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Modern quantum experiments provide examples of transport with noncommuting quantities, offering a
tool to understand the interplay between thermal and quantum effects. Here we set forth a theory for non-
Abelian transport in the linear response regime. Our key insight is to use generalized Gibbs ensembles with
noncommuting charges as the basic building blocks and strict charge-preserving unitaries in a collisional
setup. The linear response framework is then built using a collisional model between two reservoirs. We
show that the transport coefficients obey Onsager reciprocity. Moreover, we find that quantum coherence,
associated with the noncommutativity, acts so as to reduce the net entropy production, when compared to
the case of commuting transport. This therefore provides a clear connection between quantum coherent
transport and dissipation. As an example, we study heat and squeezing fluxes in bosonic systems, charac-
terizing a set of thermosqueezing coefficients with potential applications in metrology and heat-to-work
conversion in the quantum regime.
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I. INTRODUCTION

In the simplest scenario, putting in contact two thermal
systems at different temperatures causes them to exchange
heat [1]. The amount of heat exchanged is proportional to
the temperature gradient, which is known as Fourier’s law.
Similarly, a gradient of chemical concentration (or elec-
tric voltage) generates a flow of particles (or electrons),
as predicted by Fick’s (Ohm’s) law. There are also cross
effects: a gradient of temperature causes a flow of par-
ticles (the Seebeck effect), while a gradient of chemical
potential causes a flow of heat (Peltier effect). These phe-
nomena form the basis of a great variety of applications
in thermoelectricity, thermomagnetism, and galvanomag-
netic phenomena [2,3]. One of the first major advances
in the construction of modern nonequilibrium thermody-
namics was the development of a solid theoretical basis

*gmanzano@ucm.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

for explaining them, as provided by Onsager’s reciprocity
theory [4,5].

Heat and particle transport deals with observables that
commute at the quantum level. This is what we will refer
to as Abelian transport and is known to crucially impact
the thermodynamics of both classical [6,7] and quantum
systems [8–13]. Non-Abelian transport, on the other hand,
is associated with observables that do not commute, owing
to the appearance of other types of quantum excitations
[14]. Examples include the transport of energy and mag-
netization in certain types of spin chains [15], such as the
transverse-field Ising model [16,17]; transport of energy
and particles in the Kitaev model of superconducting wires
[18]; and transport of energy and bosonic squeezing in
quantum optical systems [19,20].

The fundamental implications of noncommuting con-
served quantities on the thermodynamics of quantum sys-
tems has only started to be explored [11,21–24] and several
questions remain open. Filling this gap would be both
valuable and timely, for at least two reasons. First, the
phenomenon is already well within reach of several mod-
ern quantum experimental platforms, such as ultracold
atoms [25,26] or optomechanical devices [27,28]. Second,
non-Abelian transport provides a perfect arena for under-
standing the interplay between thermal phenomena and
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quantum coherence, a critical issue that has been at the
center of many quantum thermodynamic studies in the last
years [29–39]. Since exchanges of extra conserved quan-
tities may contribute to both heat and work, non-Abelian
transport theory may help to clarify the thermodynamics of
squeezing-powered engines [40–43] and other nonthermal
devices [44–46].

In this paper we establish a framework for non-Abelian
transport in the linear response regime, generalizing
Onsager’s reciprocity theory to the case of arbitrary non-
commuting charges. Noncommutativity breaks joint fluc-
tuation theorems, which are often used to derive Onsager
reciprocity [47]. It also leads to a disconnection between
different notions of equilibrium, associated with the max-
imum entropy principle and complete passivity [21,22].
To overcome these difficulties, we introduce a collisional
model, which allows us to formulate non-Abelian transport
in terms of the notion of charge preservation.

Our results show that the transport coefficients, as well
as the entropy production, can be written in terms of the
so-called y covariances [48–52], which provide a gener-
alization of the notion of covariances to noncommuting
observables. This is further expressed in terms of the
Wigner-Yanase-Dyson skew information [49], a quanti-
fier of quantum coherence. Inspired by Refs. [50,51],
we then use this to pinpoint the role of coherence in
the resulting transport properties. More specifically, we
find that quantum coherence, associated with the non-
commutativity of the thermodynamic charges, acts so as
to reduce the total entropy production of the process.
As an application, we study the transport of heat and
squeezing in bosonic systems. Our framework allows the
introduction and characterization of the squeezing ver-
sion of the Seebeck and Peltier effects. The interesting
avenues of research this opens are exemplified by metrol-
ogy in a squeezing-based thermocouple, and heat-to-work
conversion in an autonomous engine.

II. FORMAL FRAMEWORK

Let {Qk} denote a set of not necessarily commuting
observables, which we henceforth refer to as thermody-
namic charges (e.g., the Hamiltonian H and number of
particles operators N in the Abelian case). We assume
that each charge is associated with a corresponding affin-
ity λk, as described by the generalized Gibbs ensemble
(GGE) [53]

πλ = e−∑
k λkQk

Z
, (1)

where Z = Tr[e−∑
k λkQk ] is the partition function. GGEs

can be viewed as the natural generalization of the grand-
canonical ensemble, e−β(H−μN )/Z, where β = 1/T is the
inverse temperature and μ the chemical potential (the

affinities of H and N are thus 1/T and μ/T). These states
are known to play a fundamental role in describing the
relaxation of integrable many-body quantum systems after
a sudden quench [54,55].

We consider non-Abelian transport between two reser-
voirs, 1 and 2, each described by their own set of charges
{Qk

(i)} and prepared in a GGE of the form (1), but with pos-
sibly different affinities λ(1) = (λ

(1)

1 , λ(1)

2 , . . .) and λ(2) =
(λ

(2)

1 , λ(2)

1 , . . .). Each reservoir consists of an infinite pool
of simple subsystems or units. To model the interaction
between the two reservoirs, we use a collisional model
approach that simplifies the problem and has demonstrated
to be very useful in the theory of open quantum systems
[56–60]. In its most basic version, a small system interacts
sequentially (or “collides”) with fresh units coming from
a reservoir. Even though the evolution in each interaction
is unitary, tracing the reservoir units after interaction leads
to dissipative dynamics on the system ruled (under mild
conditions) by the same Markovian master equation as in
typical weak-coupling perturbation scenarios [61]. As in
Ref. [59], here we extend this collisional approach to the
problem of transport, that is, the two reservoirs interact
with each other through an infinite sequence of small and
equivalent collisions as sketched in Fig. 1.

In each collision two arbitrary subsystems, 1 and 2, in
states π

(1)

λ(1) and π
(2)

λ(2) interact unitarily according to the map

ρ ′
12 = U

(
π

(1)

λ(1) ⊗ π
(2)

λ(2)

)
U†, (2)

where U is a unitary operator [62]. In order to enforce
transport during the interaction, we assume that U is charge
preserving; that is, it satisfies [63–65]

[U, Q(1)

k + Q(2)

k ] = 0 for all k. (3)

This implies that any increase of a charge in subsystem
1, Q(1)

k , will always be associated with an equal decrease

FIG. 1. Collisional transport framework between two reser-
voirs (red and blue regions). At each time step two subsystems
prepared in GGE states π(1) and π(2) interact through a charge-
preserving unitary operation U (green box). After interacting,
the two subsystems are returned to their respective reservoirs,
producing a net flow of charges Jk.
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of the same charge in subsystem 2, Q(2)

k . This property is
crucial in order to have proper transport; it would make
no sense to talk about a quantity being “transported,” if it
could be spontaneously created or destroyed. When Eq. (3)
is satisfied, one may unambiguously define the current
associated with the charge Qk per collision as

Jk := 〈Q(1)

k 〉f − 〈Q(1)

k 〉i = −〈Q(2)

k 〉f + 〈Q(2)

k 〉i, (4)

where 〈·〉f and 〈·〉i refer to expectation values in the final
and initial states of map (2), respectively. Equation (3)
implies that the fixed point of map (2) is always the global
equilibrium state π := π

(1)
λ ⊗ π

(2)
λ , where both systems

have the same affinities. As a consequence, the currents
will only flow provided there is a gradient of affinities.

The net entropy produced per collision can then be writ-
ten in the usual form, as a product of fluxes times forces
as [1,10]

� =
∑

k

δλkJk ≥ 0, (5)

where δλk = λ
(1)

k − λ
(2)

k . The positivity of � can be made
manifest by expressing it in terms of information theoretic
quantities [33,66–68] (see Appendix A for details).

III. ONSAGER COEFFICIENTS

We are interested in the linear response regime, which
follows by setting λ

(2)

k = λk and λ
(1)

k = λk + δλk, where
δλk is assumed to be small. In the standard paradigm, the
currents Jk respond linearly to the affinity differences δλk
to leading order, namely,

Jk =
∑

�

Lk�δλ�, (6)

where Lk� represent the transport coefficients of the model
and form the so-called Onsager matrix L [4]. The entropy
production in Eq. (5) then becomes a quadratic form,

�=
∑

k,l

Lk,lδλkδλl = δλL δλT (7)

with δλ = (δλ1, δλ2, . . . ). The exact form of L can be
found from the underlying dynamics. The fact that the
charges are noncommuting, however, introduces funda-
mental modifications to the usual linear response treat-
ments. Notwithstanding, it turns out that Lk� can be
expressed in a convenient, and particularly illuminating
form, as summarized in the following theorem.

Theorem 1: Provided that the set of charges {Qk}, as well
as the dynamics, are time-reversal invariant, the Onsager

coefficients Lk� associated with map (2) can be written as

Lk� = 1
2

∫ 1

0
dy covy

(
Q̃(1)

k − Q(1)

k , Q̃(1)
� − Q(1)

�

)
, (8)

where Q̃(1)

k := U†Q(1)

k U and

covy(A, B) = Tr(Aπ yBπ1−y) − Tr(Aπ)Tr(Bπ) (9)

is the so-called “y covariance” [48,49] evaluated in the
global equilibrium state π = π

(1)
λ ⊗ π

(2)
λ .

The proof of the theorem can be found in Appendix B. It
follows from the expansion of the initial state of system 1,
to leading order in δλk, as

π
(1)

λ(1) � π
(1)
λ +

∑

�

δλ�

∂π
(1)
λ+δλ

∂(δλ�)

∣
∣
∣
∣
δλ�=0

.

Substituting this expansion into the current expressions
Jk = 〈Q(1)

k 〉f − 〈Q(1)

k 〉i, and using the global map (2),
allows us to identify the Onsager coefficients as

Lk� = Tr
[

(Q̃(1)

k − Q(1)

k )

(
∂π

(1)
λ+δλ

∂(δλ�)

∣
∣
∣
∣
δλ�=0

⊗ π
(2)
λ

)]

, (10)

where Q̃(1)

k ≡ U†Q(1)

k U. Rewriting this expression by using
Feynman integral representations we are able to obtain
two equivalent expressions for the Onsager coefficients Lk�
from which, by assuming time-reversal invariant currents,
the form in Eq. (8) is obtained. The case of non-time-
reversal invariant systems is treated in Appendix C.

The y covariance in Eq. (9), often used in condensed
matter [48], provides a generalization of the notion of
covariance to noncommuting observables. In fact, if the
process is Abelian, Eq. (8) reduces to Lk� = 1

2 cov(Q̃(1)

k −
Q(1)

k , Q̃(1)
� − Q(1)

� ). But in the non-Abelian case, no such
simplification exists.

Corollary 1: Using the expression for the Onsager coeffi-
cients in Eq. (8), the entropy production rate per collision
in Eq. (5) can be written as

� = 1
2

∫ 1

0
dy covy(D, D), (11)

where we defined the operator D := ∑
k δλk(Q̃

(1)

k − Q(1)

k ).

Let us now explore the main consequences of Theorem 1
and Corollary 1. First, noting that covy(A, A) ≥ 0 for any
operator A [49], we recover the positivity of the entropy
production in the form (11). Since � ≥ 0 for any set of
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gradients {δλk}, it then follows that L is a positive semidef-
inite matrix. Second, and more importantly, using the fact
that covy(A, B) = cov1−y(B, A), it follows that the Onsager
coefficients are symmetric, that is, Lk� = L�k for all k, �,
even if the charges do not commute. This is therefore the
non-Abelian generalization of Onsager’s reciprocity rela-
tions. If the charges are not time-reversal invariant, as is the
case, for instance, of spin chains, the matrix L is not neces-
sarily symmetric, but we instead recover Onsager-Casimir
reciprocity [69] (see Appendix C for details).

Next we exploit the properties of the y covariance to
split the entropy production rate in Eq. (11) in classical and
quantum contributions. For this purpose, we make use of
the general relation covy(A, A) = var(A) − Iy(π , A), where
var(A) = 〈A2〉π − 〈A〉2

π is the conventional variance, and
Iy(π , A) is the so-called Wigner-Yanase-Dyson (WYD)
skew information [49,50], defined as

Iy(π , A) = − 1
2 Tr([π y , A][π1−y , A]). (12)

This quantity measures the amount of quantum coherence
that A has in the eigenbasis of π (or, alternatively, the
coherence of π in the A eigenbasis) [70]. It is always non-
negative and becomes zero if and only if A commutes with
π . Substituting this into the entropy production expression
in Eq. (11), we find that

� = 1
2

var(D) − 1
2

∫ 1

0
dy Iy(π , D). (13)

While for Abelian transport only the first term survives, the
contribution of the WYD skew information, Iy(π , D) ≥ 0,
is to reduce the entropy production. This reduction is asso-
ciated with the fluctuations in the operator D and is one of
the main results of this paper. It shows how quantum coher-
ence, due to the noncommutativity of the thermodynamic
charges, has a clear thermodynamic signature, effectively
reducing the dissipation (entropy production) in the pro-
cess. In particular, we see that the crucial ingredient for
such a reduction is the quantum coherence between the
observable D associated with the currents and the global
equilibrium state π . We introduce the relative reduction in
entropy due to noncommutativity, which reads

R := 1
2

∫ 1

0
dy

Iy(π , D)

�
= 1

2
〈D2〉π

�
− 1, (14)

where we have used 〈D〉π = 0 and hence var(D) = 〈D2〉π .
The positivity of Iy(π , D) and � ensures R ≥ 0. This also
leads to a universal upper bound to the entropy produc-
tion, 〈D2〉π/2 ≥ �, which is saturated in the classical case,
when R = 0.

The above results can be straightforwardly generalized
to generic currents made by arbitrary combinations of the
original charge currents in Eq. (6), J ′

k ≡ ∑
l aklJl, with akl

arbitrary real coefficients. In such a case, the corresponding
set of affinities λ′

k verify λl = ∑
k alkλ

′
l, leaving invariant

the entropy production � and the reduction R in Eq. (14).
The Onsager matrix for the new currents then reads L′ =
ALA†, where A ≡ {alk}. As a consequence, we see that L′
continues to be symmetric and positive semidefinite.

IV. THERMOSQUEEZING OPERATIONS

The general framework for non-Abelian transport intro-
duced here allows us to explore a broad range of situations
in quantum thermodynamics, where coherence and thermal
effects are reciprocally coupled. To illustrate this point, we
now consider the joint transport of energy and squeezing in
interacting bosonic systems prepared in squeezed thermal
states [19,20,40–43].

Let us focus first on the interaction between two res-
onant bosonic modes with frequency ω, described by
canonical variables xi, pi satisfying [xi, pj ] = iδij (we set
� = 1). Here i = 1, 2 refer to the two modes in question,
which are prepared in a GGE of the form (1) with charges
Q(i)

1 ≡ Hi = ω(p2
i + x2

i )/2, associated with energy, and
Q(i)

2 ≡ Ai = ω(p2
i − x2

i )/2, associated with squeezing [20,
71]. These operators do not commute. In fact, together
with Q(i)

3 = ω{xi, pi}/2, they form a SU(1,1) non-Abelian
group. In analogy to the grand canonical ensemble, we
identify the two affinities accompanying the charges as the
inverse temperature λ1 ≡ β (associated with the Hamil-
tonian H ) and λ2 ≡ −βμ (associated with the squeezing
asymmetry A), where μ is the equivalent of the chemi-
cal potential for squeezing currents (we do not include Q(i)

3
among the charges of the GGE, merely for simplicity). The
corresponding GGE is thus nothing but a squeezed ther-
mal state [19], which can nowadays be prepared in many
experimental platforms [72–74]. The amount of squeez-
ing is customarily quantified by the squeezing parameter
r, related to the affinities by μ = tanh(2r) = λ2/λ1.

The interaction between the two modes must satisfy
charge preservation, Eq. (3). We show in Appendix D that
the only Gaussian unitary satisfying this property for two
modes is a beamsplitter-type unitary of the form

U = e−gτ(a†
1a2−a†

2a1), (15)

where ai = (xi + ipi)/
√

2 are the ladder operators of the
bosonic modes, g is the interaction strength, and τ is
the interaction time. To compute L, we have developed
a method based on the so-called symmetric logarithmic
derivative (SLD). We note that the Onsager coefficients in
Eq. (8) can be rewritten as

Lki = 1
2 〈{Q(1)

k − ξ(Q(1)

k ), i}〉π(1) , (16)
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where ξ(Q(1)

k ) ≡ Tr2[Q̃(1)

k π
(2)
λ ] and we introduced the SLD

i, defined by

1
2
(iπ

(1)
λ + π

(1)
λ i) ≡ ∂π

(1)

λ+dλ

∂(dλi)

∣
∣
∣
∣
dλi=0

. (17)

The SLDs are Hermitian and can be defined for either
subsystem. In the case of Abelian transport (commut-
ing charges), they reduce to i = 〈Q(1)

i 〉π(1) − Q(1)
i . For

noncommuting charges, the SLD can be calculated from
the following formula [75], valid for generic exponential
quantum states:

i = 〈Q(1)
i 〉π(1) −

∞∑

n=0

f2nC2n(Q(1)
i ). (18)

Here Cm(O) ≡ [G, . . . , [G,O]] is the mth-order nested
commutator of an observable O with G ≡ ∑

� λ�Q�

[cf. Eq. (1)] and C0(O) = O. In the above expression
fm = 4(4m/2+1 − 1)Bm+2/(m + 2)!, where the Bk are the
Bernoulli numbers.

By identifying Q(1)

1 = H (1) and Q(1)

2 = A(1) in Eq. (16),
we have λ1 = β and λ2 = −βμ and the SLD can be
obtained by calculating the nested commutators (see
Appendix E). Using the SLD and the expressions for
Q(1)

k − ξ(Q(1)

k ), we arrive at closed formulas for the
Onsager coefficients:

L11 = sin2(gτ)
ω2

1 − μ2

×
[

n̄2 + n̄ + μ2
(

tanh(α)

α

)(

n̄2 + n̄
2

+ 1
2

)]

,

(19a)

L12 = sin2(gτ)
ω2μ

1 − μ2

×
[

n̄2 + n̄ +
(

tanh(α)

α

)(

n̄2 + n̄
2

+ 1
2

)]

, (19b)

L22 = sin2(gτ)
ω2

1 − μ2

×
[

μ2(n̄2 + n̄) +
(

tanh(α)

α

)(

n̄2 + n̄
2

+ 1
2

)]

,

(19c)

and L21 = L12. Here n̄ = (eα − 1)−1 and α = βω
√

1 − μ2.
For no squeezing (μ = 0), the cross-coefficients vanish,
L12 = L21 = 0. The above expressions can be simpli-
fied (but do not vanish) in both the high-temperature
(βω � 1) and the high-squeezing (μ → 1) limits, where
tanh(α)/α → 1. These results are plotted in Fig. 2.
Notably, we find that coefficients are monotonically
decreasing functions of β, for fixed μ, and monotonically
increasing functions of μ, for fixed β. Note also that, in
order to have nonzero transport, the unitary needs to be
tuned to ensure that gτ = nπ for n = 0, 1, 2, . . ., avoiding
a complete swap.

In turn, we can use these results to compute � and,
in particular, the entropy reduction R in Eq. (14). The
entropy production rate is given in terms of the Onsager
coefficients in Eqs. (19) as

� = L11δλ
2
1 + (L12 + L21)δλ1δλ2 + L22δλ

2
2, (20)

while the classical part of the entropy production is given
from the variance of the operator D, as var(D) = 〈D2〉π(1)

(see Appendix E). Consequently, the relative entropy
reduction R in Eq. (14) becomes

R = α − tanh(α)

2α/[3 cosh(α) − sinh(α) − 1] + tanh(α)
, (21)

(a) (b) (c)

FIG. 2. (a)–(c) Thermosqueezing Onsager coefficients L11, L12, L22 on the log scale, computed from Eqs. (19), in units of
(�ω)2 sin2(gτ), as a function of the inverse temperature β (in units of �ω/kB) and the adimensional squeezing parameter r.
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(a) (b) (c)

FIG. 3. (a) Entropy reduction R, (b) squeezing thermopower coefficient S, and (c) figure of merit ZT as a function of the inverse
temperature β and squeezing parameter r. The squeezing thermopower and β are given in units of �ω/kB and kB/�ω, respectively.
Inset: entropy reduction as a function of the adimensional parameter α = βω

√
1 − μ2. In all plots we set gτ = π/2.

which in the high-temperature and high-squeezing limits,
α � 1, vanishes, i.e., R → 0. Remarkably, we find that
R does not depend on the affinity gradients δλi, but it
is only a function of the parameter α and hence depends
only on the actual values of β and μ (or r). In fact, even
more than that, it depends on β and μ only via the param-
eter α = βω

√
1 − μ2. It can therefore be considered as a

generic property of the setup. In Fig. 3(a) we show R as a
function of β and μ (and as a function of α in the inset).
Interestingly, while greater entropy reductions are obtained
at low temperatures (where quantum effects become dom-
inant), we observe that a high squeezing in the reservoir
actually spoils the reduction effect.

V. THERMOSQUEEZING EFFECTS

In order to establish a connection with thermoelectric
effects, we now focus on the Onsager coefficients for the
transport of heat and squeezing. This can be done by not-
ing that heat current is a linear combination of energy and
squeezing currents [19], that is, J (i)

Q ≡ J (i)
1 − μiJ

(i)
2 , while

J (i)
A ≡ J (i)

2 . The corresponding affinities are the changes in
inverse temperatures and squeezing potentials, δλ′

1 = δβ

and δλ′
2 = −βδμ − μδβ. In this case we obtain the fol-

lowing reciprocity relations (see Appendix F for details):

J (1)

Q = LQQδβ − LQA βδμ, (22a)

J (1)

A = LAQδβ − LAA βδμ, (22b)

with Onsager coefficients (L′ ≥ 0)

LQQ = ω2 sin2(gτ)(1 − μ2)n̄(n̄ + 1), (23a)

LQA = ω2 sin2(gτ)μn̄(n̄ + 1), (23b)

LAA = ω2 sin2(gτ)

(
1

1 − μ2

)

×
[

μ2n̄(n̄ + 1) +
(

tanh(α)

α

)(

n̄2 + n̄
2

+ 1
2

)]

,

(23c)

and LAQ = LQA. In the absence of squeezing (μ → 0),
the cross-coefficients vanish, LQA, LAQ → 0. The behav-
ior of these quantities with β and μ is similar to those of
Eqs. (19): monotonically decreasing with β and increasing
with μ.

Coefficients (23) can be related to cross-effects linking
transport in heat and squeezing, in analogy to thermoelec-
tric coefficients [1]. We start by characterizing the coef-
ficients LQQ and LAA by defining thermal and squeezing
conductance. These relate heat and squeezing asymme-
try currents to the corresponding gradients in tempera-
ture δT = T1 − T2 (at constant squeezing) and squeezing
potentials δμ = μ1 − μ2 (at constant temperature) as

κ ≡
(

JQ

δT

)

δμ=0
= −LQQ

T2 , (24)

G ≡
(

JA

δμ

)

δT=0
= −LAA

T
, (25)

where κ is the thermal conductance and G is analogous to
the electric conductance for squeezing flows. We have also
used the fact that δβ = −δT/T2. Using Eqs. (24) and (25),
the total heat dissipated in the setup [76] reads

Q̇ ≡ T� = κδT2/T + J 2
A/G. (26)

The first term represents the heat dissipated by the thermal
resistance, while the second is a Joule-like heating due to
the squeezing current.

The squeezing thermopower (or squeezing-Seebeck
coefficient) measures the squeezing potential difference
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δμ developed between reservoirs due to a difference in
temperatures δT when no net squeezing current is flowing:

S ≡ −
(

δμ

δT

)

JA=0
= 1

T
LAQ

LAA
. (27)

Analogously, the squeezing-Peltier coefficient measures
the heat current JQ produced by a squeezing current JA in
isothermal conditions (δT = 0):

� ≡
(

JQ

JA

)

δT=0
= LQA

LAA
. (28)

The symmetry of the coefficients leads to a relation
between squeezing Seebeck and Peltier effects � = TS.

A precise determination of the thermosqueezing coef-
ficients, Eqs. (24)–(28), may be useful to a number of
applications. For example, assuming that the squeezing
thermopower S is known, Eq. (27) allows the development
of a squeezing-based thermometer. Closely following the
principle on which thermocouples are based, temperature
differences can be obtained from squeezing potential dif-
ferences (or the other way around) through the relation
δT = −(1/S)δμ, valid when JA → 0. This requires tun-
ing the device to obtain zero squeezing current between
the reservoirs. Possibilities to implement such “open-
circuit” conditions may include introducing counterterms
in the interaction U to effectively cancel the exchange of
squeezing (e.g., applying local squeezing unitaries on each
mode after the collision), or to interpose a small inter-
face between the reservoirs blocking the squeezing current,
while allowing the exchange of heat [77]. In Fig. 3(b) we
show the dependence of S with respect to the temperature β

and squeezing parameter r. The small values of S obtained
suggest that tiny differences in squeezing potentials may
be detected by measuring the larger temperature gradient.

The analogy with thermoelectricity also allow us to ana-
lyze this setup as a thermosqueezing engine. The squeezing
current JA > 0 can be used to power a heat flux JQ < 0
against the temperature bias δβ > 0, hence refrigerating
the cold reservoir, when the difference in squeezing poten-
tials is sufficiently high, δμ ≥ δμfr ≡ κTδβ/(GS). The
work (per collision) consumed by such a fridge is given
by Ẇ = JAδμ, and can be made negative (work extraction)
in the regime 0 ≤ δμ ≤ δμstop ≡ �(δβ/β), where JQ > 0.
In the linear response regime, maximum power is obtained
at δμstop/2, while maximum efficiency in both the refriger-
ator and engine regimes, as well as efficiency at maximum
power, are determined by the adimensional figure of merit

ZT ≡ GS2T
κ

, (29)

defined in analogy to standard thermoelectrics [47,76,78].
In Fig. 3(c) we show ZT as a function of the squeezing

parameter for different values of the temperature. It quickly
saturates when increasing the squeezing parameter at any
temperature, leading to values ZT � 0.5, corresponding to
η(Ẇmax) � ηC/10, where ηC ≡ 1 − β1/β2 is the Carnot
efficiency. This result can be intuitively understood from
the fact that, since [H , A] = 0, heat and asymmetry cur-
rents can never be proportional to each other, hence
avoiding the so-called tight coupling condition [47,76,78].

VI. CONCLUSIONS

We formulated a general framework based on a colli-
sional model, and derived Onsager reciprocity relations for
non-Abelian transport in linear response. Our results lead
to the identification of an entropy reduction effect induced
by quantum coherence and the noncommutativity of ther-
modynamic charges. We illustrated our findings by devel-
oping reciprocal relations between energy and squeezing in
bosonic setups. The applications of such reciprocal theory
may be of use to a variety of quantum information tech-
nologies and enable new ways to convert heat into work in
the quantum realm.

Our results are within reach of current experimental
devices employed in thermodynamic scenarios, like the
trapped ion platform used in Ref. [79], where different
motional modes can be weakly coupled through Raman
beams and prepared in squeezed thermal states reaching
values up to r ∼ 1.5. Another option would be building
upon the squeezing-based nanobeam engine in Ref. [41],
able to reach squeezings around r ∼ 0.5 at room tempera-
tures. The quantum limit can be instead achieved in other
setups for micromechanical oscillators by using reservoir-
engineering techniques like two-tone driving [72,73]. A
third possibility would be to consider setups combining
optical cavities and ultracold atoms [80,81]. In Ref. [80]
ponderomotive squeezing has been achieved in optical
modes using an atomic cloud, while in Ref. [81] a Bose gas
interacts simultaneously with two optical cavities. Cou-
pling the device to an extra cavity in the former case,
and by appropriately pumping the cavities with squeezed
radiation in the latter, one could effectively implement a
thermosqueezing device and thus also explore some of the
consequences presented in this framework.

Extensions to situations with multiple terminals and
including external modulation may be important in view of
applications, in close analogy with thermoelectricity [82–
84]. Of particular interest would be to consider squeezing
in the context of hybrid thermal machines operating with
multiple conserved quantities [85], as well as the study
of fluctuations in the currents for non-Abelian setups,
where standard exchange fluctuation theorems break down
[86,87]. Finally, our theory should also lead to fruit-
ful applications in other non-Abelian quantum systems
[15,24].
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APPENDIX A: INFORMATIONAL FORM OF THE
ENTROPY PRODUCTION RATE

Equation (5) in Sec. II expresses the entropy production
rate per collision in terms of the charge fluxes and thermo-
dynamic forces. Here we show that such an expression is
equivalent to the fully informational form for entropy pro-
duction derived in Refs. [33,66–68] and show its positivity.
Following the informational approach, the total entropy
production due to a single collision can be written as

� = �S1 + �S2 + S(ρ ′
1||π(1)

λ(1) ) + S(ρ ′
2||π(2)

λ(2) )

= I(ρ ′
12) + S(ρ ′

1||π(1)

λ(1) ) + S(ρ ′
2||π(2)

λ(2) )

≥ 0, (A1)

where �Si = S(ρ ′
i) − S(π

(i)
λ(i) ) represents the change in

(local) von Neumann entropy of subsystem i = 1, 2 due
to the interaction, and S(ρ||σ) = Tr(ρ ln ρ − ρ ln σ) is the
quantum relative entropy, accounting for the entropic cost
necessary for resetting the subsystems back to equilibrium,
i.e., for maintaining the reservoirs in equilibrium [66]. In
the second equality we introduced the mutual informa-
tion I(ρ ′

12) = S(ρ ′
1) + S(ρ ′

2) − S(ρ ′
12) developed between

systems 1 and 2 due to map (2). Since the initial state
is a product state and the interaction is unitary, it fol-
lows that I(ρ ′

12) = �S1 + �S2. By expressing the entropy
production in the form (A1) the second law is automat-
ically satisfied, � ≥ 0, since each term in Eq. (A1) is
individually non-negative.

Using the explicit expressions for the entropy changes
�Si = S(ρ ′

i) − S(π
(i)
λ(i) ) and the relative entropy contribu-

tions S(ρ ′
i ||π(i)

λ(i) ) = Tr(ρ ′
i ln ρ ′

i − ρ ln π
(i)
λ(i) ), we arrive at

the form

� = Tr[(π(1)

λ(1) − ρ ′
1) ln(1)

λ(1)] + Tr[(π(2)

λ(2) − ρ ′
2) ln(2)

λ(2)],
(A2)

which, upon substituting for the GGE in Eq. (1), leads
exactly to Eq. (5). Finally, we stress that, since every col-
lision starts with the same product of initial GGE states
π

(1)

λ(1) ⊗ π
(2)

λ(2) and is subjected to the same unitary interac-
tion U, the expression in Eq. (A2) represents the entropy
production rate (per collision).

APPENDIX B: PROOF OF THEOREM 1

In this appendix we provide a detailed proof of Theorem
1. Recall that we are assuming that λ

(2)

k = λk but λ
(1)

k =
λk + δλk, where the δλk are small real numbers. We use the
following Feynman integral representations, valid for an
arbitrary operator G(φ), depending on some parameter φ:

∂φe−G = −
∫ 1

0
dy e−Gy(∂φG)e−G(1−y). (B1)

Applying this to π(1), as given in Eq. (1), we find that

∂π
(1)
λ+δλ

∂(δλ�)

∣
∣
∣
∣
δλ�=0

= 〈Q(1)
� 〉π(1)π

(1)

−
∫ 1

0
dy (π

(1)
λ )yQ(1)

� (π
(1)
λ )1−y ,

where we have also used the fact that

− ∂ ln Z1

∂(δλ�)

∣
∣
∣
∣
δλ�=0

= 〈Q(1)
� 〉π .

The above expressions can be rewritten by taking the
tensor product with π

(2)
λ . We then get

∂π
(1)
λ+δλ

∂(δλ�)

∣
∣
∣
∣
δλ�=0

⊗ π2 = 〈Q(1)
� 〉ππ −

∫ 1

0
dy π yQ(1)

� π1−y

= 〈Q(1)
� 〉ππ −

∫ 1

0
dy π1−yQ(1)

� π y ,

(B2)

where π = π
(1)
λ ⊗ π

(2)
λ and, in the second equality, we sim-

ply changed variables from y to 1 − y. We write these
two forms here, side by side, as they will be useful in
understanding the conditions for Lk� to be symmetric.
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Inserting Eq. (B2) into Eq. (10) leads to the two forms
for the Onsager matrix,

Lk� = −
∫ 1

0
dy Tr[(Q̃(1)

k − Q(1)

k )π yQ(1)
� π1−y] (B3a)

= −
∫ 1

0
dy Tr[(Q̃(1)

k − Q(1)

k )π1−yQ(1)
� π y], (B3b)

where we have used the fact that terms of the form
〈Q(1)

� 〉π 〈Q̃(1)

k − Q(1)

k 〉π vanish since UπU† = π .
Equations (B3a) and (B3b) provide two equivalent ways

of writing the Onsager coefficients. We now prove that,
when the charges, and the dynamics, are time-reversal
invariant, the matrix L is symmetric, i.e., L�k = Lk�. To
accomplish this, we essentially exchange k ↔ � in the first
equality in Eq. (B3) and compare with the second one.
Indeed, exchanging k ↔ � and using the cyclic property
of the trace, we obtain

L�k = −
∫ 1

0
dx Tr[Q(1)

k π1−xQ̃(1)
� π x]

+
∫ 1

0
dx Tr[Q(1)

k π1−xQ(1)
� π x]. (B4)

We note that the second term is already the same as the last
term of the second equality in Eq. (B3). We thus need to
focus only on the first term. Since π is a fixed point of U,
we can write the first term above as

Tr[Q(1)

k π1−xQ̃(1)
� π x] = Tr[UQ(1)

k U†π1−xQ(1)
� π x], (B5)

where we stress that UQ(1)

k U† = Q̃(1)

k . We now intro-
duce the time-reversal operator in quantum mechanics �,
responsible for changing the sign of odd variables under
time inversion, such as momenta and the magnetic field
[88,89]. Using it, we can define the time reversal of the
unitary evolution Ū = �U†�† and time reversal of the
charges as Q̄(1)

k = �Q(1)

k �†. Introducing these operators in
Eq. (B5), it then follows that

Tr[UQ(1)

k U†π1−xQ(1)
� π x]

= Tr[Ū†Q̄(1)

k Ū�π1−x�†Q̄(1)
� �π x�†]. (B6)

If the dynamics is time-reversal invariant then Ū = U
is verified. Moreover, if the charges are time-reversal
invariant then Q̄(1)

k = Q(1)

k and �π� = π . Using this in
Eq. (B6), we finally arrive at

Tr[Q(1)

k π1−xQ̃(1)
� π x] = Tr[Q̃(1)

k π1−xQ(1)
� π x]. (B7)

Substituting Eq. (B7) into Eq. (B4) and comparing with
(B3b) then clearly shows that L�k = Lk�.

We finally express the results in terms of the y covari-
ance, defined in Eq. (9) of Sec. III. Comparing Eq. (9) with
Eq. (B3a) immediately shows us that we can write

Lk� =
∫ 1

0
dy covy(Q

(1)

k − Q̃(1)

k , Q(1)
� ). (B8)

Now using the fact that L is symmetric, we can also write
the above equation as an average between Lk� and L�k,
leading to

Lk� = 1
2
(Lk� + L�k)

= 1
2

∫ 1

0
dy covy(Q̃

(1)

k − Q(1)

k , Q̃(1)
� − Q(1)

� ),

which is Eq. (8) in Theorem 1.

APPENDIX C: ONSAGER-CASIMIR
RECIPROCITY

As stressed in Sec. III, Onsager reciprocity follows from
stationarity of the dynamics, UπU† = π , and invariance
under time reversal, Ū = U and Q̄ = Q. However, the sec-
ond assumption can be relaxed to obtain a weaker form of
reciprocity, named Onsager-Casimir reciprocity [69].

In this case time inversion of the dynamics leads to a dif-
ferent evolution, Ū = U∗, and potentially different charges
Q̄(1)

k = Q∗(1)

k , depending on the parity of the operators Q(1)

k .
In the evolution U∗ and charges Q∗(1)

k external magnetic
fields and/or other odd variables change their signs. Using
these relations in Eq. (B6), it follows that

Tr[Q(1)

k π1−xQ̃(1)
� π x] = Tr[Q̃∗(1)

k π1−x
∗ Q∗(1)

� π x
∗ ], (C1)

where Q̃∗(1)

k = U†
∗Q∗(1)

� U∗ and π∗ = e−∑
k λkQ∗

k /Z∗ = π
∗(1)
λ

⊗ π
∗(2)
λ is the fixed point of the evolution, U∗π∗U†

∗ = π∗.
Introducing the time-reversal operator in the second term
of Eq. (B4) we obtain

L�k = L∗
k�, (C2)

where the transport coefficients L∗
k� are defined similarly

to Lk�, but with respect to the modified evolution U∗ and
charges Q∗(1)

k in the GGE π
∗(1)
λ+δλ, that is,

L∗
k� = Tr

[

(Q̃∗(1)

k − Q∗(1)

k )

(
∂π

∗(1)
λ+δλ

∂(δλ�)

∣
∣
∣
∣
δλ�=0

⊗ π
∗(2)
λ

)]

.

(C3)

APPENDIX D: GENERAL GAUSSIAN
THERMOSQUEEZING OPERATIONS

In this appendix we discuss the general structure of
thermosqueezing operations that preserve Gaussianity. We
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assume that systems 1 and 2 are composed of arbitrary
numbers N1 and N2 of bosonic modes. Let Nα denote the
set of modes belonging to system α = 1, 2. We then define
the net charges Q1,2,3 associated with each system as

Q(α)

1 = �ω

2

∑

i∈Nα

(p2
i + x2

i ) Q(α)

2 = �ω

2

∑

i∈Nα

(p2
i − x2

i )

Q(α)

3 = �ω

2

∑

i∈Nα

{xi, pi}.

We are interested here in Gaussian operations satis-
fying the charge preservation condition (3). Let R =
(x1, x2, . . . , p1, p2, . . .) denote a vector of size 2N (where
N = N1 + N2) containing all position operators of systems
1 and 2, followed by all momentum operators of systems
1 and 2. A generic Gaussian unitary can then be translated
into the symplectic transformation

U†RiU =
∑

j

Vij Rj , (D1)

where V is a 2N -dimensional symplectic matrix, satisfying

VT�V = � (D2)

with

� =
(

0 1N
−1N 0

)

being the symplectic form and 1N the identity of dimen-
sion N .

Our goal now is to obtain the additional restrictions
(besides being symplectic) that are imposed on V if it is
to satisfy the charge preservation condition (3). We begin
by rewriting Eq. (3) as

U†(Q(1)
i + Q(2)

i )U = Q(1)
i + Q(2)

i . (D3)

Next we note that, since the Q(α)
i are quadratic in the vector

R, we can rewrite them as

Q(1)
i + Q(2)

i = �ω

2

∑

m,n

(Ki)mnRmRn,

where Ki for i = 1, 2, 3 are 2N -dimensional matrices read-
ing

K1 = 12N , K2 =
(
1N 0
0 −1N

)

, K3 =
(

0 1N
1N 0

)

.

(D4)

Using Eq. (D1), we may now recast Eq. (D3) in the form

VTKiV = Ki. (D5)

This can be viewed as the symplectic counterpart of the
Hilbert space identity (D3). Together with Eq. (D2), it
yields a total of four restrictions on the form of V.

Energy preservation is related to K1. As a consequence,
in addition to being symplectic, Eq. (D5) determines that
V must also be orthogonal, that is, VTV = 12N . As shown,
e.g., in Ref. [90], the intersection of the symplectic and
orthogonal groups are matrices of the form

O(2N ) ∩ Sp(2N ) =
{(

X Y
−Y X

) ∣
∣
∣
∣ X − iY = U(N )

}

,

(D6)

where U(N ) is the group of unitary matrices. All sym-
plectic forms preserving Q1 must therefore be of this
form.

On top of this, we now impose the conditions in Eq. (D5)
for preservation of squeezing, Q2 and/or Q3. As one can
verify, these will only be satisfied if Y = 0, independently
of whether we impose the conservation of only Q2, Q3,
or both of them. We thus finally conclude that the most
general thermosqueezing operation has the form

V =
(

X 0
0 X

)

, X TX = 1. (D7)

The matrix X must be real and also a member of U(N ),
which is tantamount to X ∈ O(N ), the group of orthogo-
nal matrices of size N . We remark that Eq. (D7) is written
with respect to the ordering R = (x1, x2, . . . , p1, p2, . . .).
If one wishes to use the more standard ordering R̃ =
(x1, p1, x2, p2, . . .) then the entries of V must be rearranged
appropriately.

The particular case employed in our example, Eq. (15),
corresponds to N1 = N2 = 1; that is, each system is com-
posed of only a single mode. In this case the matrix
X will be of size N = N1 + N2 = 2 and hence can be
parametrized as

X =
(

cos φ − sin φ

sin φ cos φ

)

, (D8)

which is quantified by a single parameter φ. This corre-
sponds precisely to the unitary

U = e−igτ(x1p2−x2p1) = e−gτ(a†
1a2−a†

2a1) (D9)

with the identification φ = gτ , where g is the interaction
strength and τ is the interaction time. Interestingly, this
analysis also shows that unitary (D9) is the only two-mode
Gaussian unitary preserving both energy and squeezing.

We also call attention to the phase appearing in Eq. (D9).
An interaction of the form e−ig(a†

1a2+a†
2a1), for instance, con-

serves energy, but does not conserve squeezing. What the
results above show is that i(a†

1a2 − a†
2a1) is the only type

of interaction conserving both energy and squeezing.
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APPENDIX E: ONSAGER COEFFICIENTS FOR
ENERGY AND SQUEEZING

In this appendix we give details on the calculation of the
Onsager matrix L using the SLD, as well as the contribu-
tions to the entropy production. As mentioned in Sec. IV,
identifying Q(1)

1 = H (1) and Q(1)

2 = A(1) in Eq. (16) yields
λ1 = β and λ2 = −βμ. Using Eq. (18) and calculating the
nested commutators, we arrive at

1 = 〈H 〉π(1) −
(

H +
[
tanh(α)

α
− 1

]
μ

1 − μ2 (A − μH)

)

,

(E1a)

2 = 〈A〉π(1) −
(

A +
[
tanh(α)

α
− 1

]
1

1 − μ2 (A − μH)

)

,

(E1b)

where we have used
∑∞

n=1 f2nα
2n = tanh(α)/α and we

recall that α = β�ω
√

1 − μ2. In the high-temperature
(βω � 1) or high-squeezing (μ → 1) limits, we have
α � 1 and hence tanh(α)/α → 1. In such a case we
recover the expressions for the SLDs in the Abelian
case.

For the quantities Q(1)

k − Q̃(1)

k , we obtain

Q(1)

1 − Q̃(1)

1 = sin2(gτ)(H (1) − H (2))

− cos(gτ) sin(gτ)ω(a†
1a2 + a1a†

2), (E2a)

Q(1)

2 − Q̃(1)

2 = sin2(gτ)(A(1) − A(2))

− cos(gτ) sin(gτ)ω(a1a2 + a†
1a†

2). (E2b)

Here ai for i = 1, 2 are the ladder operators of the two
bosonic modes. Taking the trace over mode 2 in the

equilibrium state π
(2)
λ leads to

Q(1)

1 − ξ(Q(1)

1 ) = sin2(gτ)(H (1) − 〈H (1)〉π(1) ), (E3a)

Q(1)

2 − ξ(Q(1)

2 ) = sin2(gτ)(A(1) − 〈A(1)〉π(1) ), (E3b)

where we took advantage of the fact that in equilibrium
〈Q(1)

k 〉π(1) = 〈Q(2)

k 〉π(2) .
Introducing the SLDs in Eqs. (E1) and expressions (E3)

into Eq. (16) we arrive at the Onsager coefficients in
Eqs. (19). In order to arrive at that final form, we also used
the relations

〈H 2〉π = cosh2(2r)〈H 2〉th + sinh2(2r)〈A2〉th, (E4a)

〈A2〉π = cosh2(2r)〈A2〉th + sinh2(2r)〈H 2〉th, (E4b)

〈HA〉π = 〈AH 〉π
= sinh(2r) cosh(2r)(〈H 2〉th + 〈A2〉th), (E4c)

〈H 〉2
π = cosh2(2r)〈H 2〉2

th, (E4d)

〈A〉2
π = sinh2(2r)〈H 2〉2

th, (E4e)

〈H 〉π 〈A〉π = sinh(2r) cosh(2r)(〈H 〉2
th + 〈A〉2

th), (E4f)

where 〈Qi〉th = Tr[Qie−αH/ω/Zα] are thermal averages in a
Gibbs state at temperature α/ω, and we omitted the super-
scripts (i) in H , A, and π since the expressions are the same
for modes 1 or 2. The explicit expressions for the thermal
averages introduced above are

〈H 2〉th = (�ω)2(2n̄2 + 2n̄ + 1/4), (E5a)

〈A2〉th = (�ω)2(n̄2 + n̄/2 + 1/2), (E5b)

〈H 〉2
th = (�ω)2(n̄ + 1/2)2. (E5c)

The classical part of the entropy production can be calculated from the operator D = ∑
k δk(Q̃

(1)

k − Q(1)

k ) as

var(D) = 〈D2〉π(1) = 2 sin2(gτ)

{

δλ2
1

[

cosh2(2r)(n̄2 + n̄) + sinh2(2r)
(

n̄2 + n̄
2

+ 1
2

)]

+ 2δλ1δλ2 cosh2(2r) sinh2(2r)
[

(n̄2 + n̄) +
(

n̄2 + n̄
2

+ 1
2

)]

+ δλ2
2

[

sinh2(2r)(n̄2 + n̄) + cosh2(2r)
(

n̄2 + n̄
2

+ 1
2

)]}

, (E6)

where we have used the expressions obtained above in Eqs. (E2) and relations (E4) and (E5). The relative entropy
reduction R in Eq. (21) is then obtained by substituting the above expression and the entropy production rate � [Eq. (20)]
into the definition of R in Eq. (14).
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APPENDIX F: ONSAGER COEFFICIENTS FOR
HEAT AND SQUEEZING

In order to calculate the Onsager coefficients for the
currents of heat and squeezing asymmetry, we proceed as
in the previous subsection using expression (16). How-
ever, we now identify as charges Q′(1)

1 = H (1) − μA(1)

and Q′(1)

2 = Q(1)

2 = A(1), and affinity gradients δλ′
1 = δβ

and λ′
2 = −βδμ, leading to the reciprocity relations in

Eqs. (22). In this case we obtain, for the SLDs,

′
1 = 〈H 〉π(1) − μ〈A〉π(1) − H + μA, (F1a)

′
2 = 〈A〉π(1) −

(

A +
[

tanh(α)

α
− 1

]
1

1 − μ2 (A − μH)

)

= 2. (F1b)

Notice that ′
1 takes on the traditional Abelian form,

since [′
1, π(1)

λ ] = 0. Analogously, we obtain the following
relevant operators:

Q′(1)

1 − Q̃′(1)

1 = sin2(gτ)(H (1) − μA(1))

− sin2(gτ)(H (2) − μA(2)) − cos(gτ)

× sin(gτ)ω[a†
1a2 + a1a†

2

+ μ(a1a2 + a†
1a†

2)], (F2)

Q′(1)

2 − Q̃′(1)

2 = sin2(gτ)A(1) − sin2(gτ)A(2)

− cos(gτ) sin(gτ)ω(a1a2 + a†
1a†

2). (F3)

Taking the trace over subsystem 2 in the above expressions
and introducing them into Eq. (16) together with SLDs
(F1), we obtain the set of coefficients reported in Eqs. (23)
of Sec. V.
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