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We consider the estimation of parame-
ters encoded in the measurement record of
a continuously monitored quantum system
in the jump unraveling, corresponding to a
single-shot scenario, where information is
continuously gathered. Here, it is gener-
ally difficult to assess the precision of the
estimation procedure via the Fisher Infor-
mation due to intricate temporal correla-
tions and memory effects. In this paper
we provide a full set of solutions to this
problem. First, for multi-channel renewal
processes we relate the Fisher Information
to an underlying Markov chain and derive
a easily computable expression for it. For
non-renewal processes, we introduce a new
algorithm that combines two methods: the
monitoring operator method for metrol-
ogy and the Gillespie algorithm which al-
lows for efficient sampling of a stochastic
form of the Fisher Information along in-
dividual quantum trajectories. We show
that this stochastic Fisher Information sat-
isfies useful properties related to estima-
tion on a single run. Finally, we consider
the case where some information is lost in
data compression/post-selection and pro-
vide tools for computing the Fisher Infor-
mation in this case. All scenarios are il-
lustrated with instructive examples from
quantum optics and condensed matter.

In many situations of physical interest, an ex-
perimenter may want to obtain the value of a
physical parameter that is not accessible via di-
rect measurement. To do so, they must estimate
the parameter based on a finite sample of out-

comes. Estimation theory [1-4| provides tech-
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niques for retrieving the value of the parameter
based on such sampling, as well as bounds on the
maximum precision that can be attained.

A common approach to parameter estimation
in quantum systems considers a large number
of independent and identically distributed (i.i.d.)
copies of the system at hand [5-7]. A considerable
research effort has been devoted to determining if
and how genuinely quantum properties, such as
entanglement and squeezing, can yield an advan-
tage over fully classical estimation [8-10].

In contrast to the ii.d. case, another sce-
nario of experimental importance is that of a
single system that is sequentially measured [11-
14].  This can be implemented, for instance,
using periodic measurements [15-17|, collision
models [18-22], or quantum continuous measure-
ments [11, 12, 14, 23-34]. Sometimes the system
can be reset after each measurement, leading to a
scenario that is akin to the i.i.d. case. However,
this is not always the case. As a consequence,
each data point is no longer independent, leading
to a (possibly intricate) memory structure in the
detection record.

In this work we provide a full characterization
of quantum metrology for quantum jump unrav-
elings 35, 36]. In this scenario a system evolves
according to abrupt jumps that occur at random
times and in random channels, following statis-
tics determined by the system dynamics. In be-
tween jumps the evolution is smooth and gov-
erned by a modified non-Hermitian Hamiltonian.
Such quantum jump unravelings are an apt de-
scription of the common experimental case in
which the measurement apparatus only records
the type and time of emissions from the system,
e.g. in atomic physics [37], superconducting sys-
tems [38, 39| or cavity QED [40, 41].

Note that the problem addressed here differs
from metrology on the unconditional state of an
open quantum system. In the latter case, the in-
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Figure 1: A quantum process emits a signal every time a jump occurs. There are two different jump channels (labeled
as Ly and L_), corresponding to distinguishable signals. The experimenter has access only to the measurement
record, constituted by jump time and jump channel for each emission. In the illustration, the quantum system is a
qubit coupled to a thermal bath, whose behavior is discussed in detail in Sec. 5.1. The plot illustrates the expectation
value of the number observable for the system as a function of time.

put of the estimation task is the full state of the
open quantum system. Here, in contrast, the in-
put is a measurement record as would be read on
a detector during an experimental run. In this
scenario, the observer has no control over the in-
teraction between the system and the detector.

Restricted treatments of this problem were
given in Refs. [26, 27, 33] for the specific case
of single-channel photodetection. Here we ex-
tend this to arbitrary jump processes with mul-
tiple channels. Fig. 1 illustrates this scenario for
the case of a qubit with two monitoring channels.
The measurement record of such an experiment
is generally of the form

winy = {(71, k1), (T2, k2), ..., (TN, kN)}, (1)

where k; labels the respective channels and 7; la-
bels the time between jumps k; and k;_;. We as-
sume that the system dynamics depend on some
parameter 6, which may enter via the Hamilto-
nian, the jump operators, or both. The chal-
lenge is then to estimate 6 to high precision.
While elegant quantum bounds that maximize
over all unravelings have been introduced in
Refs. [11, 12, 22|, these are generally not saturable
in the jump unraveling. In contrast, we here fo-
cus on estimators é(wlz ~) that only employ the
(classical) measurement record in order to derive
saturable precision bounds.

We remark that since the experimenter has no
control over the measurement to be performed,
we do not optimize over possible measurement
strategies. Consequently, our problem is one of

(correlated) classical metrology, in contrast with
the standard framework of quantum metrology,
where the experimenter can choose the measure-
ment to be applied [5, 6].

An interesting feature of the quantum jump
scenario are the intricate memory patterns that
different jumps retain of the past. The qubit in
Fig. 1 is an example of a renewal process, where
after each jump we know with certainty which
state the system jumped to. Multi-channel re-
newal systems can be mapped to semi-Markov
process [42, 43] so that the memory is short-lived.
Many quantum systems, however, are not re-
newal. A simple example is an optical cavity sub-
ject to direct photodetection: each jump perturbs
the system, but does not fully reset the state.
Quite the contrary, the memory in these systems
can be extremely long lived. This makes it dif-
ficult to estimate the Fisher Information (FI).
Our goal in this paper is to provide a full set
of tools for doing so. For multi-channel renewal
we show that a simple-to-use formula can be de-
rived (Sec. 2). Conversely, for non-renewal pro-
cesses we introduce a new algorithm based on the
monitoring operator [26] and the quantum Gille-
spie method [44]. This approach naturally intro-
duces the concept of a stochastic FI which can be
sampled along individual trajectories by our al-
gorithm (Sec. 3). We show that the stochastic FI
naturally fits into the description of single-shot
estimation. A summary of these results is given
in Table 1.
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Process type

Fisher information

Single-channel renewal
Multi-channel renewal

Multi-channel non-renewal

Fy(0) = —N [ drW (1) (5%22 mW(T)) [27]

F(0) = =N Sy neraPm (g I W (r,n|m) ) [Eq. (17)]
Numerical Gillespie algorithm [Sec. 3.1]

Table 1: Our work covers the calculation of the Fisher information contained in the WTD for a wide set of quantum
processes, both renewal (where we extend a previously known result) and non-renewal, where we present a numerical

strategy allowing for an efficient calculation.

Furthermore, as a relevant specification of our
work, we discuss the loss of Fisher information
under data compression/post-selection (Sec. 4).
For example, what happens if one loses the in-
formation about the distinction among channels
k; in Eq. (1)?7 Or what happens if we build es-
timators based only on summary statistics, such
as the average waiting times E(7;)? Our results
are illustrated with several examples in Sec. 5.

1 Setup

1.1 Estimation theory

Consider a string of random variables Xi.n
(here and in the following, the notation for
strings is left- and right-inclusive: Xi.xy =
X1Xo... Xn_1XN), distributed according to a
joint probability distribution Prg(Xi.n) which
depends on some unknown parameter § € O.
We assume 6 to be a scalar; the generaliza-
tion to multi-parameters is straightforward. The
goal of estimation theory is to construct an es-
timator 9(X1: ~) that provides an estimate of 6.
The variance of an unbiased estimator (E(f) =
) is bounded from below by the Cramér-Rao
bound [45, 46]

1

Var {é(Xl;N)} > ()’ (2)

where the Fisher Information (FT)

Fin(0) = Y Pro(zi.n) [0 log Pro(z1.3)],

T1:N

(3)
represents the total information that Prg(Xi.n)
contains about €. In the simplest scenario the
X, are independent and identically distributed
(ii.d.), causing the FI to simplify as Fi.n(0) =
NF;(0) [47]. In this case, the quantity F}(6) rep-
resents the information rate — i.e., the FI ac-
quired per symbol observed. In the presence of

correlations, in contrast, the calculation of Eq. (3)
becomes significantly involved, owing to the high
dimensionality of the sum.

The Cramér-Rao bound of Eq. (2) is always
asymptotically saturable, via the maximum like-
lihood estimation technique detailed in Sect. 3.2.
In the case of finite data, however, the bound may
not be saturable. If it is, the choice of the appro-
priate estimator may be contingent on the specific
form of Pry. For this reason, in the present work
we focus on the computation of the Fisher infor-
mation, and on the saturation of the bound in the
asymptotic limit.

1.2 The waiting time distribution

In this paper we wish to investigate the above
ideas in the context of continuously measured sys-
tems in the quantum jump unraveling. We con-
sider a general Markovian evolution of a quan-
tum state p(t), as described by a quantum master
equation of the form

‘C%’ = Lp=—i[H,p] + iD[Lk]p, (4)
k=1

where L is the Liouvillian, H is the system Hamil-
tonian and D the dissipator, defined by the rela-
tion D[L]e = Le LT — 3{LTL, e}. {L}} represents
a set of jump operators. Equation (4) can be ob-
tained from a closed-system microscopic descrip-
tion including both the system and the environ-
ment, in the limit of a weak interaction between
them. We will refer to each k as a channel. In
practical problems, each can represent a different
physical entity. For example, photons might be
emitted in different frequencies or polarizations.
Conversely, in quantum dots one jump operator
might represent the injection of electrons from a
lead, while another represents extraction.
Equation (4) is a differential equation for the
evolution of the state p. Equivalently, it can
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be seen as the average over stochastic trajecto-
ries, where a different effect is applied at each
timestep; this approach is known as wunraveling
of the master equation. The role of unravelings
is two-fold: on one hand, they can be used to
numerically solve the GKSL equation by sam-
pling [48, 49]. Secondly, unravelings describe
what an experimenter observes in the lab under
continuous monitoring. In this work, we employ
unravelings in the latter sense, as single-run mea-
surement records.

Different unravelings of Eq. (4) have been pro-
posed in the literature [36], with a prominent role
being played by homodyne unraveling and quan-
tum jump unraveling [48|, corresponding to dif-
ferent experimental setups.

In this work, we focus on quantum jump un-
raveling, in which one considers quantum tra-
jectories described by abrupt jumps occurring
at random times and in random channels (as
in Eq. (1)) [36]. In between jumps the system
evolves smoothly according to a (non-unitary) no-
jump dynamics. The jump channels k can thus be
associated with “detectors” which record when-
ever a jump occurs in channel k. In many cases
not all channels can be monitored. We there-
fore define the set of monitored channels M. We
may also assume that each channel has a finite
efficiency m; of recording a detection, such that
M = 1 represents perfect efficiency. We define
the superoperators

Tip = neLipLl (5)

as well as the no-jump superoperator

ﬁozﬁ—zjk, (6)

keM

where the sum is only over the monitored set M.

1 Note here that from a mathematical perspective, it
is actually not necessary to use both efficiencies n, and
a subset M of monitored channels. For example, we can
treat all channels as monitored and then set n, = 0 for
those channels which are actually not. Likewise, if we pre-
fer not to use efficiencies, we can decompose a Lindblad
dissipator as D[Ly] = D[/nxLk) + D[/1 — ni L] splitting
each channel in two, with new jump operators /N L and
VI —nkLi. Then we can include \/fx Ly in the subset M
and leave /1 — ni Ly, out. Keeping both concepts can be
convenient, however, especially when making the connec-
tion with experiments.

The stochastic dynamics in the quantum jump
unraveling can now be written as [25, 50]

dp = dtLp + Y (ANy(t) — dt Tr(JTip) )

keM
Tkp )
SRR ’ 7
(Tr(Jkp) ’ g
where dV; is a Poisson increment — that is; a

random variable that takes the value 1 if a jump
occurs in channel k£, and 0 otherwise. The prob-
ability of this happening is Pr(dNg(t) = 1) =
dt Tr[Jkp]. Since these probabilities are infinites-
imal, at each time step dt the probability of a
jump taking place is vanishingly small. In other
words, as is intuitive, most of the time dlNg = 0
and the system will evolve with no jumps.

Because of this structure, it is simpler (and en-
tirely equivalent) to consider a stochastic process
where we specify the time between jumps, as well
as the channel in which the jump occurred. This
is precisely the trajectory wi.ny in Eq. (1) and is,
in fact, the stochastic process that an experimen-
talist would observe. Thus, instead of dealing
with the stochastic master equation (7), we can
simply write down the joint probability density of
observing the trajectory wi.n. For concreteness,
we assume that the system is initially in the state,
po- The probability density of observing the mea-
surement record Eq. (1) is then

Pr(wi.y) = Tr {jkNeLOTN . -jkleﬁ(mpo} . (8)

The question at hand is then the following: as-
suming that H and Ly, can depend on an unknown
parameter 0, what is the precision with which we
can estimate 6 based only on the stochastic pro-
cess in Eq. (1)? The answer is given by the FI,
Eq. (3), with the stochastic string X1.y replaced
by wi.n. In general, Eq. (8) can exhibit complex
correlations: the effects of a given jump can per-
sist, even after other jumps are measured. As a
consequence, it cannot in general be decomposed
in terms of simpler probabilities. This makes a
direct evaluation of Eq. (3) extremely involved.
Addressing this challenge is the main contribu-
tion of this paper. Before proceeding, however,
some comments about Eq. (8) are in order:

e Equation (8) refers only to the monitored
jumps k € M: in between them, any num-
ber of non-monitored jumps can occur. This
is automatically taken into account via the
definition of L.
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e The probability given by Eq. (8) refers to
a specific number of jumps N. This can
be viewed as an ensemble where IV is fixed,
but the final time ¢ty = SN, 7; is allowed
to fluctuate. We call this the N-ensemble.
One could also consider an ensemble where
N fluctuates and ¢y is fixed. We will call
this the ¢-ensemble. In the limit of large NV
(or large ty) results for the two ensembles is
expected to coincide [51].

e Equation (8) is not necessarily normalized.
Sub-normalization occurs in cases where
there is a non-zero probability that a jump
never happens. Here, we exclude this possi-
bility by assumption. That is, we work with
processes where jumps must always eventu-
ally occur (called persistent in the stochas-
tic process literature [52]). Normalization is
then given by [ dwi.y Pr(wi.n) =1 with

/dwl:N = Z 7d71 .. 7dTN . (9)
0

k1,...kN |

2 Multi-channel renewal processes

A special subclass of processes exhibiting a much-
simplified memory structure are the so-called re-
newal processes, in which the state is reset after
each jump. This occurs whenever the jump oper-
ators satisfy the renewal condition,

Tip = Tr [Tpl ok (10)

where oy, is a physical state that depends on the
jump channel but not on p. Equation (10) causes
Eq. (8) to factorize as

Pr(wi.n) = W(rn, kn|kn=1) - - - W (71, k1]ko) ,
(11)

where
W(r, klq) = Tr {Tre“" 0.}, (12)

is the waiting time distribution for the next jump
to occur after time interval 7 and in channel
k, given that the previous jump occurred in
channel ¢q. Notice that this is normalized as
Sk lo  W(r, klg)dr = 1 for all ¢. In terms of
composite random variables x; = (7, k;), it is
clear that under the renewal condition wi.n it-
self is a Markov chain (Markov order 1 stochastic
process [53]).

For renewal processes in which each measure-
ment corresponds to a single jump operator Ly
acting on the state, Jyp = ngka,t, satisfying
the renewal condition [Eq. (10)], one may show
that the jump operators themselves must always
have the form Ly = |ug) (vg| (the constant rate
vk can always be chosen to satisfy this condition),
where |ug) and |vg) are generic normalized quan-
tum states which need not be orthogonal (c.f. Ap-
pendix A for a proof). It then follows that the
post-jump states in this renewal process are pure,
or = |pk) (pr|, while the jump probabilities are
Tr(Jkp) = Yk (V| p|vg). The waiting time dis-
tribution in Eq. (12) can therefore be simplified
to

W (r, kla) = i (vl €7 (lug) (gl ) lva) - (13)

If all channels are monitored, the no-jump super-
operator can be written as Lop = —i(Hep—pH}),
with a non-Hermitian Hamiltonian

) )
HezﬂfizLLLsz*§Z’7k\Vk> (v -
!

k
(14)
The WTD then simplifies further to
W (7, klg) = [9(7, klq)[*, (15)

where W(7,k|g) is a “waiting time amplitude,”
given by

V(7 klg) = vk (el €T |1ag) - (16)

2.1 Fisher information of multi-channel re-
newal processes

We now analyze how Eq. (3) simplifies under
the factorization in Eq. (11). As shown in Ap-
pendix B, except for a small boundary term that
is negligible when N is large, the FI for renewal
processes can be written as

oo [9yW (T, klq)]”
Z Dq / dr——————
gEM 0 W(T’ k|Q)
(17)
That is, the Fisher information of the entire mea-

surement record reduces to the Fisher informa-
tion of the WTD. Here

DR = Tr [jk‘pss]
> Tr [Tipss]’

is the steady-state probability with which jumps
occur in channel k. Equation (17) is our first

Fi.n(@) =N
k

(18)
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main result. Notice that the scaling of the Fisher
information is still linear in the number of jumps;
this is expected for processes of finite Markov
order [54] and beyond [55], and is in line with
Ref. [12], which studied the quantum Fisher in-
formation maximized over all possible unravelings
of the master equation. We would like to alert
the reader to a possible confusion with similar
expressions sometimes found in the discussion of
the Fisher information for classical master equa-
tions (e.g. [56]): W here is a function taking val-
ues over real numbers and a pair of jump labels,
very different from a rate matrix.

The Cramér-Rao bound involving the Fisher
information for a multi-channel renewal pro-
cess can be asymptotically saturated by maxi-
mum likelihood estimation [2, 57|, where the log-
likelihood function takes the form

N

> log Wy(ry, kjlkj—1).  (19)
=2

((flwr.y) =

Here, Wj represents the waiting time distribu-
tion assuming that the value of the parameter is
6, and border terms, that do not play any role
in the asymptotic limit, are neglected. Other es-
timators generally perform worse than the MLE,
at least in the limit of a large number of jumps on
the trajectory. An example of an estimation task
performed on the qubit thermometry system (as
defined in Sec. 5.1) is discussed in Appendix C.
In the case of a single jump channel Eq. (11)
will factor into a product of probabilities. The
waiting times 7; therefore become independent
and identically distributed (the process becomes
of Markov order 0). This is the scenario of re-
newal theory [58] and Eq. (17) simplifies to

0o 2
Fuxto) =N [ dw (20)
0

where W (7) = Tr {Je 7o }. This agrees with a
result derived in Ref. [12].

The Fisher information in Eq. (17) encom-
passes the information contained in both the
jump channels and the jump times. It is possible
to separate the two individual contributions using
the basic decomposition law F(X,Y) = F(Y) +
F(X|Y), which holds for the Fisher information
of any joint probability distribution [47, 54, 59].
As a result, one finds

Fin(0) = Fh(0) + Flmeslh ) (21)

where

Fhv0) =N S p(klg)pg (9 Inp(klg))*, (22)

k,qeM

is the Fisher information of the sequence of jump
channels only, with

plkla) = [ dr Wi(r.klg) = = Tr {75}
0

(23)
being the probability distribution that the system
transitions from ¢ — k, irrespective of when it
happens. Here, we assume that the inverse of the
no-jump Lindbladian exists; this is a sufficient
condition for the absence of dark subspaces.

We mention in passing that the quantity pg in
Eq. (18) is also the solution of

> p(kla)pg = pr (24)

as one may verify by explicit substitution. The
second term in Eq. (21), on the other hand, is the
conditional Fisher information of the time tags,
given one knows the sequence of channels:

1mes|cC. aW k
FineI (o szqupq/dT—e T|k o]

kM W(rlk,q)

(25)
where W( k\)
7, klq

W(rlk,q) = —2 140 2

(7l @) = = ) 2

is the probability that the jump takes a time 7,
given that the sequence of jumps was ¢ — k. The
quantity Ff}ﬁesldl is therefore the FI of the time
tags, given that one knows the channels. The FI
of the time tags when one is ignorant about the
channels will be discussed in Sec. 4.

The two terms in Eq. (21) are individually non-
negative, and have clear physical interpretations.
Therefore, they can be used to assess how much
information is contained in each aspect of the
stochastic process (channels and times). The rel-
ative contribution of F°" to the total Fisher in-
formation is illustrated in Fig. 3(b-c).

In passing,
Eq. (26) into the general probability string
Eq. (11), we can write it as

we mention that if we insert

Pr(wi.n) = [W(TNVCN, kn_1)---

X {p(kN“CNfl) X

W (il ko) |

p(k1 |k?0)] :
(27)
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Thus, we see that for renewal processes the path
trajectory can be split into a probability for the
sequence of channels kg — k1 — --- times the
conditional probability of the jump times 7;, given
this sequence of channels.

The integral appearing in Eq. (17) can be dif-
ficult to compute analytically, depending on the
shape of the WTD. The same is true for Eq. (25).
On the other hand, Egs. (23) and (21) allow for
an easy computation of the Fisher information
when time tags are ignored. In Appendix D, we
discuss the special case of a WTD that is a single
decaying exponential, for which the integration
can be analytically carried out; this case most fre-
quently appears in incoherent systems described
by classical master equations. In Appendix E, we
introduce a bound on the Fisher information in
terms of the mean and variance of the WTD, as

a 2
Fun(0) = FE(0) + NS 225l oy
k,q kq

(28)
where pry = E[7]k,q] and a,%q = Var[r|k, q] are
the conditional mean and variance of 7, calcu-
lated from Eq. (26). This bound can be useful in
situations in which the integral of Eq. 17 is hard
to compute, but the variance and the mean of the
WTD is computable.

One may also consider the inverse decomposi-
tion of the Fisher information between channels
and jumps, of the form Fy.n(0) = Fies(9) +
F f}}l,t imes(@). While this decomposition is formally
valid, the times-only process is, in general, non-
renewal even though the original process is re-
newal. This prevents us from expressing Ff%es
analytically. The computation can be performed
numerically, as detailed in Sect. 4.

3 Non-renewal processes

The calculation of the FI in Eq. (3) for a general
measurement record wi.y is difficult because the
probability does not factorize in any simple way
as it did for renewal processes in Eq. (11). As
a consequence, one must compute a large num-
ber of high-dimensional sums/integrals, render-
ing the problem generally intractable. In this sec-
tion we start by reviewing the monitoring opera-
tor formalism [26], which allows one to compute
the Fisher information by sampling over quan-
tum trajectories. We then adapt this formal-

ism to our specific ensemble distribution given by
Eq. (8), and present a new algorithm for efficient
computation of the Fisher information over non-
renewal quantum trajectories, based on the quan-
tum Gillespie algorithm introduced in Ref. [44].

3.1 Monitoring operator for generic stochastic
quantum mechanics

Consider a generic set of trace-non-increasing su-
peroperators {M,} that describe the evolution
of the system after outcome x. Namely, if the
system is initially in the normalized state p, then

7 = Map (20)

is the unnormalized state such that Trp’ is the
probability of measuring outcome z and p’ = Trﬁ—,ﬁ/
is the corresponding normalized state. Stringing
many measurements together, starting from an
initial state pg, one defines the unnormalized den-
sity operator

ﬁN = MacN o 'M:v1p0 . (30)

The corresponding probability is

Pr(xzi,...,xzn) = Tr{pn}. (31)
For the case of quantum jumps, M, = J,e~0",
so the outcomes are given by the pair z = (k, 7).

The monitoring operator for an unknown pa-
rameter 0 is defined as as [26]

9PN
= 32
N Ty .
One may verify that
Fin(0) = E[Tr(én)?] (33)

is precisely the general FI in Eq. (3) (here the en-
semble average is over Eq. (31)). Hence, stochas-
tically sampling the monitoring operator provides
us a method for computing the Fisher informa-
tion in the non-renewal case. In addition, as we
also discuss in Sec. 3.2, the monitoring opera-
tor can be used to perform maximum likelihood
estimation tasks on quantum jump trajectories,
solving many numerical instabilities issues with
respect to a more traditional approach.

A major benefit of the monitoring operator for-
malism is that there is a simple, inductive process
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to calculate it. First, for an initial state pg, the
monitoring operator is initialized as

o = 9gpo - (34)

Starting from the state, p;, the next observation
xj4+1 is sampled from

PI“(CL"jJrl‘Pj) = TT{M:EJ‘HPJ'}’ (35)
Mz 1 pi
. — Tl
and the state evolves to pji1 = TolMe, o 07]

Meanwhile, the monitoring operator evolves to

(89M$j+1 )pj + M:Bj+1€j
Tr{M$j+1 pj}

§ir1 = (36)

Note that this calculation only depends on the
previous monitoring operator §;, the superoper-
ators {M_}, and the normalized density opera-
tor pj. This process does not depend on keeping
track of the unnormalized state, which leads to
better numeric stability [31].

The inductive algorithm described above en-
ables a computationally simple way to deter-
mine the evolution of the state p; and monitor-
ing operator &; from their respective initial con-
ditions. For calculating the Fisher information,
this process is repeated many times to calculate
Fi.n(0) = E[Tr(én)?]. In the next section, we
show how to use the monitoring operator formal-
ism to perform MLE estimation on general quan-
tum stochastic processes.

We remark that the monitoring operator for-
malism is fully general with respect to the spe-
cific unraveling of a given master equation. For
instance, it can be applied to homodyne unrav-
eling |26, 31]. Consequently, most of the results
presented below can be adapted to homodyne de-
tection or other protocols, with the exception of
the use of the Fisher-Gillespie algorithm, which
crucially relies on the jump structure of the evo-
lution.

3.2 MLE estimation

Consider a measurement record wi.y, i.e. a string
of outcomes (x1,...,2zyN). This is the outcome of
a single run of the experiment. The likelihood is
the probability of obtaining wi.n, as a function
0, the parameter to be estimated:

0(6) = Pr [wr.v16] - (37)

In MLE [4, 57] the estimator for § on a single run

is taken as the maximum of the £(0) function over
all values of 0:

0 = argmax £(f) . (38)
7

In other words, MLE assumes that the currently
observed measurement record must come from
the value of the parameter that makes it the most
likely compared to other values of . It is possi-
ble to prove that, under suitable regularity con-
ditions, MLE is asymptotically unbiased and sat-
urates the Cramér-Rao bound.

In order to be able to perform the maximiza-
tion, one has to be able to compute the likeli-
hood £(f) for many different values of §. When
considering long evolutions (that is, most situa-
tions of practical relevance in quantum metrol-
ogy), we are faced with the problem that £(f)
decays exponentially with the length of the mea-
surement record. This renders the estimation
task numerically unfeasible. In the context of
finitely correlated processes (i.e., processes with a
finite Markov order), the issue can be successfully
tackled by maximizing the logarithm of the like-
lihood function, and exploiting the factorization
properties of logarithms [54]. However, quantum
processes in general exhibit an infinite Markov
order. Here, we show a method, based on the
monitoring operator formalism, that circumvents
this issue. An alternative but equivalent method
has been proposed in Ref. [26].

Given the measurement record wy.y, and a can-
didate value for the parameter 6, we can define a
corresponding monitoring operator &7 Ly that is,
the monitoring operator evolved along the mea-
surement record wi.n, assuming that the value of
the parameter is 6. In an analogous way, we can
evolve the sub-normalized quantum state ﬁfjlz N
on wi.y. The likelihood can then be written as

1 (5) =Pr {wlzN\é} =Tr [ﬁilw} : (39)

Let us now assume that, in the estimation re-
gion, the loglikelihood function has a single max-
imum. Note that for well-behaved loglikelihood
functions this is not a strong constraint since one
can always restrict the estimation region. If the
maximum lies in the interior of the region, then
it can be detected by imposing 0pl(f) = 0. If
the maximum lies on the border, it cannot be
detected in this way. For this reason, it makes
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sense to check the loglikelihood function on the
border separately, for instance with the method
of Ref. [26]. We now focus on the case of a max-
imum inside the region.

The maximization condition yields

T [, | =0 = el | =0. (10

In this way, we mapped the problem of finding
the 6 that maximizes the likelihood to the one of
finding the § that makes the monitoring operator
traceless. Remarkably, the latter is a numerically
stable problem, because the evolution of the mon-
itoring operator can be integrally computed from
the normalized conditional state. For practical
purposes, the problem can be further mapped
onto finding the 6 that minimizes the squared
trace of the monitoring operator. To summarize:

0 = argmax £(f) = argmin (Tr [521:ND2 . (41)
0 0

We remark that the monitoring operator for-
malism for MLE estimation is fully general, re-
gardless of the specific form of the M, superop-
erators. An application to the case of quantum
jump trajectories is presented in Fig. 2 for the
coupled qubit model, whose details are discussed
in Sec. 5.3. In the asymptotic limit of a large fi-
nal time ¢y, MLE gives normally distributed esti-
mates for the unknown parameter, and the vari-
ance of such distribution saturates the Cramér-
Rao bound. Code for MLE estimation on quan-
tum jump trajectories, using the monitoring op-
erator formalism, is made available in Julia [60].

3.3 The Fisher-Gillespie algorithm

To compute the Fisher information according to
Eq. (33), one has to sample from the distribu-
tion of all the possible sequences of superopera-
tors M., weighted by the appropriate probability
of the trajectory. In the case of quantum jumps,
My = Je07 so the time evolutions add an ad-
ditional level of complexity as the superoperators
are parameterized by a continuous variable, time,
that can be arbitrarily subdivided.

To make this computation tractable, we intro-
duce a new algorithm, which jointly exploits the
monitoring operator formalism for the Fisher in-
formation, and the Gillespie approach [61, 62]
to quantum jump trajectories, introduced in
Ref. [44]. Here, we give a quick overview of the
working principles of the algorithm.

To sample from the distribution of all possible
jump trajectories given by Eq. (8), we assume
that we start in a state p;_1, immediately after
a jump. We then sample a random waiting time
T; from the distribution

W(rlpj-1) = Tr [TeSTp;0] , (42)

where J = > o Jk- This gives the WTD for
the next jump to occur, irrespective of the mon-
itored channel it takes place in. We then update
the state p;_1 to

LoT;
e~0 Tpj-1

= 43
Tr(eLOijj_l) ( )

Pj
Next we sample the jump channel k; from the
probabilities
Tr(Jkp;)

p(klpj) = m: (44)

and use the outcome k; to update the state to

Tk; P

pj = (T ) (45)

We now continue in this way. At each step, the
time T is sampled from W (7|p;—1) and the next

jump k; is sampled from p(k|p;). Combining
these steps, the state is updated to
Tr; €T pj 1
Pi= > (46)

Tr(Jr, e 0Tip; 1)

This gives a way to efficiently obtain the correct
weight (8) for each trajectory. Now we have to
consider the evolution of the monitoring operator
on the same trajectory, according to Eq. (36),
where M, = jkjeﬁoTj,

L (T, €“0T3) pjt + Ty e“0Ti&5 1 (47)
! Tr(Jr e 0% pj-1) '

This equation can be read in direct comparison
with the results of Ref. [31]. In our case, how-
ever, the evolution is written in the Gillespie for-
malism, rather than the time-discretized picture.
The FI is then obtained by repeating this pro-
cess over sufficiently many trajectories to get the
average (33).

Importantly, many of the numerically heavier
objects involved do not depend on the specific
trajectory and can be pre-computed. To do so, in
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Figure 2: Estimation task results for the coupled qubit model. MLE estimation on 500 trajectories for a fixed final
time 100 (a) yields normally distributed estimates; the variance is compatible with the prediction of the Cramér-Rao
bound. (b): the variance of the MLE estimates is compared with the Cramér-Rao bound. As expected, perfect
saturation is not reached for finite time, but the error on the estimates is comparable in order of magnitude with the
bound. Parameters: Q4 = Qp =n =1, v =04, g = 0.01, timestep dt = 0.001,  increment for the derivatives

dy = 0.0001.

analogy with the Gillespie algorithm of Ref. [44],
we define a list {7}, } of times, which has to (i) be
sufficiently fine-grained to be able to resolve all
relevant features of W(r|p) and (ii) span times
much larger than the average waiting times, in
order to cover as faithfully as possible the struc-
ture of the WTD. At this point, we can pre-
compute not only the superoperators eFoT re-
quired to evolve the state in Eq. (43), but also
the superoperators dyJj for all the jump chan-
nels and 9pe’07, needed to evolve the monitoring
operator & according to Eq. (47).

If the initial state is pure, all jump opera-
tors are one-dimensional projectors, and all jump
channels are monitored, then the conditional
state remains a pure state for the entire duration
of the dynamics. It is therefore possible to write
its evolution in terms of the effective Hamiltonian
H.=H —1i/2Y, Ji, with significant savings in
terms of memory and computational time.

A pseudocode description of the Gillespie-
Fisher algorithm in this simpler case is given in
Algorithm 1; an implementation in Julia can be
found in Ref. [60]. The latter allows both for pure
state evolution and for mixed states, making also
possible to consider the partial monitoring of spe-
cific channels.

At the beginning of the dynamics, & = Ogpo
[Eq. (34)]; it follows that the monitoring oper-
ator is initially traceless (hence Fyp(d) = 0), in
accordance with the fact that no information is

available about 6 at the beginning. However, the
initial state may depend on 0; e.g., one could be
given the steady state of the system as the ini-
tial state, and the steady state ordinarily depends
on the dynamical parameters. While this can-
not play a role in the initial Fisher information,
it may become relevant at later times, when the
value of £ is modified by the subsequent appli-
cation of the jump and no-jump superoperators.
In principle henceforth all that follows may de-
pend upon the specific choice of the initial state
po- However, in cases wherein the information
about the initial state is quickly lost during the
time evolution, these effects eventually become
vanishingly small.

Finally, we observe that the Fisher-Gillespie
algorithm is, in effect, a Monte Carlo integra-
tion method for the Fisher information. By fol-
lowing the evolution, it allows to focus on the
most relevant areas of the space of measurement
records. Since the trajectories are generated in-
dependently of each other, the error in the eval-
uation of the Fisher information follows from the
law of large numbers, scaling as 1/v/M, where M
is the number of trajectories.

3.4 Fisher information rate

In this section, we discuss the Fisher informa-
tion rate dF'/dt of the measurement record of any
quantum jump process. For this, we need to work
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in the ?y-ensemble representation: the measure-
ment record wi.y is equivalently represented by
a sequence of discrete time steps of equal length
dt. For each step t, a random variable X; can
take values in the set {0,1,...,|M]|}, where the
value 0 represents the absence of a jump in the
step, and the other values index the possible jump
channels.

Given the Fisher information in the measure-
ment record up to time step T, Fp(X1.7), one can
update it to the next time step T+ 1 via the chain
rule for the Fisher information [47, 54]

Fo(X1.141) = Fop(X1.1) + Fo(Xr 41| X1.7), (48)

where F(XY) represents the conditional Fisher
information for X given Y. The second term
gives the variation of the Fisher information dFrp.
By definition of the conditional Fisher informa-
tion:

dFp =F(X741|X17)

_ Z Pr(xz1.7) (0p Pr(zpi1|z1. T)) (49)

v Pr(xpi1|z1.r)

The update probability Pr(xpy; = jlzi.7), for
j=1,...,|M|, is given by

Pr(zri1 = jlarr) = Dhdt, (50)

and Pr(zp4, = Olzp) = 1 — Z'M‘ I’ mdt, where
IJT =Tr [Ljp(T)LH is the stochastic current in
channel j with corresponding jump operator L;
and pgﬁ) the conditional normalized state at time
T Expanding the calculations (see Appendix G),
we find the Fisher information rate to be

I
dj;T = ZE [Ilk (aQIT) ] , (51)

where the expectation value is taken with respect
to all the trajectories up to time step 7'. Hence:
the Fisher information rate is only a function of
the individual dependence on @ of the currents;
the interplay among stochastic currents of differ-
ent channels does not play a role at first order.

4 Information loss and compression

The measurement record wy.y in Eq. (1) repre-
sents all the information obtained from the quan-
tum jump unraveling. The Fisher information

studied in the previous sections describes the best
attainable precision, maximized over all estima-
tor functions @(wlzN) that exploit the full data
record. In practice, however, we may often not
end up using the full data. For example, we
might not have access to the jump symbols k;,
but only the time tags 7;, or vice versa. Or we
might want to use only a summary statistic, like
the average waiting time. Discarding part of the
record in this fashion constitutes a form of infor-
mation compression. Since we are throwing away
information, the corresponding Fisher informa-
tion must be smaller; i.e., the estimation preci-
sion will be reduced. This can be formalized by
the data-processing inequality for the Fisher in-
formation |47, 63, 64]: given any non-parameter-
dependent map ® acting on a trajectory wi.n,

Floyn(0) > Fo)(0) - (52)

This naturally establishes a trade-off between es-
timation precision and memory compression.

In this section we explore the loss of FI for dif-
ferent choices of data compression. It turns out
that most expressions derived in Secs. 2 and 3
can be adapted to also encompass this possibility.
The simplest case is that of partial monitoring;
i.e., when one does not have access to all jump
channels, or when they operate with finite effi-
ciency. This case was already discussed around
Eq. (5), and simply amounts to adding an effi-
ciency 7 to each channel, or restricting the sum
in Eq. (6) to a subset M. One can think of the
channel ® in Eq. (52) as an operation that re-
moves entries with k; ¢ M from wy.y. Partial
monitoring therefore modifies the main superop-
erators Jp and Ly. But the general structure
of the trajectory distributions remain unchanged,
and hence all formulas from Secs. 2 and 3 still ap-
ply.

Another example of data compression is when
we have access only to channel symbols k;, but
not time-tags 7;, or vice-versa. Starting from the
general trajectory probability (8) and marginal-
izing over all time-tags yields the symbol proba-
bility

Pr(ki,....kn) = Te { My, -+ Mg, po}, (53)

where My, = —JiL, ! This statistics was re-
cently studied in detail in Ref. [50]. Renewal
processes continues to be renewal in this case.
Hence, the corresponding FI will be given exactly
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by Eq. (22). For non-renewal processes, on the
other hand, one can still apply the monitoring
operator formalism in Eq. (36), which remains
largely unchanged. All one has to do is replace
M, with M.

If we instead marginalize (8) over the jump
channels we obtain

Pr(ri,...,75) = Tr {Je507 .- Te507po}, (54)

where J = > ;cm Jk- Notice how this result still
depends on the choice of monitored channels M,
which influences both J and Ly. Eq. (54) there-
fore assumes one does not know which specific
channel clicked, but one knows it belongs to M.
In general, Eq. (54) will no longer be renewal,
even if the original process was. The reason is
because the renewal condition (10) is not, in gen-
eral, satisfied for J. Nonetheless, the monitoring
operator formalism in Eq. (36) remains perfectly
valid, provided one replaces M, — Jeo7.

So far, we have assumed compression schemes
in which one has limited access to one aspect of
the dataset or another, and which are specific to
the form of the jump trajectory outcomes. An-
other important compression is to consider in-
stead only summary statistics, analyzed in de-
tail in Ref. [56]. In order to draw a relation,
we here add an explanation of the effect of us-
ing such summary statistics for data originating
from quantum jump trajectories. The broader
case, independent of quantum jump dynamics, is
discussed in Ref. [56].

Suppose the process has a single jump channel.
Instead of considering estimators (7, ..., 7n)
that are arbitrary functions of the entire dataset,
one might consider estimators 0(T) that depend
only on the sample mean

Tty
T=—"7—.
K (55)

This is another form of data compression and
therefore must necessarily lead to a smaller Fisher
information. To calculate this FI one must take
into account the fact that the waiting times
can be correlated with each other. As shown
in [54, 56] the asymptotic FI, for large N, will
be

o\ ? 1
Fr(0)~ N (> , 56
where y = E[r;] and 0? = Var[r;] are the mean
and variance of the individual waiting times (as-
sumed stationary), while C;_; = cov(7;,7;) is

the covariance between two waiting times. Note
that C' is represented with a single index because
stationarity (time-translation invariance) is as-
sumed. For renewal processes the waiting times
become i.i.d. and C; = 0. In this case, the WTD
will be given by Eq. (12): W(7) = Tr{Je 7 }.
And the mean and variance in Eq. (56) can be
computed from the Laplace transform

oo

W(s) = / dr W(r)e ™ =Tr{J (s — £0)_10'},

: (57)
as 1 = —W'(0) and o? = W”"(0) — p®. Con-
versely, for non-renewal processes C; # 0 and the
correlations will play a non-trivial role, since the
second term in the denominator of Eq. (56) can
be positive or negative, depending on the model.
This is explored in more details in Refs. [54, 56].

5 Examples

In this section, we consider several examples to il-
lustrate concepts explored throughout the paper.
The examples are summarized in Table 2.

Example Renewal Multi-channel
Q. therm. 5.1 X X

Res. fluor. 5.2 X

Coupled q. 5.3

Micromaser 5.4 X

Table 2: Summary of presented examples.

5.1 Qubit thermometry

We consider a qubit coupled to a thermal bath.
The Hamiltonian of the isolated qubit system is

w Q
where w is the detuning and €2 is the Rabi fre-
quency. The coupling with the thermal bath is

described by two jump operators, of the form

Ly = /ynoy (59a)
L= Jya+1)o, (59b)

where v is the emission rate and 7 is the average
occupation number of the relevant mode in
the environment; the value of n is connected
to the temperature of the environment via the
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We assume that
both the jumps Ly and L_ are observable,
and we would like to estimate the parameter n,

Bose-Einstein distribution.

process is renewal.
The Fisher information about 7 contained in
the measurement record can be computed as in

of interest in thermometry applications. This Eq. (17), and yields
|
i N (7 + 1)2 + 7 (Q/7)?
Fl:N(n) :2,'7L(,'7L + 1) ﬁ(’fl/ + 1) + (9/7)2 1 + _ W/’Y 2 (9/7)2 ( )
1+4 (5255 ) n@A+1) 1+4(2ﬁ+1) T

WTD and Fisher information are shown in Fig. 3.

1.0
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0.0 ‘
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" Q/y

(c) (d)

Figure 3: Thermometry with a qubit with observed rais-
ing and lowering operations. (a) The WTD for different
observations. Parameters: w =Q =~y =1and n = 1.5.
(b) The Fisher information per observed jumps. Param-
eters: w = ) = = 1. The total rate (blue) is shown
with the contribution from the channels F" alone (or-
ange). (c) Proportion of total Fisher information in the
channels, alone, for different Rabi oscillations € and
w = = 1. (d) The Fisher information per observed
jumps as a function of 2, same parameters as in (b).

A special remark is in order for the limit 2 — 0
(see Fig. 3d). In this case, the jump operators L
and L_ satisfy the conditions for an exponential
WTD discussed in Sec. D (the final states are or-
thogonal among each other, and the Hamiltonian
commutes with the density matrix of the final
states), as specified in the previous section. The

only non-zero WTDs are

W (T, Ly|L) = yRe "
W(r, L_|Ly) = (i +1)e 7+

(61a)
(61Db)
The Fisher information considerably simplifies,
yielding

P2 =0) =3 |2+ —].

2 n n+1 (62)
If @ — 0, the jump channels have to alternate
between L; and L_ (no two jumps of the same
kind can happen in a row). Therefore, no infor-
mation about n can be contained in the sequence
of the jump channels, when one ignores the jump
times: Fi.y(n) = Ff}EeS‘Ch(ﬁ).

The relative contribution of Ff}}V to the total
Fisher information is illustrated in Fig. 3b—c. One
finds that, with all else equal, the sequence of
observed channels dominates the Fisher informa-
tion of the temperature for a cold system (n — 0)
but is generally less important as temperature in-
creases. Further, one observes that F, — 0 as
Q0 — 0 (for finite temperature, n > 0), reflecting

times|ch
_ ptimes|

the fact that Fi.y(n) = Fy.y = (72) in this case.

5.2 Resonant fluorescence

Consider again Eqs. (58) and (59), but assume
w=mn = 0, so only emissions, L = vTo_, are
observed.

The expression for the Fisher information w.r.t.
the Rabi frequency € has been shown to be [27]

FQ) =N (ng + é) , (63)

where N is the number of recorded jumps. The
computation of the Fisher information of the
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sample mean via Eq. (56) yields

N 4
T 021 -2(Q/D)2 +4(Q/T)4

Fr(Q) (64)

In Fig. 4, we represent the Fisher information for
the entire measurement record, and for the sam-
ple mean for resonant fluorescence. We notice
how, in general, the Fisher information of the
sample mean is not comparable to the one of the
full measurement record; while the former lower
bounds the latter, the bound is clearly far from
tight.

1 '¢
251 1 Z100() x/
1 ~ '¢
1 o
201 % z500 L
[\ e R
Ay 0 Lo
Sy 0 50 100
2 N N
10
5 e v A
=== Entire record
0 Sample mean
0.5 1.0 1.5 2.0 2.5 3.0

/0

Figure 4: Fisher information of the entire measurement
record, and of the sample mean for the resonant fluores-
cence process. In the main panel, the Fisher information
rate for the Rabi frequency 2 = 1 is represented as a
function of the jump rate I'; in the inset plot, for fixed
I'=Q =1, as a function of NV, the number of recorded
jumps.

5.3 Coupled qubits

QOuoy Yo _

A B
Figure 5: A depiction of the coupled-qubit model.

As a paradigmatic case of a non-renewal pro-
cess, we consider two qubits, both undergoing
Rabi oscillations, interacting with an exchange
Hamiltonian, and such that one of them can
“leak” excitations into a thermal bath. The

Hamiltonian of the system has the form

B

H:QAU;?—FQBJE —i—wAU?—i-wBUZ

A _B

+9 (Uf0§ + o,a+) , (65)

where Q4 p are Rabi frequencies, wa g are de-
tuning terms, and g parametrizes the coupling
strength. A tensor product with the identity is
implied where not otherwise specified. There is
only one jump operator, given by the emission
from qubit B into the bath; the corresponding
jump operator is

L=,/05. (66)

The model is depicted in Fig. 5, and an exam-
ple of a trajectory is given in 6a. It is clear that
the model is non-renewal: while at each jump the
state of qubit B is completely reset to the ground
state, the state of qubit A is affected by the jump
(which breaks all the entanglement between the
qubits created by the Hamiltonian evolution), but
not reset: there is quantum memory carried on at
each jump.

We used the Fisher-Gillespie algorithm to com-
pute the Fisher information of the measurement
record for the estimation of v in the coupled qubit
model. The result is plotted in Fig. 6. It is ap-
parent that the Fisher information scales asymp-
totically linearly with time; this is expected for
any stochastic process whose correlations decay
with time [54].

In Fig. 6¢, we also highlighted one of the
stochastic trajectories of Tr[¢]?. Remarkably,
while the Fisher information (given by E[Tr[¢:]?])
always monotonically increases with time (up to
small statistical fluctuations), on individual tra-
jectories a decrease can be observed. In particu-
lar, the squared trace of the monitoring operator
can be interpreted as an indicator of how atypi-
cal a trajectory is. Indeed, on a typical trajectory
one would expect MLE to retrieve a very close es-
timate § to . By the MLE condition, Tr[¢;]2 = 0.
Hence, we expect Tr[¢;]? to be small for typical
trajectories, and much larger for atypical trajec-
tories.
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Figure 6: (a): a stochastic quantum trajectory for the two-qubit model, in terms of the expectation value of the
number operator for each qubit. Note that, whereas qubit B undergoes a complete reset after each jump, qubit A,
while affected by the jump, is not reset: this behavior clearly expresses the non-renewal nature of the process. To
highlight this effect, the plot is obtained for an increased value g = 0.1, with respect to the parameters below. (b):
the result of a Gillespie-Fisher algorithm calculation of the Fisher information for v along the jump process. The
average on the 2000 trajectories is represented by the red line. Some of the trajectories for Tr[&;]? are represented
in the background. (c): the asymptotic Fisher information rate for v, as a function of ~ itself, calculated via a
linear fit of the Fisher information, represented along side the average jump rate. (d): mean squared error of MLE
estimation for 7, compared with the numerical Cramér-Rao bound for 2000 trajectories. (Parameters: v = 0.4,

=1, Q1 =1, Qp =1, g=0.01)
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Figure 7: lllustration of the single-atom maser model. A
beam of two-level atoms passes through a cavity where
each atom interacts with the electromagnetic field. The
energy of the atoms is measured when it exits the cavity.
The cavity itself is coupled with the environment mod-
eled as a thermal bath.

5.4 Single-atom maser

In this example, we apply the previously dis-
cussed concepts to the study of a model of rele-
vant physical significance, the single-atom maser
or micromaser [65], depicted in Fig. 7. While
being developed in the last decades of the past
century, the model is still the object of intensive
study [66-68|, and remains paradigmatic in the
context of collision models. Physically, it con-
sists of an optical cavity of high quality factor,
across which a beam of highly excited Rydberg
atoms passes. The typical energy of the excited
states of those atoms with respect to their ground
state is of the order of tens of GHz, i.e., in the
microwave regime.

A beam of two-level atoms, all in the same ini-
tial state |¢)) = ale) + B |g), fly through a cavity.
The beam is sparse enough that, on average, there
is at most one atom inside the cavity. The atom
interacts with the electromagnetic field inside the
cavity via the Jaynes-Cummings Hamiltonian

H= % {aour + (ZTOL} , (67)
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levels. Simulation obtained with 1000 trajectories, capped at final time 1007.

where a is the annihilation operator for the single-
mode field. As above, o = |e) (g], 0— = |g) (e|; g
is the coupling constant. This Hamiltonian acts
while the atom is inside the cavity, for time 7.
Upon exiting the cavity, the atom is measured
in the energy basis (projective measurement with

le) (e[ and |g) (g]).

The cavity itself is coupled to the environment,
represented by a thermal bath; hence, photons
leak from the cavity to the environment and enter
the cavity from the environment.

In the analytical treatment of the micromaser
model, one usually considers only the degrees of
freedom of the field in the cavity, while the atomic
ones are traced out. In this case, there are four
possible incoherent jump channels, which we label
as:

e a. and ay, corresponding to the atom exiting
the cavity being detected respectively in the
excited and the ground state;

e p; and p,, corresponding to a photon entering
the cavity from the thermal bath or being
emitted from the cavity to the thermal bath,
respectively.

We can obtain the jump operators corresponding
to the atomic measurements by tracing out the
atomic d.o.f. from the unitary corresponding to
the Jaynes-Cummings Hamiltonian [65]. Denot-

ing § = Vata and s = vala + 1 this yields:

Lo, = acos (g7s) — ifBsin (grs)s 'a,  (68a)

. -1 . ~
Lo, = aal sin (grs)s™! +iBcos (g78) . (68b)

The jump operators corresponding to the ab-
sorption by and emission from the cavity are
given by

= V!,

po ,Y(ﬁth + 1

(69a)
(69b)

where gy, is the average number of photons given
by the Bose-Einstein distribution for the specific
temperature of the bath, and ~ is the emission
rate.

This model is clearly non-renewal, as no jumps
are able to reset the state to a fixed post-jump
state. An example of a quantum trajectory for
the model is shown in the right panel of Fig. 8.

The increased calculation efficiency given by
the Gillespie-Fisher algorithm makes studying
the Fisher information of a physical system such
as the single-atom maser much more accessible.
In particular, we are interested in the effect of
the initial quantum state of the flying atoms
on the Fisher information rate for the estima-
tion of the coupling constant g. Let us define
6 = arccos(|al), so that [1)) = cosf|e) + sin 6 |g),
where we set the relative phase to zero. The be-
havior of the Fisher information rate for g, as a
function of 0, is shown in Fig. 9.
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We observe that the highest Fisher informa-
tion rate is obtained for § ~ 0 and 6 ~ 7, cor-
responding to the incoming atoms being almost
completely in the energy eigenstate |e).
trast, the Fisher information rate appears to van-
ish for § ~ m/2, corresponding to the incoming
atoms being almost completely in state |g), mean-
ing that, in this regime, negligible information
about g is contained in the measurement record.
The state of the field is such that there is on aver-
age much less than one photon inside the cavity:

In con-

[f) ~ (1 =2)|0) +2[1), (70)

with e < 1. Applying the unitary evolution given
by the Jaynes-Cummings Hamiltonian in Eq. (67)
at first order, U = I — ¢H7, one obtains a post-
interaction state

W) = (I—iHT)|f) @ |¢) - (71)

If 1) = |g), then |¥) = (1—¢) |0)®[g)+£9/2|0)®
le), and we observe that the term bearing the
g-dependence (hence the Fisher information) is
suppressed in the ¢ — 0 limit. On the contrary,
if 1) = [¢), then W) ~ [0) & |e) — igr/2[1) ® |g)
in the e — 0 limit: the g-dependence is not sup-
pressed. In other words, since there are almost al-
ways zero photons in the cavity field, some mean-
ingful interaction can be obtained only if there
is a significant overlap between the state of the
incoming atom and |e), otherwise no interaction
takes place, and the atom flies out of the cavity
in the very same state in which it flew in. Since

the g-dependence is only picked up if the interac-
tion happens, atoms starting in state |g) will not
allow for any information about g to be collected.

6 Conclusions

In this work, we provided a complete frame-
work for the estimation of parameters encoded in
quantum jump processes, applicable in scenarios
where an experimenter has access to jump times
and multiple jump channels. First, we showed
the asymptotic behavior of the Fisher informa-
tion for multi-channel renewal processes in terms
of the waiting time distribution, generalizing the
results presented in Ref. [27], and discussing the
partition of information between jump channels
and jump times. We then discussed the more in-
tricate case of non-renewal processes. Our treat-
ment is based on the monitoring operator for-
malism, first introduced in Ref. [26]|, and com-
putationally enhanced in Ref. [31]. Here, we in-
troduced a new evolution method, the Gillespie-
Fisher algorithm based on the quantum Gillespie
method [44], which allows for an efficient calcu-
lation of the Fisher information on quantum tra-
jectories in many cases of interest. As we showed,
the Fisher information rate can be decomposed in
terms of the stochastic currents, elucidating how
it evolves in time. We showed how the monitor-
ing operator can be employed to perform maxi-
mum likelihood estimation on quantum jump tra-
jectories in a numerically stable way. To under-
stand the behavior of the Fisher information un-
der classical post-processing of the measurement
record we provided an analysis based on the the
data-processing inequality. Finally, we presented
a number of physical examples, of different levels
of physical complexity, to showcase our findings.

These results provide a comprehensive set of
tools for describing metrology of quantum jumps
in any platform.

In recent years, metrological techniques based
on the Fisher information have been extensively
exploited in quantum thermodynamics, for exam-
ple in the context of thermodynamic and kinetic
uncertainty relations [69-71]. Our results, there-
fore, constitute the ideal toolbox for the compu-
tation of these inequalities in quantum jump pro-
cesses.

We expect these tools to have a meaningful im-
pact for developing new experiments — such as
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developing novel quantum sensors — as well as
theoretical work for understanding optimal meth-
ods for encoding information.
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A Form of the jump operators for renewal processes

In this appendix, we prove that, in a renewal master equation in which all the jumps are monitored,
the jump operators have to have a specific form. In particular, let Ly be a jump operator satisfying
the renewal condition

LipL]

Tr [LkaL] e (72)

where oy, does not depend on p. Then, we prove that Ly = ¢ |ux) (vk|, where ¢, = \/7k.
Let us perform a singular value decomposition of the operator Ly:

L= chaltihe) (Vea
o

, (73)

where {cy o} are the singular values of Ly, and {|u o)} and {|vg o)} are, respectively, the orthonormal
bases of the left-singular and right-singular vectors.
The ratio defining the renewal condition can be written as

LipLl ¥ Ck,aCh g |Hka) (Vkal P [Vk,6) (bk,p
Tr[LipL}] %5 >alkal® Wkal p|Via)

=0} . (74)

We observe that, in order for o not to depend on p, only one of the singular values {c o} can be
non-zero. It follows that the jump operator L can be written in the simpler form

L = ck |pe) vkl - (75)

By plugging this equation again in the definition of renewal jump, we obtain that o = |ug) (x| This
implies that, in a renewal process in which all jumps are monitored, the destination state of every jump
has to be a pure state.

B  Fisher information for renewal processes

In this Appendix, we prove the expression for the Fisher information of renewal processes, Eq. (17).
We first show an intermediate result on the dynamical activity of channels.

Lemma 1. Let p be the steady state of a GKSL master equation, such that Lp = 0. Let fi = Tr[Jkp]
be the dynamical activity of channel k and define

_
ijj'

For renewal processes, py (or fi) is the steady state of the Markov chain

S pGilifi = 1 (77)

1€M

Dk (76)

where -~ o
p(jli) :/0 dr T | ;e 0" o) :/0 drW (r. ji) (78)

is the probability of having a jump in channel j after a jump in channel i, with no other jumps in
between, regardless of how much time elapses.

Proof. 1t suffices to prove the result for fr. We assume that Ly is invertible; this condition is tan-
tamount to the normalisability of the waiting time distribution, and means that a jump will always
occur in the end with unit probability. Then, p(j|i) can be rewritten as

p(jli) = =T [TiLg o] - (79)
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By Eq. (10) one then has that

i€M ieM
==Y T {JLy Tipss} -
1€EM
We now use the fact that > ;o Ji = £ — Lo, and Lpss = 0. Hence, we arrive at ;o p(jli)fi =
Te{Tjpsst = f- 0

As defined, the measurement record probability distribution Pr(w;.x) in Eq. (11) is not a stationary
process. This is because it is conditioned on an arbitrary initial channel ky. We can make it stationary
if we modify it as

Pr(win) =Y W(rn, knlkn1) - W (1, k1lko)pr, » (80)
ko

where py, is given in Eq. (76). To illustrate the stationarity, consider we = (k1, 71, k2, 72). Then

Z/dﬁp(/ﬁ,ﬁ,bﬁz) = Z/dﬁZW(Tz,k?2|k‘1)W(71,k1|ko)pko
k) k) ko

= > W7, kalk1)p(k1|ko)pk,
ko,k1

=" W (s, kolk1)py, = Plka, 7).
k1

An important consequence of stationarity is the following lemma.

Lemma 2. Let g(7,ki—1,k;) denote a function depending only on two consecutive jumps, and the
time T; between them. Then, any average over a N-steps trajectory simplifies to

E[g(Ti,kifl,ki)] = Z / dT1-~/ dTNPI‘(]{:o,(Tl,kil),...,(TN,kN))g(Ti,k‘ifl,k‘i)
ko...knem ”0 0 (1)

= > /dTiW(Tiaki|ki—1)pki_1g(7'ivki—laki)'
ki—1,k;€M 0

We can now turn to the calculation of the Fisher information in a measurement record wi.y for a
renewal process. Combining Eq. (3) and Eq. (80) we get

2

N 2
0 0
Fl;N(H) =-E Z 7892 log W(Tj, kj‘k’j_l) + 7&92 logz W(Tl, kl‘ko)pko . (82)
Jj=2 ko

The last term stems from our modification of Pr(w;.n) in Eq. (80). Notice that this is independent
of N, while the first term will be extensive in N. The second term, therefore, leads to a negligible
contribution. As for the first term, we can use Eq. (81). This will give rise to N identical terms,
leading us exactly to the expression in Eq. (17).

C MLE estimation for the qubit thermometry process

In this Appendix, we propose an estimation task for a renewal system, to illustrate the results of Sec. 2.
We consider the qubit thermometer, whose Hamiltonian and jump operators are given in Sec. 5.1, and
we aim to estimating the average occupation number 7.

For a renewal system, the log-likelihood function is easily expressed in terms of the WTD, as in
Eq. (19); as expected, MLE estimation asymptotically saturates the Cramér-Rao bound (see Fig. 10).
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Figure 10: An estimation task performed on the qubit thermometer. On the left, the expectation value of the
estimated n as a function of the number of considered jumps; on the right, the mean squared error for the two
estimation strategies. Parameters: w =1, Q = 0.1, v = 0.02, n = 1.2; 100 trajectories.

We also consider a different estimator, given by the average waiting time between a L_ and a L
jumps. The expectation value of the waiting time between these two jumps is given by

Tr [«7+ (Lo)~? J—Po}
T [T (£0) ™ T-po]’

(), = /0 S W (=, 4) = — (83)

and is, of course, a function of n. Given a measurement record, one can compute the average waiting
time between two jumps L_, L, then numerically invert (7)_, as a function of 7 to find the estimate.
Clearly, the performances of the estimator based on the average waiting time are worse than the ones
of the MLE, because the former does not have access to all the information contained in the shape of
the waiting time distributions.

D Single exponential WTD and classical master equations

In general, carrying out the integral in Eq. (17) is difficult because the WTD is usually a sum of
(possibly complex) exponentials in 7. A case that offers a significant simplification is when it is a
single decaying exponential:

W (7, klq) = p(k|g)brge "7, (84)

for coefficients p(k|q) > 0 and by, > 0 that may both depend on 6. This, as we will discuss below, is
the case of classical (Pauli) master equations describing incoherent dynamics. The coefficient p(k|q)
is defined to match Eq. (23), so that normalization implies Y, p(k|q) = 1 for all q. Carrying out the
integral in Eq. (17) allows us to write it in the form of Eq. (21), with

F©0) =N S p(klq)pe(9s Inp(klg))?, (85a)
k,qgeM

plimeslh gy — 3" p(klg)py(8s nbyy)”. (85b)
k,qeM

The Fisher information contained in the channels is therefore the same as in the general renewal case
of Eq. (22), but the second contribution now simplifies considerably.

We now discuss physical scenarios in which the single-exponential assumption of Eq. (84) will appear.
Recall that for renewal processes Ly = /7 |pr) (Vk|, where |vg) and |ug) are generic (normalized) kets;
i.e., they in principle do not need to be elements of the same basis. A WTD with a single exponential
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will occur (i) |vg) are orthogonal among each other and (ii) satisfy [H,|vg) (vg]] = O for all k. The
|pi) can still be arbitrary. This therefore means that the post-jump states o = |ug) (1| can have
arbitrary coherences, but the pre-jump states must be diagonal in the eigenbasis of H. Referring to
Eq. (16), this implies that

(T, klg) = vAwe” e T () (86)
where Hyy, = (vg|H|vg). It then follows that
W (7, klq) = e | (vlg) 17, (87)

which has exactly the form in Eq. (84), with transition probability between jumps p(k|q) = | (vk|pg) |
and decay rate by, = <. Interestingly, in this case by, only depends on the post-jump state, so that
Eq. (26) simplifies to

W(r|k,q) = W(r|k) = ype %", (88)
That is, the WTD between jumps in channels ¢ — k£ depends only on the final jump state k.

In practice, the above scenario appears most often when dealing with incoherent systems described by
classical (Pauli) master equations. Let H |i) = E; |i). Pauli equations occur when the jump operators
have the form Lj; = \/Rj; |j) (i|, where Rj; is the transition rate to go from |i) — |j) (with i # j).
Because the transitions occur between energy eigenstates, the long-time dynamics will be incoherent
in the basis |i). In fact, starting from the original master Eq. (4), one may show that the probabilities
pi = (i|p|i) will satisfy the Pauli rate equation

dp;
- ZR”p] Lpi  Ti=3_ Ry (89)

In quantum master equations we label the jumps by the channels k appearing in the jump operators
L. For classical master equations the index k is a composite index k = i — j, representing the
initial and final state of that jump operator, L;j; = \/R;;|j) (i|. If all channels are monitored, a jump
qg = n — m can be followed by a jump k =i — j if and only if m = 4. The corresponding WTD is
readily found from Eq. (15) or [(87)], and reads

W(r,i — jln = m) = 5m7iRjie_FiT . (90)

This is clearly in the form of Eq. (84), so the results in Eq. (85) apply. However, some bookkeeping is
required to translate the “q — k” notation to “n — m = ¢ — j5.” The transition probability p(k|q) in
Eq. (23) becomes p(i — jln — m) = (5m,i%i, while by is replaced with b, p—m = I';.

We also need py = pp—sm, which is the solution of Eq. (24):

R ..
Z 2 Prsi = Pi—j - (91)
As one may verify, the solution reads
_ Rynp}y
Pn—sm = T ) (92)

where A = >, T';p® is the steady-state dynamical activity (number of jumps per unit time) and pi® is
the steady-state of the master equation (89); i.e., the solution of }°; R;;p5® = I'ipi®. Physically, pp—m,
is the probability of observing pairs of states (n,m) in the jump sequence. Plugging this in Eq. (85)
then finally yields, after some simplifications (since I'; = 3, Rﬂ):

(O R ;i)
Fin(0) =~ Z o 9 L A (93a)
Filn(0) = 1 Z R;ipi(99In R;;/T;)?, (93b)
A’j
im F
Ff:NeS|Ch(9) = Z ! 89 (93c)

and Fh(0) = Fiy(0) — Finel™ ().

Accepted in {Yuantum 2025-12-24, click title to verify. Published under CC-BY 4.0. 25



E Bound on Fisher information

Even when Fisher information is difficult to calculate, it can be easier to calculate some bounds on
the Fisher information. For example, if the theory is described by a probability distribution of a real

variable P(x)dz with mean p and variance o2, then F > (8(977’2‘)2. It is often the case that the mean and
variance are relatively easy to calculate. In this appendix, a similar bound is derived in the case of
WTDs of renewal processes.

The bound arises from the Cauchy-Schwarz inequality,

/d7f2 /dTg (1) < UdT f(T)g(m)p(7) i , (94)

where f and g are any real functions, while p is a non-negative function. For our purposes, the integral
is evaluated over [0, c0), representing the time intervals. Observe that this inequality follows from the
functional inner product, (f,g) = [dr f(7)g(7)p(7). Here,

f(1) = Oplogp(x), (95a)
p(1) = W(r,klg). (95b)

Evaluating the terms in the Cauchy-Schwarz inequality, first,

aOW Tvk’q)]
/deQ /d Wirkle) (96)

Then
[ @ f@atmn(r) = [ drgm)oW (r.kla)

= [ dron{g(mW (7, kl)} = dr [Bag (D)W (. Klo)
= 9p{E[g(7)|k,qlp (Klg)} —E[Deg(T)|F, a]p (kla) -

The above expression can be simplified by demanding that the (conditional) expectation of g(7) vanish.
For a function g(7) that does not satisfy this condition, one can shift the function:

() = 9(r) = 3(r) ~ E[a(r)lk.q] (o7)
So
[ @7 1(0)a(p(r) = ~Edag() k. dlp (k) (98)
Finally,
[ dr i) = Var lg(r) k.l p (M) (99)

where E [g%(7)|k, q] = Var [g(7)|k, q] because E [g(7)|k, q] = 0.
The resulting inequality Eq. (96) can be written as

[0W (1, k|)]* _ E[Dog(7)k,q)?
[t Wir k) = Varlg@kg? "9 (100)

Performing a weighted sum of the above inequality over k and ¢ with weights p,, yields the lower
bound on Fisher information Eq. (17),

2
Fun @/ 2 XS B, (101)

where ¢(7) is any function of 7 with E [¢(7)|k, ¢] = 0.
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One may also consider the Fisher information conditioned on the knowledge of the jumps. The
derivation of a lower bound follows as above in Eq. (100) by considering k to be trivial (so, e.g.,
p(klg) = 1) and g — (k,q),

/d [OoW (7K, q)] > E[aeg(T)‘kﬂ]Q
W(r|k,q) Var [g(7)[k, q] -

Comparing to Eq. (25) and taking the weighted sum over k and ¢ with weights p (k|q) py yields a
bound,

s [009(7)|k, ]
t ‘h /N>Z\/ar0||kq]] (klq) pq - (102)

This is precisely the same as Eq. (101), except that the bound is on the conditional part of the Fisher
information, alone. Because the Fisher information can be decomposed as F = Fch 4 ptimesich o cap
thus improve the bound in Eq. (101) by adding the information contained in the observed channels,

Fun(®) 2 FIAO)+ N S S e L T (103

The common form of Eq. (102) uses g(7) = 7 — ppq with pgg, = E[7|k, ¢]. Similarly denoting the
variance a,%q = Var [Tk, q], a bound on Fisher information is obtained,

imes|ch [ae,uk ]2
Fyne o) > Ny ?"p(qum- (104)
k,q q

This bound roughly arises from considering the average delay between observations.
One may consider how the calculations change when rescaling g(7):

9(r) = h(0, k, q)g(7). (105)
It remains the case that E[g(7)|k,q] = h(0,k,q¢)E [g(7)|k,q] = 0. The variance is
Var [g(7)|k, q] = h*(0, k,q) Var [g(r)|k, q] -
Then

E [0pg(7)|k, q] = W0, k, Q)E [Oag(T)|k, q] + (9ph(0, k,q)) E [9(7) |k, q]
= h(&, ka q)E [699(7—)‘k7 Q] :

The factor of h2(6, k,q) from this expectation value (after squaring) cancels the same factor from the
variance. That is, rescaling g(7) does not affect the bound on Fisher information. Considering a bound
based on a weighted average instead of the average, as in Eq. (104), will then result in the same lower
bound.

Though rescaling has no effect, the bound can be improved by considering the function g(7) with
higher order terms in 7. For example, if one considers quadratic functions in 7, a stronger bound is
obtained in terms of the first four statistical moments [72-74].

F Monitoring operator for multi-parameter estimation

In this appendix, we present a generalization of the monitoring operator formalism to multi-parameter
estimation. The parameters to be estimated are represented by the vector §. The Fisher information
matrix [47, 75] is defined as

7 ( )Lj ~F {1%(1)()2892' Pr(X)d, Pr(X)]| . (106)
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This expression can be rewritten in terms of the monitoring operator, introduced in Eq. (32), by

defining parameter-specific operators f,gi), ¢ J(»j ), with the important property

T[] = Pr(l)()a‘)i Pr(X). (107)

The operators EF) evolve in the same way as the operator &, but all the derivatives have to be taken
with respect to 6;, while the other parameters are assumed to be fixed. In this way, we finally get the
expression for the Fisher information matrix

(F@)] =B T[] T[] . (108)

ij
In order to obtain the Fisher information matrix, one should then separately evolve monitoring oper-
ators ft(l) for each component of the parameters vector, and combine them according to Eq. (108).

G Fisher information rate: average

In this appendix, we show the derivation of Eq. (51), yielding the average Fisher information rate for
a generic measurement record. The Fisher information variation is given by

dF = F(Xr1|X1.7) = Epp (89 Pr(zrsa|zir))?] (109)

Pr(xrii1]z1r)
where the expectation value is taken with respect to all the possible trajectories of T' time steps, not
including timestep 7+ 1. We now introduce the stochastic currents I%, such that Pr(k|z1.,) = IFdt,
for k labeling one of the M| monitored jump channels:

M ) 1 M| 2
dF =B |\ > o (olhdt) + ———— [ Yo aulfat ] | . (110)

k M
i Ipdt 1- M rhat \ 7=

We note that the first term, which only contains single-current contributions, is of order dt in the
dt — 0 limit. On the contrary, the second term, which contains also some non-diagonal contributions
mixing currents together, is of order dt?. To compute the rate, only terms of order dt should be taken
into account; we obtain therefore

g
IF=E |y - (n2har)”| . (111)

k
i Ipdt

from which the Fisher information rate follows.
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Algorithm 1: Gillespie evolution for the stochastic Fisher information

Input: Hamiltonian Hy; displaced Hamiltonians Hy 49 and Hp_4p;
list of monitored jumps Kraus operators [My];
displaced lists of monitored jumps Kraus operators [Myq9] and [My_a];
derivation increment df; initial state [1)p); final time t; timestep dt; number of trajectories;
Precompute J =), M,IM;C;
Effective Hamiltonian H, = H — %J ; Displaced effective Hamiltonian Hey = Hypiq9 — %Ji;
Displaced jump operators Ji = >, Mll,e:tdeMkﬂid@;
Let V[t] be the list of the no-jump evolution operators;
Let Qs[t] be the list of the non-state-dependent parts of the WTD;
Let V[t] be the list of the derivatives of the no-jump evolution operators with respect to 0;
for all times ¢t < t; do
V[t] — efiHet;
Qslt] = V[T IV[t];
V[t] = [exp(—iHc1t) — exp(—iH,t)] /2d6;
end
Let [M | be the list of the derivatives of the jump operators with respect to the parameter 6;
Let A[t] be the list of all the derivatives of MV [t] for all values of k;
for all the jump operators in [M] do
My, = (Myy — My /2d0;
Let Ay be the list of the derivatives of MyV[t];
for t <t; do
| Al = MRV [H] + MRV [t];
end
Alk] = Ay;
nd
or all trajectories do
Fix initial state |¢)) = |1p), initial monitoring operator £ = 0 and initial time 7 = 0;
while ¢ <ty do
p=[¥) (¥;
Let Wt] be the list to contain the WTD;
for every value () in Qs do

| Wt = @IQHIW);

=5 0

end
Sample a time 7T from the distribution Wt];
T+ =T,

Update the state accordingly: [¢) = V[T |¢));
Let [p] be the list of the jump probabilities;
for all the jump operators in [M] do

| p= WIM{M);
end

Sample a jump channel k from the weights distribution [pl;
Update and normalize the state 1)) = Mg |[v) /||¢¥]];
Compute the evolution of the £ operator.

€ = i (MEVTIEVIT] MY + A[R)[T]pV [T] M + MpV{T)pA[R][T]);

Compute the stochastic Fisher information f = Tr[¢]?;

end

end
Output: [(¢;, k;j, pj, f;)] vectors of measurement records, states and stochastic Fisher
information values for all the trajectories, V[t], V[t] often needed for further
calculations, and the list of times at which V is known.
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