. SIMPLE QUBIT MODELS

We now apply the ideas of the previous sections to sim-
ple models of CM?s, aimed at illustrating their overarching
features while keeping the level of technical details to a
minimum, so as to emphasize the physical implications of
the framework illustrated so far.

We focus on the case in which both the system and the
elementary units of the ancilla are qubits. Despite their
simplicity, such situations have far-reaching applications.
For instance, in Ref. [45] it was shown how quantum
optical stochastic master equations naturally emerge from
modeling optical baths in terms of effective qubits in a col-
lisional model. Moreover, suitably chosen measurement
strategies {M.} implemented on qubits also allow one
to simulate widely used measurement schemes, such as
photodetection and homodyne and heterodyne measure-
ments. Finally, by tuning the initial state of the qubits,
one can also simulate out-of-equilibrium environments,
such as squeezed baths. In Ref. [58], we complement the
study reported here by addressing explicitly the case of
continuous-variable systems.

Recall that a CM? is completely specified by setting
{pr, U, M.}. The unconditional dynamics is governed by
the map £ defined in Eq. (2), which can be simulated
directly with very low computational cost. The conditional
dynamics, on the other hand, is governed by the map &, in
Eq. (8), which we simulate using stochastic trajectories.
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A. Single-qubit ancilla

We begin by studying the case where the system
interacts with single-qubit ancillae prepared in the ther-
mal state py =f10)(0|y + (1 —f)[1)(1]y, where [ €
[0,1] and |0),]|1) is the computational basis—i.e., the
eigenstates of the Pauli-z operator of = |1)(1|y — |0)(0]y.
The collisions are modeled by a partial SWAP gate
U = e80x o7 +ox %) where o = (0,)" = [1) (0], is the
Pauli raising operator (¢ = X, ¥). Finally, we assume that
the ancillae are measured in the computational basis, so
that My = |0)(0|y and M; = |1)(1]|y. For concreteness, we
take the initial state of the system to be py, = |x;){x,|x,
where oy [x1)x = |x4)x.

The evolution of the relevant information and thermo-
dynamic quantities of the problem, for a specific choice
of / and g, is presented in Fig. 2. Panel (b) shows how
conditioning always reduces our ignorance about the sys-
tem, by demonstrating that S(X;|¢;) < S(X;) at all times.
A property of this model is that the unconditional steady
state py,, always coincides with the initial state of the
ancilla, py,, = py, a property known as homogenization
[32,33]. This causes U(py,, ® py) U = Ox- @ Py, SO NO
information can be acquired anymore. The final state is
thus an equilibrium state, not an ISS. The information rate,
gain, and loss are shown in Fig. 2(c). Initially, the gain
is very large, as the state of the system is significantly
different from the thermal steady state and each measure-
ment results in a significant acquisition of information. In
turn, this results in AZ; > 0. As the system evolves towards

(@) (b) o7

0.6

o 05
| —_— ‘ 04 ® SX)
{ 0.3 !
0A2
011 ‘ ‘ 1(0(0 0.1
0'00 10 20 30 40 50
t
(e) (f)
07 0.10
0.6
0.5 ® 3 0.05
04 ¢ 3
e * IX:) 0.00

01 m
10 20 30 40 50
t t

-0.05

FIG. 2.

10 20 30 40 50

Px.,, the detrimental effect of homogenization starts pre-
vailing over the information gain, causing an inversion
in the sign of A/l;. The long-time limit is associated with
(Also, Goo, Loo) — 0 and no ISS emerges.

A comparison between the conditional and uncondi-
tional entropy productions is shown in Fig. 2(d), which
also reports on the entropy flux. The rates AX{ and AX}
are both non-negative, but are not necessarily ordered.
This happens because, in individual collisions, condition-
ing may not reduce the entropy produced. An ordering
is instead enforced when looking at integrated quantities:
conditioning always reduces the entropy production [cf.
Eq. (35)], as shown in Fig. 2(e).

For completeness, we also show in Figs. 2(f)-2(h) the
behaviors of Al;, G;, and L, along six randomly sampled
trajectories ¢;. Typical stochastic fluctuations are observed,
showing that in a single stochastic run, the net gain and
loss can differ substantially [the curves in Figs. 2(b)-2(e)
are produced by averaging over 2000 such trajectories].

B. Two-qubit ancilla

'We now move on to consider a case allowing the emer-
gence of ISSs, opening up many interesting possibilities.
The ancillae do not have to be just a single qubit, but can
have arbitrary internal structure. Moreover, within a sin-
gle collision, the system does not have to interact with all
elementary units simultaneously, but may do so sequen-
tially. We illustrate this by considering the case where each

©) 0 (d)
0.06
0.15
005 ® Al
G,
0.04 A 010
003 oL
0.02 3
001 005 R
000 0.00
10 20 30 40 50 : 10 20 30 40 50
(9) : (h) :
9 . 0.06
005
0.04
5 003
0.02 ‘
001
0.00
10 20 30 40 50 0 10 20 30 40 50
t t

(a) Dynamics of a CM? under a quantum homogenization process where both the system and ancilla are qubits.

(b) Unconditional and conditional entropies. (c) Information rate A/, [Eq. (15)], and its splitting into a gain and loss term [Eq. (16)]. (d)
Unconditional and conditional entropy production rates, AX} and AX¢, as well as the entropy flux A®,. (e) Integrated unconditional
and conditional entropy productions, and net Holevo information /(X;: &) [cf. Eq. (35)]. (),(g),(h) Sample stochastic trajectories of
Al, Gy, and L,;. We have taken f = g = 0.3 (the results do not depend qualitatively on such choices), while details on how we chose

Py, Pxy> U, and {M.} are explained in the main text.
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Same as Fig. (2), but for two-qubit ancillae, prepared in py, =/ [0)(0] + (1 — f)[1)(1| and py, = |x4){x4|. The qubits

interact sequentially with the system via partial SWAP gates and only ancilla Y; is measured. In contrast to Fig. (2), this model has a

nontrivial ISS (G = L # 0). We have taken, for concreteness, f =

ancilla is actually two qubits, ¥; = (Y31, Y2), which inter-
act sequentially with the system (cf. Fig. 3). The unitary U,
between X and Y, will then have the form
U; = Uxy, Uxy,, (39)
where Uyy, has support only over the Hilbert space of
X and the unit Y;;. As discussed in Refs. [28,41], if the
ancillae are prepared in different states, the system will not
be able to equilibrate with either, but will instead keep
on bouncing back and forth indefinitely. Hence, it will
reach a NESS. Moreover, if at least one of the ancillae are
measured, the conditional state may embody an ISS.

To illustrate this, we assume the first unit to be pre-
pared in a thermal state such as that considered in Sec.
IV A, while the second unit is in |x; ). The unitaries in
Eq. (39) are chosen, as before, to be partial SWAP gates
with strengths g; and g,. Finally, we choose to measure
only the first unit that, by being prepared in a thermal

a b
( )0.40r ( )0.04r
0.03
0.35 ® S(X) |
m S(XI) 0.02
0.30
0.01
0.25
0 10 20 30 40 0'000
t t

g1 =03and g, =0.5.

state, acts as a classical probe. On the other hand, by
being endowed with quantum coherence, the second unit
represents a “resourceful state.”

In Fig. 3 we report the results of an analysis simi-
lar to that performed for the previous example, for direct
comparison. The results are strikingly different as, in par-
ticular, the system now allows for an ISS. This is visible in
Fig. 3(c) from the fact that G = L # 0 when t — oo with
the thermodynamic quantities in Fig. 3(d) also converging
to nonzero long-time values. A marked difference with the
case of no ISS is also seen in the behavior of the integrated
entropy production in Fig. 3(e): as the rates now remain
nonzero, the integrated quantities diverge in the long-time
limit.

We can also perform another experiment that beauti-
fully illustrates the essence of an ISS. While the initial
state used in Fig. 3 was arbitrarily chosen, we could take it
to be the steady state of the unconditional dynamics. The
idea is that we first allow the system to unconditionally

® 3
I3
& I(X::()

40
t t

20 30

FIG. 4. Similar to the two-qubit scenario of Figs. 3(b)-3(e), but with the initial state py, chosen as the fixed point py+ of the

unconditional dynamics.
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Thermodynamics and information in the single-shot scenario. The configuration is the same as Fig. 4, but everything now

refers to a single stochastic realization of the experiment. The red curves depict (a) S(X;[¢,), (b) G, and (c) AXY for that single
realization. The blue curves, on the other hand, represent the accumulated average; that is, the average of the given quantity up to that
time. Image (d), in particular, shows the accumulated average for the outcomes Z, = (2;21 z;)/t, where the outcomes z; are either 0 or
1 (not shown for visibility). The black line in image (c) is the unconditional entropy production rate AX}, which serves as a baseline
for AX;. Images (e)~g) are the histograms obtained from the data in (a)~(d), discarding the first 20 points (to eliminate transients).

(h) Stochastic trajectory in Bloch’s sphere.

relax by letting it undergo a large number of collisions,
and only then we start measuring. Because of the effect
of the measurements, the conditional state py,;, will start
to differ from the unconditional steady state (while the
unconditional dynamics remains fixed).

The results are shown in Fig. 4. Panel (a), in particular,
neatly illustrates how the unconditional entropy does not
change in time, while the measurements performed in the
conditional strategy reduce the entropy of the state of the
system, which is effectively driven to a state with a larger
purity. This is the essence of an ISS.

In the last two examples, the ancillae are measured in
the same basis in which they are initially prepared. An ISS
is expected to exist even if this assumption is lifted. How-
ever, in this case Eq. (32) will no longer hold, in general,
and the additional entropy flux generated by the measure-
ment backaction must be explicitly taken into account in
the thermodynamics of the system.

C. Time series in the single-shot scenario

The quantities in Figs. 2—4 are obtained by repeating the
experiment multiple times, always starting from the same
state and evolving in the exact same way. We now contrast
this with the single-shot scenario. That is, when we have
access only to a single stochastic realization of the experi-
ment. We focus on the two-qubit model where the system
starts in the steady state of the unconditional dynamics, as
in Fig. 4. The dynamics of S(X;|¢,), G, and AXY along a
single trajectory are shown in Fig. 5. As one might expect,
these quantities fluctuate significantly.

Figure 5 also shows the behavior of accumulated aver-
ages, up to a certain time, showing that both the entropy
and gain rate tend to converge precisely to the ISS value
in Fig. 4. In a classical context, processes satisfying this
property are called stationary ergodic [59]. In Fig. 5(d)
we plot the integrated average of the actual outcomes,
Z, = (Z]t‘:l z;)/t, the actual outcomes being binary. Such
integrated average outcome shows that in the ISS 70% of
the clicks are associated with M| and the remaining 30%
with M 0-

Finally, the single-shot data in Figs. 5(a)-5(d) can also
be used to construct a histogram of the most relevant quan-
tities, as illustrated in panels (e)—(h). These histograms
shed light on the magnitude of the fluctuations of the
relevant quantities. For instance, AX? fluctuates very little,
while the information gain G, fluctuates dramatically.

V. CONCLUSIONS

We have investigated the interplay between information
and thermodynamics in continuously measured system by
way of a collisional model construct. The latter offers a
flexible framework to tackle information-thermodynamic
issues and allowed us to generalize recent results [20,27]
beyond Gaussian systems and dynamics. Far from trivial,
this generalization opens the possibility of applying our
results to generic quantum systems and dynamics. More
importantly, the results that we have obtained allow for a
formal characterization of information-theoretic quantities.
In particular, we were able to formulate the entropy pro-
duction and flux rate—two pivotal quantities in (quantum)
thermodynamics—from a purely informational point of
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view and account for repeated indirect measurements of
the system of interest. These results offer a clear way to
point out and characterize the effect of quantum measure-
ments on the thermodynamics of open quantum system.

We model the indirect measurement of the system via a
collisional model where (a part of) the environment with
which the system interacts is monitored. This allows us to
compare the entropy production with the case in which the
environment is not measured and the evolution of the sys-
tem is thus unconditioned. In turn, this comparison leads
directly to a tightened second law for monitored systems
with a very clear separation between entropic contributions
coming from the dissipative interaction with the envi-
ronment and those coming from the information gained
during the monitoring. This allows us to introduce the con-
cept of information gain and loss rates, and informational
steady states. The latter are particularly interesting since
they represent cases where a delicate balance is established
between the information that gets lost into the environment
and that which is extracted by measuring.

The interplay between information and the second law
has been the subject of several works over the last decade.
Stroboscopic dynamics, such as that considered in Sec. II,
has been studied in the classical context of hidden Markov
models [9,48,49]. A classical framework, where quantum
measurements are mimicked by generic interventions, was
put forth in Ref. [18], and resembles the classical version
of our CM?s, developed in Appendix A. In the quan-
tum context, the conditional dynamics analyzed here are
a particular case of process tensors [60—62] whose thermo-
dynamics has recently been considered in Refs. [19,63].
Unlike our framework, however, these studies assume that
the system is always connected to a standard thermal bath,
while the ancillae play only the role of memory agents. For
this reason, their definition of entropy production is based
on a Clausius-like inequality and is therefore different from
ours. Furthermore, we have opted to focus on informa-
tional aspects of thermodynamics, neglecting entirely the
energetics of the problem. Detailed accounts of the latter
can be found in Refs. [19,57,63,64].

Funo et al. [12] put forth a framework (recently assessed
experimentally in Ref. [65]) where the ancillae play the
role of active memories. This means that their effect
is always deleterious to the system. As a consequence,
instead of using the Holevo quantity (11) to quantify
information, they used the Groenewold-Ozawa quantum-
classical information [66,67] Igo = S(X) — S(X'|z). The
two quantities are related by I(X': z) = Igo — ASy,
where ASy = S(X') — S(X). Depending on the type of
collision, ASy may have any sign, so Igo is not necessarily
non-negative.

The formalism developed in this work is widely appli-
cable, as exemplified by the case studies we have consid-
ered (see also Ref. [58]). This makes it a valuable tool
in the thermodynamic assessment of a broad variety of

quantum-coherent experiments. The scenario we consid-
ered also fits perfectly with the characterization of emer-
gent quantum applications, such as quantum computing
devices [68—70]. Being able to characterize irreversibility
in these devices should thus offer a significant advantage
in the design and engineering of future devices.
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APPENDIX A: CLASSICAL (INCOHERENT) CM?

It is interesting to enquire what the classical analogs of
the quantum model put forth in Sec. II are. Or, put differ-
ently, what are the conditions for the model to be called
classical, or incoherent?

Let us focus on a single collision event. We assume
that, at a certain instant of time, the system is at py =
> . p(X)|x)(x| for some basis |x), while the ancilla is
prepared in py = Zyp(y)ly)(yl for some basis [y). The
unconditional state of the system after one collision will
then be

Py =E(px) = Y p@pM/ U)o |UTY),

X,y

where (3’'|Ulxy) is still a ket in the Hilbert space of the
system. This ket is not normalized, however, so we define

_ V/IUy)

|\I”x v’) T
T PO )

PO/ lxy) = 110/ Uy 1%
(AD)

The state of the system may then be written as

P = D_POPWIPG 10 W) (W .
X'

When written in this way, it gives the impression that p}
is already in diagonal form. But this is not the case, since,
in general, the states |W,,,/) are not orthogonal and do not
form a basis. Moreover, there are usually many more states
than that required to span the Hilbert space of X (there can
be up to dxd§, of them, where dy, dy are the dimensions of
the system and ancilla). As a matter of fact, in general, the
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eigenvectors of p} will have no simple relation with the
states |Wy),).

Conversely, we say a model is unconditionally incoher-
ent if, for any xyy’, the states |W,,,) are always elements of
the basis |x). In this case p} will be automatically diagonal,

py =Y pHIX ), (A2)

where the populations p (x’) can be found from
p(x) = ('|pylx’)
=Y p@PpGIPQ [xp) (¢ Wiy ) (W ).

xyy

Using Eq. (A1), we can also write this as

p() =Y Oy )PP (), (A3)
xyy
where
O('y'Ixy) = [{x'y'|Ulxy) (A4)

is the transition probability of observing a transition
(x,y) = (',»"). A matrix of this form is said to be unis-
tochastic, which is a particular case of doubly stochastic
matrices.

An example of an unconditionally incoherent model is
when both the system and ancillae are qubits, interacting
with the partial SWAP gate

U = (100)(00] 4 [11){11]) + A(|01)(01| 4 |10)(10])

— iy 1 —A2(]01)(10] + |10){01)). (AS5)
In this case
1 0 0 0
0 A2 1—22 0
9=lo 1-32 2 o (A6)
0 0 0 1

with 1 € [0, 1].

In unconditionally incoherent models, if the system is
originally diagonal in the basis [x), it will remain so
throughout the evolution, with the populations evolving
according to the classical Markov chain

plr) =Y Qlury1|x)p (x,),

QW) =) Oy kyp (). (A7)
'

Next we can do the same for the conditional map &, in
Eq. (8). As we will see, however, unconditional incoher-
ence does not imply conditional incoherence. Following

the same steps as before, we can write

E(px) = Y p@p ) IM-Uley) (ey | UM |y,

/

xyy

We now introduce two completeness relations in the y
basis:

Epx) =Y pE@pOYIMIY") (" |Ulxy)

Y/

Xyyry

x (| UMy 0" IM] ).

If the model is unconditionally incoherent, the states
(v"|U|xy) will be elements of the basis |x). But the result-
ing state will in general not be diagonal due to the terms
(vV'|M;|y”) and (y"'|M.|y’). In other words, coherence may
very well be produced by the measurement itself. And
while this cannot affect the unconditional dynamics of the
system (due to no signaling), it may very well affect the
conditional one.

We therefore define a model to be conditionally incoher-
ent if it is unconditionally incoherent and if

<y,|Mz|yN) X Ay/,y”-

The simplest possibility would, of course, be to take M, as
projective measurements in the basis |y). But there may
also be other interesting possibilities. For instance, we
can take M. to be an imprecise projective measurement,
which only runs over certain elements of the basis |y).
Or we could make M, be a noisy measurement that blurs
the outcomes of each |y). It is worth noting, in passing,
that conditional incoherence also immediately implies the
validity of Eq. (32) on the entropy fluxes for conditionally
incoherent models.

In any case, when the model is conditionally incoherent,
the map (8) can be written as

Epx) = Y pp M EY PO [xy) [ Wiy} (W,
xyy

(A8)
where
M) = | IMY) P = alMI M1y O] (A9)

is the conditional probability of observing outcome z,
given that the ancilla is in |y’). This therefore represents
the “postprocessing” of the ancillary state. State (A8) can
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also be written as

Epx) =Y _p(,2)I) (¥, (A10)

where

P2 =Y pE@pMEY)OEY xy).

xyy

This is consistent with Eq. (9): since the result of the map
is a distribution in both x’ and z, if we trace over X, we are
left only with p (z).

At this point it is convenient to define the transition
matrix

W(x'zlx) = Y M) QK'Y [y)p ().

vy

(All)

In a classical context, this is the most important object
defining a CM?. Tt describes the (Markovian) transition
probability of observing the system in x’, as well as the
outcome z, given that initially the system was in x. With
this definition, it follows that

p.2) =) Wzxp k),

which, classically, is precisely what one would expect from
the law of total probability.

Finally, we adapt these ideas to multiple collisions. The
initial state of the system is py, = ZXO P (x0)|x0) (xo]. The
conditional (unnormalized) state after the first collision is
obtained by applying Eq. (A10):

oxile = D pCer, c)lxn) xl,
X1

PG, g =Y Wiz |xo)p (xo).

X0

Here, recall that ¢ =z;. Similarly, after the sec-
ond collision, the conditional state will be ox,,, =
>, P(x2,02) |x2) (x2], where

P2, &) = Y Wnazlx) Wiz [xo)p (xo).

X0-X1

Proceeding in this way, we then see that after the rth
collision, the state of the conditional system will then be

oxie = Y p 0 E) ) (xl, (A12)

Xt

where

pent) = > Wz ilx-1) - Wxizolxo)p (xo).
X0»eeeXt—1

(A13)

Tracing over this state and recalling Eq. (9), we then finally
obtain the distribution of outcomes

P&y =Y Wxazlx1) - Wxzilop o). (Al4)

This result is quite important, as it clearly highlights the
hidden Markov structure of the present model, discussed
in Sec. 1.

Summarizing, the incoherent version of a CM? is
completely defined by the transition matrix W(x'z|x) in
Eq. (A11). This, in turn, depends on the transition matrix
O'y’|xy) in Eq. (A4), which must be unistochastic, and
the noise matrix M (z'|y), which can be any conditional
probability.

APPENDIX B: PROOF OF THE CONDITIONAL
VERSION OF THE SECOND LAW

The proof of Eq. (38) relies on a fundamental inequality
of the Holevo information [71]:
IX':2)<ZTX":Y). (B1)
It compares the Holevo information for a single colli-
sion outcome z with the full quantum mutual information
between the system and ancilla, after the collision. This
means that, no matter what measurement strategy {M.}
one utilizes, the information about the system that can
be extracted from the ancilla is at most equal to the full
information encoded in the global quantum state py/y.
This inequality also holds for states conditioned on past
outcomes. That is,

G =1.X;: z/08-1) < T(X;: Y;Mt—l), (B2)
where the conditioning is over previous records ¢, =
(z1,...,z:-1) (i.e., those that happened before the present
collision) and G; is defined in Eq. (13). This is true since
conditional states are still quantum states (provided they
are properly normalized), so that Eq. (B1) must still hold.

We now start with Eq. (33) and introduce the splitting
(16) towrite AXS = AX} — G, + L,. Next we use Eq. (23)
for AX} and Eq. (13) for G;. We then get

AL =1 Y) + DY) — 1(Xi: z|G-1) + Le.
Using inequality (B2) then shows that

AZY > I(X;: Y) + D(YIY) — Z(X;: Yi|g-1) + Le.
(B3)
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Finally, we use Eq. (25) for Z(X; : Y}). The other mutual
information Z(X;: Y}|¢,—1) also satisfies a similar formula:

I(X;: Y;|§t—l)
= SX1¢-1) — SX—118-1) + S(Yj15-1) — S(Y)).

Thus, the difference between the two mutual information
terms can be written as

IX: Y) = Z(X: Yi|51)
= [SX) = SXlg—)] — [SXi—1) — SXi—118-1)]
+ [S(Y) — S(Y}1&-1)]
=L +1(Y;: ¢-1),

where we recognize, in the first two square brackets, the
information loss term L, defined in Eq. (17).

Substituting this back into Eq. (B3) we then finally find
Eq. (38). Being a consequence of Eq. (B2), we can also
conclude that the first bound in Eq. (38) is saturated by
processes where the measurement extracts all the informa-
tion available. Even in such a limiting case, we still get a
nonzero AX¢, so the process is still irreversible.
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