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Extracting filtered signal statistics of continuously measured quantum systems
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The joint state of a continuously monitored quantum system and the classical filtered measurement record has
recently been shown to be described by a quantum Fokker-Planck master equation [Phys. Rev. Lett. 129, 050401
(2022)]. We present a deterministic approach to compute the steady state of the system and detector. The method
is shown to become particularly efficient in the absence of feedback, which we exploit to develop a perturbative
approach valid for weak feedback. We show that through this method we can extract the full counting statistics of
the signal, the quantum-classical mutual information between the system and signal, and the Fisher information
of the signal, which can be used for sensing applications. Our results are illustrated with both single-qubit models
and the spin chains governed by the one-dimensional transverse field Ising model or the Lipkin-Meshkov-Glick
model.
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I. INTRODUCTION

In contrast with textbook instantaneous projective mea-
surements, continuous measurements allow one to extract
partial information about a quantum state without fully col-
lapsing it [1]. In addition, continuous measurements allow for
the implementation of feedback protocols, where the classical
(noisy) data obtained from the measurements are fed back in
real time to the system. Quantum continuous measurements
have been experimentally realized across many quantum plat-
forms, such as optical cavities [2], quantum dots [3,4], and
superconducting circuits [5–7].

The inclusion of feedback makes the dynamics nonlinear
and time nonlocal, dramatically complicating any theoretical
description. Feedback schemes can be simulated numerically
using stochastic trajectories; however, deterministic descrip-
tions remain extremely valuable. This is tantamount to the
distinction between the Langevin equation and the Fokker-
Planck equation in Brownian motion. The two descriptions are
complementary. Both describe the same physical process, but
from different perspectives. For quantum continuous measure-
ments a similar distinction exists. In the absence of feedback,
the analog of the Fokker-Planck equation, i.e., the deter-
ministic evolution, is simply the quantum master equation.
However, in the presence of feedback this is no longer true.
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For this reason, traditionally, such methods have been largely
restricted to what is known as current-based feedback, where
at each step only the very last data point, called a current z(t ),
is used to guide the feedback [8]. In this paradigm the current
z(t ) is a random variable and one could, for example, modify
the Hamiltonian based on the obtained value of z at each
step. More recently, this has been extended to charge-based
feedback [9], where one uses instead the entire integrated
current N (t ) = ∫ t

0 dt ′z(t ′).
Both examples are actually particular cases of a low-pass

filter-based feedback, where one uses instead

D(t ) =
∫ t

0
dt ′γ e−γ (t−t ′ )z(t ′), (1)

which recovers the current- and charge-resolved cases when
γ → ∞ and γ → 0, respectively. Recently, a deterministic
method for simulating feedback based on this kind of low-pass
filter was put forward in Ref. [10], for the case of the diffusive
unraveling of the master equation. In this formalism, in ad-
dition to the usual open system dynamics, an external agent
is also continuously measuring a certain operator A through a
weak Gaussian measurement defined by Kraus operators

K (z) =
(

2λdt

π

)1/4

e−λdt (z−A)2
, (2)

with strength λ. In the limit of infinite measurement strength,
this reduces to projective measurements of A. Reference [10]
introduced a signal-resolved density matrix ρt (D), defined
such that Tr[ρt (D)] = P(D) equals the probability that the
signal has a certain value D at time t . This mathematical
object ρt (D) can be thought of as the joint (quantum-classical)
state of the quantum system and the classical measurement
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apparatus. Their main result was to show that ρt (D) satisfies a
Fokker-Planck master equation of the form

∂tρt (D) = L(D)ρt (D) + λD[A]ρt (D) − γ ∂DCA−Dρt (D)/2

+ γ 2

8λ
∂2

Dρt (D), (3)

where L(D) = L0 + ∑
p fp(D)Lp is the Liouvillian which

can in principle have any dependence on the signal D. Here
CX = {X, ·} is the anticommutator with X and D[A] = A ·
A† − 1

2 {A†A, ·} is the Lindblad dissipator. Feedback enters
through the fact that the Liouvillian L(D) is allowed to depend
on the signal D. Here we assume, without loss of generality,
that this dependence enters through a set of functions fp(D)
that couple to Liouvillian terms Lp. This therefore allows for
feedback that can be either coherent (i.e., terms that enter into
the system Hamiltonian) or incoherent (which enters into, e.g.,
jump operators). Equation (3) was derived assuming an evo-
lution that combines the natural Liouvillian evolution, with
L, as well as the continuous application of Gaussian weak
measurements defined by the Kraus operations in Eq. (2).
The new terms that appear on the right-hand side of Eq. (3)
can be given a specific physical intuition: The second term
is the measurement backaction, which leads to dephasing in
the basis of the observable A that one is measuring, and the
third and fourth terms can be interpreted as analogous to
the drift and diffusion terms in the standard Fokker-Planck
equation.

This type of master equation has since been used to study
the generation of steady-state entanglement from thermal re-
sources using feedback [11], the cooling of a particle in a
harmonic trap [12], and the exploration of Maxwell demons
in quantum and classical mechanics [13]. Equation (3) has
also recently been generalized to the case of multiple detec-
tors [12]. However, actually solving Eq. (3) is not an easy
task. It has the structure of a Fokker-Planck equation (linear,
second-order parabolic differential equation), but the object
itself is a density matrix. So this is akin to a system of
coupled Fokker-Planck equations. The starting point of this
paper is a solution method briefly proposed in the Supple-
mental Material of Ref. [10]. Our first main result is the
realization that, in the absence of feedback, this method can
be modified to become extremely simple and efficient to use.
It allows access to the full counting statistics of the signal
D(t ) [Eq. (1)], including all statistical moments and the full
probability density function Pt (D). It also gives access to
measures of correlation between system and signal, namely,
the mutual information between D(t ) and the quantum state
of the system, as well as any correlation function between
D(t ) and a system observable. Finally, it gives access to the
Fisher information contained in the signal, which is relevant
when D(t ) is used for sensing applications. All of these results
concern Eq. (3) in the absence of feedback. We then move
on to show that they can be extended to the case of weak
feedback, using a perturbative approach which we develop.
Taken together, our results therefore provide a comprehensive
toolbox for efficiently extracting results from Eq. (3). A brief
comparison with stochastic simulations of quantum trajecto-
ries is provided in Appendix A.

II. FORMAL FRAMEWORK

Our starting point is a solution method of Eq. (3) that was
put forward in Ref. [10]. It consists in expanding the density
operator in terms of a complete basis of generalized Hermite
polynomials

ρt (D) =
∞∑

n=0

Mn
Hn(D)√

σ nn!

e−D2/2σ

√
2πσ

, (4)

with

Hn(x) =
(

σ

2

)n/2

Hn

(
x√
2σ

)
, (5)

where Hn(x) are generalized Hermite polynomials, Hn(x) are
standard physicist’s Hermite polynomials, and Mn are Her-
mitian matrices of dimension R. Here we also define the
diffusion coefficient

σ = γ

8λ
. (6)

This choice of ansatz is motivated by the eigenfunctions of the
drift and diffusion part of Eq. (3). It means that we can fully
describe the signal-resolved state ρt (D) in terms of the set of
matrices Mn. In principle, we need to consider all Mn from
n = 0 to ∞, but, in practice, as shown below, the sum (4) can
be truncated to a total of N terms, where N simply needs to
be large enough to ensure convergence. In the majority of the
examples presented, a value of N ≈ 100 is found to be suffi-
cient. For sufficiently large N , any state can be represented by
this choice of ansatz. The methods for actually extracting Mn

will be discussed starting in Sec. III. In the remainder of this
section, we assume that the Mn are known and we show what
kind of information can be extracted from them. We note in
particular that for various quantities of interest only a handful
of the Mn matrices are actually needed.

A. Statistics of D(t )

We start by defining the coefficients

cm = Tr(Mm) =
∫

dD P(D)
Hm(D)√

σ mm!
. (7)

Note that c0 = 1. The full distribution of the signal outcomes
is obtained from Eq. (4) as

Pt (D) = Tr[ρt (D)] =
∞∑

n=0

cn
Hn(D)√

σ nn!

e−D2/2σ

√
2πσ

. (8)

From this one can construct the statistical moments of the
signal

〈Dn〉(t ) =
∫

dDPt (D)Dn. (9)

This is an ensemble expectation, i.e., taken over the ensemble
of measurement outcomes. It can therefore be evaluated at any
instant of time or in steady state. Due to the orthogonality of
the Hermite polynomials, the average of Pt (D) is

〈D〉 = √
σc1. (10)

Thus, if all one is interested in is the average, it suffices
to know M0 and M1 only. Similarly, the second moment
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〈D2〉 = √
2σc2 + σ . This gives the variance as

Var(D) = σ
(
1 +

√
2c2 − c2

1

)
. (11)

More generally, the qth moment is

〈Dq〉 =
∑

n

cnJn(q), Jn(q) =
∫

dD Dq Hn(D)√
σ nn!

e−D2/2σ

√
2πσ

.

(12)

This integral can be solved recursively using

Jn(q) =
√

σ (n + 1)Jn+1(q − 1) + √
nσJn−1(q − 1), (13)

Jn(0) = δn,0. (14)

Since Jn(q) is only nonzero for n � q, only the first q + 1
coefficients are needed to compute 〈Dq〉. Thus, to compute
〈Dq〉 we only need to know M0, . . . , Mq.

The characteristic function of Pt (D) can also be con-
structed from the coefficients cn as

〈eiKD〉 = e−K2σ/2
∞∑

n=0

cn
(iK )nσ n/2

√
n!

. (15)

From this we can then reconstruct Pt (D) by taking the in-
verse Fourier transform. In practice, we have found this to be
quite useful, since a direct reconstruction using Eq. (8) leads
to poor convergence due to fast oscillating terms. With the
characteristic function 〈eiKD〉, we can first filter out very high
frequencies and then take the inverse Fourier transform.

B. Quantum-classical correlations between system and detector

The joint state of the system allows one to determine the
correlations between the detector outcomes and the quantum
system. First, one may define the quantum-classical mutual
information between system and detector as

I (t ) = S

[∫
dDρt (D)

]
+ S[[[Tr[ρt (D)]]]] − S[ρt (D)], (16)

where S[·] is either the von Neumann or Shannon en-
tropy, depending on the input. This can be simplified
(see Appendix B) as

I (t ) = −
∫

dD S[ρ̃t (D)]P(D) + S[M0], (17)

where ρ̃t (D) = ρt (D)/P(D) is the conditional state of the sys-
tem given an outcome D. Equation (17) is a positive quantity,
with a maximum value ln R, where R is the dimension of the
Hilbert space of the system. Low values of I indicate that
the system and detector are roughly statistically independent,
while very high values correspond to a detector signal which
is very informative about the system state.

In general, computing I requires many matrices Mn for
convergence. A comparatively simpler quantity to calculate
is the covariance between the signal and a particular system
observable B, defined as

covt (B, D) =
∫

dD D Tr[Bρt (D)] − 〈D〉〈B〉 (18)

= √
σ [Tr(M1B) − Tr(M1)Tr(M0B)]. (19)

In (19) (derived in Appendix B) we have shown how this can
be computed using only M0 and M1. Intuitively, cov(B, D)
provides a measure of the correlation between the quantum
state in the basis of the observable B and the continuous
filtered measurement outcome D. Note that the usual quantum
mutual information is lower bounded by the corresponding
covariance [14], motivating us to consider the analogous pair
of objects in the context of continuous monitoring.

C. Two-time correlation and Fisher information
of steady-state filtered output current

The quantities described above can be determined solely
from knowledge of the matrices Mn, in cases with or without
feedback. In this section we describe two other quantities of
interest, whose calculation is somewhat more complicated. In
particular, we have only been able to find explicit formulas for
them in the case of no feedback. Their actual computation is
done in Sec. III A. Equation (18) is an equal-time correlation
function. One can also be interested in two-time correlation
functions. The two-time function of the signal is defined as

C(t, τ ) = 〈D(t + τ )D(t )〉 − 〈D(t )〉2. (20)

In Eq. (36) below and Appendix C, we provide an explicit
formula for this quantity in the case of no feedback and in the
steady state [for which C(t, τ ) is a function only of τ ].

Next we turn to the Fisher information. Let μ denote any
parameter that appears in Eq. (3). This could be some term
in the Hamiltonian or some jump operator. The probability
distribution Pt (D) contains information about μ. Therefore,
measurements of D can be used to estimate μ. The Fisher
information represents the total information about μ that is
contained in Pt (D) and is defined as

Fμ =
∫

dD
[∂μPt (D)]2

Pt (D)
. (21)

The Fisher information lower bounds the variance of the es-
timated parameter μ via the Cramér-Rao bound [15,16]. We
note that Fμ refers to the classical Fisher information of the
empirical distribution [17], where the temporal correlations
are discounted, i.e., readings are collated to build a histogram
for P(D) in steady state. In practice, we must compute the
Fisher information at some fixed value of the parameter. The
numerical computation of ∂μPμ(D) will be addressed in the
next section, for the setting of the no-feedback steady state.

III. EVOLUTION EQUATION FOR Mn

The results in the preceding section are all based on the de-
composition (4) of the signal-resolved density matrix, which
is defined by the set of matrices Mn. We now turn to the
question of how to actually compute these Mn, which is
based on the method proposed in [10]. We start by using the
decomposition L(D) = L0 + ∑

p fp(D)Lp of the Liouvillian,
into the feedback-independent part L0 and the feedback terms
Lp. Inserting Eq. (4) in Eq. (3) yields a system of coupled
equations for the operators Mn (see Appendix D for more
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details),

Ṁm = L0Mm +
N−1∑
n=0

∑
p

αn,m,pLpMn − λ

2
[[[A, [A, Mm]]]]

− γ

2

(
2mMm −

√
m

σ
{A, Mm−1}

)
, (22)

where

αn,m,p =
∫ ∞

−∞
dD

Hm(D)√
σ mm!

Hn(D)√
σ nn!

e−D2/2σ

√
2πσ

fp(D) (23)

are coefficients determined by the feedback functions fp(D).
For example, in the case of a Heaviside step function fp(D) =
θ (D), these coefficients become [10]

αn,m,p =

⎧⎪⎨
⎪⎩

1/2 for n = m

0 for n + m even
(−1)(n+m−1)/2m!!(n−1)!!√

2πn!m!(m−n)
for n + m odd.

(24)

Similarly, in the case of linear feedback fp(D) = D we get

αn,m,p = √
σ (

√
n + 1δm−1,n + √

nδm+1,n). (25)

The matrix elements can be computed analytically for any
case where fp(D) is polynomial in D using recursive relations,
as summarized in Appendix E.

Equation (22) can be written more compactly as a single
vector equation. We truncate the infinite sum in Eq. (4) to
a sufficiently large N and define a vector of matrices 	M =
(M0M1M2 · · · MN−1)T . Our dynamical equation can now be
succinctly expressed as

∂t 	M = Q̂ 	M, (26)

where Q̂ = Q̂0 + Q̂fb with

Q̂0 = 1N ⊗ L0 + λ1N ⊗ D[A] − γ F ⊗ 1d + γ

2
√

σ
G ⊗ CA,

Q̂fb =
∑

p

αp ⊗ Lp. (27)

Here 1x is the identity operator of dimension x, whereas F , G,
and αp are N × N matrices with elements

F = diag(0, 1, 2, . . . , N − 1), (28)

[G]n,m =
√

jδn,m+1, (29)

[αp]n,m = αn,m,p. (30)

The system Hilbert space has dimension R, so the Liouvillian
has dimension d = R2. The total dimension of the matrix Q̂ is
then R2N .

A. Case of no feedback

The challenging aspect of Eq. (22), or its more compact
version (26), is that they involve a set of coupled equations for
all the matrices Mm which must therefore be solved simulta-
neously. An interesting realization, however, is that the entire
result simplifies dramatically if there is no feedback, that is,
if all functions fp(D) ≡ 0. This implies the matrices αp = 0
vanish, and so only Q̂0 contributes to Eq. (26). This operator,

however, has the very special property of being block lower
triangular, which means that each Mm depends only on the
previous one. For the steady-state solution (Ṁm = 0), all of the
matrices can therefore be solved using forward substitution.
More specifically, we first solve for M0 and then we insert
this into the equation for m = 1 and solve for M1. This in
turn is inserted into the equation for m = 2, which yields
M2. This can then be continued in an iterative fashion. This
matches well with the fact, discussed in the previous section,
that various quantities of interest only require a handful of Mm.
The equation for M0 becomes

�M0 = 0, � := L0 + λD[A], (31)

which is simply the usual steady-state solution for the uncon-
ditional dynamics, with Liouvillian �. From M0 one can then
recursively solve for the other terms using

(� − γ n1d )Mn = −γ

2

√
n

σ
CA(Mn−1) (32)

for n = 1, 2, . . .. Note that, provided there is a unique solution
for M0, this solution is uniquely determined. This iterative
process can also be made faster by first finding the spectrum
of the unconditional Liouvillian

� =
∑
j �=0

η j |x j )(y j |, (33)

where |x j ) and (y j | are the right and left eigenvectors asso-
ciated with eigenvalue η j . Specifically, |x0) = |M0), (y0| =
(1d |, and η0 = 0. Even though a Liouvillian itself is not in-
vertible, the quantity � − γ n1d will be, for any n �= 0. In fact,
from the eigenspectrum on readily finds

(� − γ n1d )−1 =
∑
j �=0

(η j − γ n)−1|x j )(y j | − 1

γ n
|M0)(1d |.

(34)

The recursion relation can then be expressed as

|Mn) = −γ

2

√
n

σ

∑
j=0

(y j |CA|Mn−1)

η j − γ n
|x j ). (35)

This same decomposition also allows one to compute the
correlations in the measurement current (see Appendix C),

C(τ ) = 〈D(t + τ )D(t )〉 − 〈D(t )〉2 (36)

= σe−γ τ + 1

2

∑
j �=0

γ (γ eτη j + e−γ τ η j )

γ 2 − η2
j

Tr(Axj )Tr(y†
j {A, M0}). (37)

Since the measurement current is typically highly correlated
in time, this measure of the fluctuations provides information
not accessible from the average (see, for example, [1]). This
is also a highly accessible quantity experimentally.

Finally, we can also exploit the recursive nature of Eq. (32)
to obtain an expression for evaluating the derivative ∂μPt (D)
of the signal probability distribution with respect to an ar-
bitrary parameter μ appearing in Eq. (3). This quantity
is necessary to compute the Fisher information defined in
Eq. (21). A straightforward method for computing ∂μPt (D)
is to solve for Pt (D) for a certain value μ and a nearby
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value μ + δμ, from which ∂μPt (D) can then be computed
numerically using finite differences. However, δμ must be
sufficiently small for the derivative to be well approximated
numerically, but not so small as to become comparable to
the other numerical errors in the procedure. Due to this non-
trivial interplay, we have actually found this method to be
numerically quite inaccurate. Instead, we now provide another
method, which we have found to be quite efficient, since
it completely avoids finite differences. It only works in the
absence of feedback and in the steady state. In addition, it
assumes that μ is neither λ nor γ . From Eqs. (7) and (8) it
follows that

∂μPt (D) =
∞∑

n=0

Tr(∂μMm)
Hn(D)√

σ nn!

e−D2/2σ

√
2πσ

. (38)

Hence, what we ultimately need is ∂μMm. We start with M0.
Differentiating Eq. (31) with respect to μ yields

�(∂μM0) = −(∂μL0)M0, (39)

which can be solved for ∂μM0. To get the next terms, we can
use the iterative update rule in Eq. (32). Differentiating both
sides with respect to μ provides the modified update rule

(� − γ n1d )(∂μMn) = −(∂μL0)Mn − γ

2

√
n

σ
CA(∂μMn−1),

(40)

so given L0, ∂μMn−1, and Mn we can once again iteratively
solve for ∂μMn. This method is simple to implement because
the derivative ∂μL0 is simple to calculate analytically.

All of the results in this section assume no feedback. At
first this might seem to defeat the entire point, since Eq. (3)
was actually derived precisely to describe feedback. However,
we note two important points. First, as we show next, the
results in this section can actually be used as the starting point
for a perturbative solution in the case when the feedback is
weak. This is a strong motivation in itself. Second, the case of
no feedback is actually still of interest, since this is precisely
what is studied in the field of full counting statistics [1]. The
only new ingredient is the presence of a low-pass filter, which
is reasonable from an experimental point of view. This can
also be removed, i.e., in the limit γ → 0 the expressions
presented in this section recover the standard results of full
counting statistics [1]. Quantities such as the signal distribu-
tion Pt (D) are therefore still valuable and interesting, even in
the absence of feedback.

B. Perturbative solution for weak feedback

In the case of feedback, one must solve the full equa-
tion (26) for the vector of matrices 	M. However, because the
dynamical matrix Q̂ does not have the block lower triangu-
lar structure of Q̂0, the previous approach based on forward
substitution cannot be applied. Instead, one must solve for
the entire 	M at once, which is computationally much more
costly. The situation simplifies, however, if we consider a
weak feedback of the form Q̂ = Q̂0 + εQ̂fb, with ε 
 1.
We focus here on the steady state of Eq. (26), which is a
solution of

Q̂ 	M = 0. (41)

(a) (b)

(c) (d)

FIG. 1. Measurement outcomes P(D) solving the charge-
resolved master equation (red solid line) and collating 5000
stochastic trajectories (orange histograms) for � = 1, λ = 0.5,
γ = 2, and A = σz at different times (a) t = π/8, (b) t = π/4, (c)
t = 3π/8, and (d) t = π/2.

Series expanding the solution as 	M ≈ ∑
j ε

j 	M ( j) yields an-
other recursive set of relations

Q̂0 	M (0) = 0, (42)

Q̂0 	M ( j+1) = −Q̂fb 	M ( j) (43)

for j = 0, 1, 2, . . .. More explicitly, what we find is the gen-
eralization of Eqs. (31) and (32),

�M ( j+1)
0 = −(Q̂fb 	M ( j) )0, (44)

(� − γ n1d )M ( j+1)
n = −γ

2

√
n

σ
CA

(
M ( j+1)

n−1

) − (Q̂fb 	M ( j) )n,

(45)

with n = 1, 2, . . . and j = 0, 1, 2, . . .. We first solve these
for j = 0 and all n up until the truncation N . Then we use
these results and solve for all matrices with j = 1, and so
on, and so forth. Because Q̂0 is lower triangular, solving this
system at each iteration is roughly as costly as the case with
no feedback.

IV. NUMERICAL EXAMPLES

A. Driven qubit

We illustrate the basic ideas with the simplest Hamiltonian
H = �σx with a measurement A = σz. In Fig. 1 we can see
a comparison between the charge-resolved approach in red
and the statistical collating of trajectories in the orange his-
tograms. We see good agreement between the two at different
times during the Rabi oscillations. A more detailed compari-
son with the method of stochastic trajectories can be found in
Appendix A.

Our approach allows us to analytically calculate the sum-
mary statistics of the steady-state probability distribution
P(D). In particular, for this example we get that 〈D〉 = 0
and Var(D) = γ (γ+2λ)

γ 2+2γ λ+4�2 + γ

8λ
. The steady-state distribution

is shown in Fig. 2. Note that for increasing measurement
strength the outcomes become more localized around ±1,
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(a) (b)

FIG. 2. Steady-state distribution of detector outcomes P(D) for
increasing values of measurement strength λ = {0.5, 1, 1.5, 2, 2.5}
for darker shaded lines with measurement bandwidths (a) γ = 0.5
and (b) γ = 1.

the eigenvalues of A. The value of γ is associated with the
broadening of these peaks.

The dynamical accumulation of correlations between the
system and the detector can be seen in Fig. 3(a). The
covariance initially grows with time, eventually matching
the steady-state value (faded gray lines). The steady-state
covariance is also clearly larger for increasing values of mea-
surement strength, which can also be seen in the analytical
result,

Cov(σz ) = γ (γ + 2λ)

γ 2 + 2γ λ + 4�2
. (46)

The steady-state mutual information is shown in Fig. 3(b),
which again increases with increasing measurement strength
λ and bandwidth γ . The steady-state covariance for σy and σz

is shown in Figs. 3(c) and 3(d) as a function of measurement
strength λ and bandwidth γ . We exclude σx since Cov(σx ) =
0. Since the measured observable is A = σz, there is a much
higher correlation in the measurement signal and σz than σy.
The |Cov(σz )| also increases with both λ and γ .
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FIG. 3. System detector correlations for the driven qubit.
(a) Evolution of Cov(σz ) with time for λ = {0.1, 0.5, 1.0, 2.0} (red
solid, blue dashed, green dotted, and black dot-dashed lines, re-
spectively). Steady-state values are shown by faded gray lines.
(b) Steady-state mutual information I against measurement strength
λ for different bandwidths γ = {0.5, 1, 1.5} (red solid, blue dashed,
and green dotted lines, respectively). (c) Steady-state covariance for
σy and (d) σz. The other parameter values are � = 1 and γ = 0.5.
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FIG. 4. Two-time correlation function for the measurement cur-
rent C(τ ) with the parameters � = 1 and γ = {0.6, 1, 1.4}(red solid,
blue dashed, and green dotted lines, respectively) for measurement
strengths (a) λ = 1 and (b) λ = 1.9.

The two-time measurement current correlation can also be
easily computed in the absence of feedback. For this example,
we can see this in Fig. 4. For increasing values of γ , the
correlations decay in time more dramatically.

One could also estimate a correction to the known ref-
erence Rabi frequency as Hμ = (� + μ)σx, which enters as
Lμ

0 = −i[Hμ, ·]. In Fig. 5 we show the Fisher information
for a range of parameters. First of all, it is clear that for no
measurement (λ = 0), one gets no information Fμ = 0. The
Fisher information also vanishes in the limit of very large
measurement strength due to the quantum Zeno effect [18]
where the dynamics is frozen. Another point worth noting is
that the Fisher information decreases with increasing band-
width γ . This is because a large γ corresponds to the D(t )
being the instantaneous measurement outcome, while small γ

approaches the case where D(t ) is the full integrated current.

B. Multiqubit models

In order to showcase how our method can tackle systems
with multiple qubits, we will consider both the Ising and
Lipkin-Meskov-Glick (LMG) models.
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FIG. 5. Fisher information Fμ of the steady-state distribution
Pμ(D) against measurement strength λ for different bandwidths
γ = {0.8, 1, 1.2, 1.4, 1.6} (red solid, blue dashed, green dotted,
black dot-dashed, and purple dotted lines, respectively). Each panel
shows results for different values of the reference Rabi frequency (a)
� = 0.2, (b) � = 0.4, (c) � = 0.6, and (d) � = 0.8.
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(a) (b)

FIG. 6. Steady-state detector probability P(D) for (a) the Ising
model for different system sizes L with the parameters J = 1,
h = 0.05, λ = 1, and γ = 2 and (b) the LMG model for different val-
ues of h = {0.1, 1.1, 2.1, 3.1} (red solid, blue dashed, green dotted,
and black dot-dashed lines, respectively) with the parameters L = 4,
λ = 1, and γ = 3.

The Ising Hamiltonian is

H = J
L−1∑
j=1

σ z
j+1σ

z
j + h

L∑
i=1

σ x
i , (47)

where L is the number of qubits. We will consider a measure-
ment of the total magnetization A = ∑L

i=1 σ z
i .

We can see the steady-state detector probability P(D) for
different system sizes L in Fig. 6(a). Note that the peaks
correspond to the eigenvalues of the measured operator A,
which explains the structure and broadening of the distribution
with increasing system size.

The Hamiltonian for the LMG model can be written in
terms of the collective spin operators Sq = ∑L

i=1 σ
q
i as

H = − 1

L
S2

x + hSz. (48)

For this model we will consider observable A = Sy.
In Fig. 6(b) we show an example of the steady state P(D)

for the LMG model for L = 4. Note that the large measure-
ment bandwidth relative to the measurement strength leads to
a less peaked distribution.

C. Ground-state feedback stabilization

In this final example, we will demonstrate the numerical
advantage of the perturbative approach in calculating the feed-
back dynamics. The setup consists of a single qubit weakly in
contact with a thermal bath, described by

L0 = κnBD[σ+] + κ (nB + 1)D[σ−], (49)

where κ is the strength of the coupling and nB is set by the
temperature. The goal is to use feedback control to maintain
the qubit in the ground state by correcting for the effects
of the bath. The strategy [19,20] is to measure A = σx and
apply a feedback protocol described by f1(D) = D and L1 =
−i[gσy, ·]. The intuition is that any measured deviation from
the ground state is counteracted by this rotation.

In Fig. 7(a) we can see that the feedback control requires
sufficient strength g and a short response time 1/γ to suc-
cessfully counteract thermalization due to the weakly coupled
bath. This is characterized by the ground-state probability
P0 = 〈0|M0|0〉 for the unconditional steady state. In the ab-
sence of feedback (g = 0), the steady state (including the
effects of measurement backaction) has a ground-state pop-
ulation P0 ≈ 0.505, which agrees with the results shown.
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FIG. 7. Ground-state feedback stabilization with measurement
strength λ = 0.5, coupling κ = 0.01, and temperature nB = 0.5.
(a) Steady-state probability for the ground state against feedback
strength g and measurement bandwidth γ . (b) Fidelity between un-
conditional steady states using the exact solution and the perturbative
solution with Jc iterations against feedback strength ε and γ = 4.

We now show how our perturbative method can efficiently
recreate these results, where g plays the role of ε. In Fig. 7(b)
we compare the fidelity between the unconditional steady
state obtained by exact diagonalization of the full matrix Q̂
and using the perturbative method, which has a comparable
computational speedup. Higher-order corrections clearly pro-
vided increased fidelity with the exact steady-state solution.
For ε = 0.5, the steady states with and without feedback
already differ significantly, while the perturbative solution
remains quite close to the exact result.

V. CONCLUSION

In this work we studied feedback control in a continuously
monitored quantum system subject to a low-pass filter, as
recently derived in Ref. [10]. We explored a solution method
based on decomposing the signal-resolved density matrix in
a series over Hermite polynomials and showed how this can
yield efficient access to various statistical properties of the
signal, as well as measures of system-signal correlation. For
the particular case of no feedback, we showed how the solu-
tion method simplifies dramatically and can be implemented
very efficiently. We also illustrated how this could be used as
the starting point for a perturbative solution involving weak
feedback.

In the setting of open loop quantum control, there is
a significant emphasis on both analytical techniques [21]
and numerically efficient methods to solve the dynamics
which is used to systematically find optimal coherent control
pulses [22,23]. Recent efforts in closed loop control have
focused on machine learning to determine the optimal feed-
back control for a specific objective [24,25]. As experimental
implementation of continuous weak measurements advances,
our approach will aid this with improved numerical efficiency
and provide possible perturbative approaches to analytically
determine the ideal feedback correction [26].
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FIG. 8. (a)–(d) Average and (e)–(h) variance of filtered measurement current D, and (i)–(l) covariance Cov(σz, D) using stochastic
trajectories (blue solid line), the dynamic Fokker-Planck solution (orange dashed line), and the steady-state Fokker-Planck solution (gray
horizontal line). The numbers of stochastic trajectories are (a), (e), and (i) 10; (b), (f), and (j) 50; (c), (g), and (k) 250; and (d), (h), and (l) 500.
In all panels N = 5 and the other parameters are the same as in Fig. 1.
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The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
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research project. The data are available from the authors upon
reasonable request.

APPENDIX A: COMPARISON WITH
STOCHASTIC TRAJECTORIES

The standard way to describe a continuously monitored
quantum system involves the use of stochastic master equa-
tions. For the setting described in the main text, this is the
Belavkin equation

dρc = L(D)ρcdt + λD[A]ρcdt +
√

λ{A − 〈A〉c, ρc}dW,

(A1)

where ρc is the conditional density matrix, dW is the Wiener
increment, and individual realizations of the measurement
current obey the differential equation

dD = γ (〈A〉c − D)dt + γ√
4λ

dW, (A2)

with 〈A〉c = Tr(Aρc). The stochastic unraveling provides a
direct connection with experiments and also allows for max-
imum flexibility, since one can implement any kind of
feedback protocol desired: One simply modifies the Liouvil-
lian L(D) to have any desired dependence on D; in a single
stochastic trajectory, the obtained value of D at each step is
then simply input back into Eq. (A1). One can draw a direct

analogy with the comparison between the Langevin equa-
tion and the Fokker-Planck equation in classical Brownian
motion. Both equations describe the same physical phe-
nomena, but from different angles, and therefore both have
their uses.

We illustrate how stochastic trajectories compare with the
deterministic equation (3) through the lenses of a specific ex-
ample, namely, the same driven qubit example as in the main
text (cf. Fig. 1). In Fig. 8 we show how the average, variance,
and covariance change in time for this process using both
stochastic trajectories (blue) and Fokker-Planck equation so-
lutions (orange). As noted in the main text, the steady-state
values for these parameters are exactly determined by our
method to be 〈D〉 = 0, Var(D) = 1.1, and Cov(σz, D) = 0.6
(gray horizontal line). Note that while the first two quantities
only depend on the statistics of the measurement current,
the final quantity also depends on the conditional state. The
solution method proposed in the main text is particularly
convenient for this problem, as it only required N = 5 ma-
trices in Eq. (4). Moreover, our method goes directly to the
steady state, i.e., it does not require simulating transient ef-
fects, which is always necessary with stochastic trajectories.
Figure 9 illustrate the steady-state mean and variance for
different numbers of stochastic realizations. This provides an
idea of how many samples are needed to reach convergence,
although the precise value of course is problem specific.

APPENDIX B: INFORMATIONAL QUANTITIES

In the following, we outline some useful informational
quantities that can be computed from the joint state.
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FIG. 9. Steady-state value of (a) the mean 〈D〉 and (b) the vari-
ance Var(D) against the number of stochastic realizations used (blue
solid line). Exact steady-state values are shown by orange dashed
lines and the other parameters are the same as in Fig. 1.

1. Mutual information between system and detector

We consider the mutual information between the system
and detector. This can be expressed as

I = S

[∫
dDρt (D)

]
+ S[[[Tr[ρt (D)]]]] − S[ρt (D)], (B1)

where S[·] is either the von Neumann or Shannon entropy,
depending on the input. We simplify each term separately. The
first part is simply

S

[∫
dD ρt (D)

]
= S[M0] (B2)

= −TrM0 ln M0. (B3)

The second term can be expanded as

S[[[Tr[ρt (D)]]]] = S[P(D)] (B4)

= −
∫

dD P(D) ln P(D). (B5)

The final term is then

S[ρt (D)] = −
∫

dD Tr[ρt (D) ln ρt (D)]. (B6)

By defining the density matrix given the outcome D as
ρ̃t (D) = ρt (D)/P(D) one can show that the mutual informa-
tion is equivalent to

I = −
∫

dD S[ρ̃t (D)]P(D) + S[M0]. (B7)

For a Hilbert space of dimension R, the maximum of this
mutual information is then ln R.

2. Correlation

If an observable has a spectral decomposition B = ∑
n

bn|bn〉〈bn|, then there is a joint probability distribution
P(bn, D) = 〈bn|ρ(D)|bn〉. One can then ask about the covari-
ance of this distribution.

The expected measurement outcome is given by

〈D〉 =
∫

dD D P(D) (B8)

= √
σc1. (B9)

Similarly, we have that, for B, the unconditional expectation
is

〈B〉 = Tr(M0B). (B10)
We define the covariance as

cov(B, D) = Tr
∫

dD B D ρ(D) − 〈D〉 · 〈B〉 (B11)

= √
σTr(M1B) − √

σc1Tr(M0B) (B12)

= √
σ [Tr(M1B) − Tr(M1)Tr(M0B)]. (B13)

This follows from the identity∫
dD D

Hn(D)√
σ nn!

e−D2/2σ

√
2πσ

= Jn(1) (B14)

=
√

σ (n + 1)δn+1,0 + √
nσδn−1,0

(B15)

= √
nσδn−1,0, (B16)

since n � 0. Note that Cov(B) is identically zero if M1 = 0,
which is the case for a product state between the system and
detector.

APPENDIX C: TWO-TIME CORRELATION
OF FILTERED OUTPUT CURRENT

We want to compute 〈D(t )D(s)〉, which is explicitly given
by

〈D(t )D(s)〉 =
∫ t

−∞

∫ s

−∞
dt2dt1γ

2e−γ (t−t2+s−t1 )〈z(t1)z(t2)〉.

(C1)

The expression for the term inside the integral is given in
steady state by [1]

〈z(t )z(t + t ′)〉 = 1

4λ
δ(t ′) + 1

4
Tr(CAe�t ′CAM0) (C2)

= 1

4λ
δ(t ′) + Tr(AM0)2

+ 1

2

∑
j �=0

eη j t ′
Tr(Axj )Tr(y†

j {A, M0}),

(C3)

where we have used the spectral decomposition of � and
assumed no feedback. The end result is

〈D(t + τ )D(t )〉 = γ 2
∫ t+τ

−∞

∫ t

−∞
dt2dt1e−γ (2t+τ−t2−t1 )

⎛
⎝ 1

4λ
δ(t2 − t1) + Tr(AM0)2 + 1

2

∑
j �=0

eη j |t2−t1|Tr(Axj )Tr(y†
j {A, M0})

⎞
⎠ (C4)

= σe−γ τ + Tr(AM0)2 + 1

2

∑
j �=0

γ (γ eτη j + e−γ τ η j )

γ 2 − η2
j

Tr(Axj )Tr(y†
j {A, M0}). (C5)
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The τ = 0 case matches the result from the methods in
the main text. Since the average filtered detector outcome
in steady state is 〈D〉 = Tr(AM0), we can write our final
result as

C(τ ) = 〈D(t + τ )D(t )〉 − 〈D(t )〉2 (C6)

= σe−γ τ + 1

2

∑
j �=0

γ (γ eτη j + e−γ τ η j )

γ 2 − η2
j

Tr(Axj )Tr(y†
j {A, M0}). (C7)

APPENDIX D: FOKKER-PLANCK EQUATION
IN HERMITE POLYNOMIAL BASIS

Since it will frequently arise, we note the orthogonality
relation ∫ ∞

−∞

Hm(x)√
σ mm!

Hn(x)√
σ nn!

e−x2/2σ

√
2πσ

dx = δn,m. (D1)

We start with the normalization condition that∫ ∞
−∞ dD Tr[ρt (D)] = 1. Using the orthogonality relation,

we can write this as∫ ∞

−∞
dD Tr[ρt (D)] =

N−1∑
n=0

Tr(Mn)
∫ ∞

−∞
dD

Hn(D)√
σ nn!

e−D2/2σ

√
2πσ

(D2)

=
N−1∑
n=0

Tr(Mn)δn,0 (D3)

= Tr(M0). (D4)

So the normalization condition simplifies to Tr(M0) = 1,
where

∫
dD ρt (D) = ∑

n Mnδn,0 = M0 describes the state of
the system when ignorant of the measurement outcome.

We now move on to the main equation. Our strategy will be
to insert our ansatz for the state (4) into Eq. (3) and compute
each term by applying

∫ ∞
−∞ dDHm(D)/

√
σ mm! and utilizing

the orthogonality relation (this is often indicated by an arrow).
We start with the time derivative which only acts on the

Mn matrices, leading to
∑N−1

n=0 Ṁnδn,m = Ṁm. Next we will
consider the first term on the right-hand side of Eq. (3). This

is the outcome-dependent Lindblad operator L(D). This gives

N−1∑
n=0

∫ ∞

−∞
dD

Hm(D)√
σ mm!

Hn(D)√
σ nn!

e−D2/2σ

√
2πσ

L(D)Mn. (D5)

We write this in full generality as L(D) = L0 + ∑
p

fp(D)Lp. Altogether then Eq. (D5) simplifies to L0Mm +∑N−1
n=0

∑
p αn,m,pLpMn, where

αn,m,p(t ) =
∫ ∞

−∞
dD

Hm(D)√
σ mm!

Hn(D)√
σ nn!

e−D2/2σ

√
2πσ

fp(D). (D6)

Moving on to the measurement backaction term, it simpli-
fies as − λ

2

∑N−1
n=0 [[[A, [A, Mn]]]]δn,m = − λ

2[[[A, [A, Mm]]]], where
[·, ·] is the commutator. The penultimate term in Eq. (3)
(describing the overall drift) is given by

−γ ∂DCA−Dρt (D)/2 = −γ

2
∂D{A − D, ρt (D)} (D7)

=−γ

2
[{−1, ρt (D)} + {A − D, ∂Dρt (D)}],

(D8)

where we write the identity as 1. In order to evaluate ∂Dρt (D),
we note that

∂D
[
Hn(D)e−D2/2σ

] = −e−D2/2σ σ−1Hn+1(D). (D9)

Inserting the ansatz (4) and applying
∫ ∞
−∞ dDHm(D)/√

σ mm!, the drift term can be evaluated in separate parts as

{−1, ρt (D)} →
∑

n

{−1, Mn}δn,m (D10)

= {−1, Mm} (D11)

= −2Mm (D12)

and

{A, ∂Dρt (D)} → −σ−1
∑

n

{A, Mn}δn+1,m

√
(n + 1)σ (D13)

= −
√

m

σ
{A, Mm−1}. (D14)

For the final part, we will exploit the shift rule that xHn(x) =
Hn+1(x) + nσHn−1(x). The last part is then

{−D, ∂Dρt (D)} = −2D∂Dρt (D) (D15)

= 2Dσ−1
∑

n

Mn
Hn+1(D)√

σ nn!

e−D2/2σ

√
2πσ

(D16)

= 2σ−1
∑

n

Mn
1√
σ nn!

e−D2/2σ

√
2πσ

[Hn+2(D) + (n + 1)σHn(D)] (D17)

→ 2σ−1
∑

n

Mn[δn+2,m

√
(n + 2)(n + 1)σ + (n + 1)σδn,m] (D18)

= 2[
√

m(m − 1)Mm−2 + (m + 1)Mm]. (D19)
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Finally, we tackle the very last term in Eq. (3), which can be thought of as a diffusion. It can then be expressed as

γ 2

8λ
∂2

Dρt (D) → γ 2

8λ

1

σ 2

∑
n

Mnδn+2,m

√
(n + 2)(n + 1)σ (D20)

= γ 2

8λ

√
m(m − 1)

σ
Mm−2 (D21)

= γ
√

m(m − 1)Mm−2. (D22)

In summary, the equation can then be written as the coupled differential equation

Ṁm = L0Mm +
N−1∑
n=0

∑
p

αn,m,pLpMn − λ

2
[[[A, [A, Mm]]]] − γ

2

(
2mMm −

√
m

σ
{A, Mm−1}

)
(D23)

for each m with the normalization condition Tr(M0) = 1. Note that M−1 = 0.

APPENDIX E: MATRIX COEFFICIENTS FOR POLYNOMIAL FEEDBACK

We wish to compute the coefficients αn,m,p for a polynomial feedback function fp(D) = Dp. This can be computed by noting
that αn,m,0 = δn,m and the recursive relation for this case

αn,m,p =
√

σ (m + 1)αn,m+1,p−1 + √
σmαn,m−1,p−1. (E1)

For example, the quadratic case is

αn,m,2 = σ
√

(m + 1)(n + 1)δm+1,n+1 + σ
√

n(m + 1)δm+1,n−1 + σ
√

m(n + 1)δn+1,m−1 + σ
√

nmδn−1,m−1. (E2)
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