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Outline

« What is quantum entanglement?

 What makes 3-party entanglement special?
* Measuring entanglement from correlations

* Measures of three party entanglement
* Residual vs resource measures

« Our method of quantifying three-party entanglement from correlations
* The entanglement-correlation connection
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What is entanglement? £ A

(It's more the rule than the exception)

« What isn’'t entangled?
* Independent particles

* [Yapc) = 1Ya) ® [Yp) Q [Yc)
« Classically correlated states

* Papc = 2iDi (Pai @ Ppi  Pci)
Everything not separable like this is entangled
* Where does entanglement come from?
* Interactions between parties
« Generation of entangled particles

» What is entanglement good for: A
« The speedup in quantum computation
« The secrecy of correlations
« Enhanced Measurement “space”

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR

DISTRIBUTION A Approved for public release ; distribution unlimited 88ABW-2020-2140



AFRL

Slide 5 of 34

Entanglement between two parties

Entanglement is not just a yes or no question

Some states are more entangled than others

« Entanglement measures:
« Geometric:

« Degree of divergence/distance from separable states
* Resource-based:

« Unit of two-party entanglement is the ebit, entangled bit or
two-qubit Bell state

« How many ebits do you need to make a state |i) along with
local operations and classical communication (LOCC)?

« How many ebits can you distill out of |y)?
« Entanglement witnesses:

« Things that all separable states do
« E.g., obey Bell inequalities

...
-
-~
-
-

------------------ Witness

-
-
______
-
-

All states
AB

Separable states
AQB

Entanglement
of Formation: Ex

Er(Pa) = ﬁ?pll)lz pi Si(4)
i
Si(A) = =Tr[py;log, Pa;l
Pap = Z Di [YapiXWapil
i
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Entanglement between three or more parties

* Some states are more entangled A

than others
And..

« Some states are entangled
differently than others

« Example:

® |GHZ) = V-%qo,o,m +(1,1,1))

® |W) = =(10,0,1) +10,1,0) +1,0,0)

« Multiple forms of separability
mean multiple forms of
entanglement:
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Entanglement between three or more parties

Fully inseparable, but
not tripartite entangled

Example: Classes of three-party states
» Fully separable:

Triply biseparable, but
not fully separable

Papc = PaRBRC = 2 Di (Pai @ Ppi ® Pci)
7

 Bi-separable (3 possible ways):

Pasc = Pagsc = z Di (Pai @ Prci) * Pawsxc

* Fully Inseparable:
Pasc # Pagsc * PeRac * PcaB * PAQBRC

« Genuine tripartite-entangled
Papc # P Pagec T 9 Pe@ac + 7 Pcoas + S Pageec
:(p,q,7,5) =0 i
pt+tq+r+s=1 i

Side note: i
A fully representative .
diagram would require :
(S0 p4pc is genuinely tripartite entangled iff it can’t be derived  four spatial dimensions! |
from any combination of biseparable states

THE AIR FORCE RESEARCH LABORATORY
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How do we measure entanglement?

Problems with the direct approach:

 Full state tomography is completely impractical at high-dimension / many
qubits
« An N-gubit system needs 4" — 1 measurements to completely determine the state:
« Atwo-qubit system requires 15 measurements
A 12-qubit system requires over 1.6 X 107 measurements

« A 52-qubit system requires over 2 x 103! measurements
« Note: 2 x 103! is larger than the number of silicon atoms in the world’s largest supercomputer!
 Also: 2 x 1031 (32-bit) floating point numbers is over 80 trillion exabytes

« Computing entanglement measures is NP-hard

« Completely intractable at high-dimension
» This happens well before tomography becomes impractical

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH
DISTRIBUTION A Approved for public release ; distribution unlimited 88ABW-2020-2140



Slide 10 of 34
AFRL

Measuring Entanglement with Correlations

Solutions: | H(Q) = - ) P(a) log(p(ap)
« Quantitative Entanglement witnesses: ;
 Witnesses a minimum nonzero amount of entanglement H(Q4l1Qp) = H(Q4,Qp) — H(Qp)
Bounding entanglement through correlations: 0= min € [0 N,]
« Two-party entanglement from entropic uncertainty: Ly |(qi|rj)|2 o
H(QA) + H(RA) = log('Q) POQ ﬁsep — z Ai(ﬁAi 03¢ ﬁBi)
H(Q4lA) + H(Ry[4) = log(Q) i I

04

Separable states: H(Q4|Qg) + H(R4|Rg) = log(Q)

All states: H(Q4|Q05) + H(R4|RE) = 0 o1 I\arpQ=25

HX)=10bits .. e
Two-party correlations can be arbitrarily strong %% = e TTw
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Measuring Entanglement with Correlations

Solutions:
« Quantitative Entanglement witnesses:

« Witnesses a minimum nonzero amount of entanglement

Bounding entanglement through correlations:

« Two-party entanglement from entropic uncertainty:

H(Q4) + H(Ry) = log(Q)
H(Q4l2) + H(R4|2) = log(D)

Separable states: H(Q4|Qg) + H(R4|Rg) = log(Q)

All states: H(Q4|05) + H(R4|Rg) = 0

Two-party correlations can be arbitrarily strong

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH

H(Q) = - ) P(a)log(p(ap)
H(Q4lQp) = H(Q4,Qp) — H(Qp)

1
Q) = min 5 | € [0, N4 ]
" (l(qi|rj)l )
4 ﬁsep = z Ai(ﬁAi X ﬁBi)
{
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Measuring Entanglement with Correlations

Solutions:

- Quantitative Entanglement witnesses: h(x) = —J dxp(x) log(p(x))
« Witnesses a minimum nonzero amount of entanglement

Bounding entanglement through correlations: h(xalxp) = h(xs xp) — h(xp)

« Two-party entanglement from entropic uncertainty:

h(xA) T h(kA) = log(ne) ﬁsep — Z’li(ﬁAi 03¢ ﬁBi)
h(xs|0) + h(k4|2) = log(me) —

Separable states: h(xy|xg) + h(kslkg) = log(me)

All states: h(xslxg) + h(kslkg) > —o0

Two-party correlations can be arbitrarily strong

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH
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Measuring Entanglement with Correlations

Solutions: | H(Q) = — ) P(a)log(p(a))
« Quantitative Entanglement witnesses: ;
« Witnesses a minimum nonzero amount of entanglement H(Q41Qp) = H(Q4,Qp) — H(Qp)
Bounding entanglement through correlations:
« Two-party entanglement from entropic uncertainty: S(A) = —Tr[p, 1og(3,)]
- A A
H(QalQB) + H(R4|Rp) = log(Q) + S(A|B) S(A|B) = S(AB) — S(B)

h(xalxg) + h(kylkg) = log(2m) + S(A|B)
ﬁsep = z Ai (ﬁAi X ﬁBi)

) € [0, N4]

{EF, Egg, Esg} = max{0, —S(A|B), —S(B|A)}
—S(A|B) — S(BIA)}
2

Ep = max {O, 1
O = min( 3
7 \lailm)l
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Measuring Entanglement with Correlations

This can be a very successful approach! (currently Record-setting)

512
5 * Measured position and momentum g 2
3 correlations of entangled down- £ E
£5 , — converted photon pairs < <
* camonmmme .
E’% 2 /"—” 3.4310.0/;ebits. Course graining Tk, el K, (pixels)
E é 0 ./’/ - Maximum measureable E; never Over'eStlmateS >12
© JRe simulated
% /" —-¢- §~lo post pri)cessing bound m )
-2 T ,/ With accidental subtraction _% %
o at e ot o e Needed only 6456 v =
Discretization dimension (pixels) measurements Of
68-billion-dimensional % 512 0 512
State SpaCe X, (pixels) Y, (pixels)
0
ARTICLE z \ f"[_. : ,
 https://dol.org/10.1038/521467-019-10810-2 [EOTISY % o | \ l.- '-._‘-.. \
Quantifying entanglement in a 68-billion- = ' "
dimensional quantum state space
James Schneeloch® >, Christopher C. Tison"23, Michael L. Fanto"#, Paul M. Alsing' & L 0 614 128
Gregory A. Howland® 42 )

X5 (pixels) Decreasing minimum partition size
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Measures of Three-Party Entanglement

Standard Approach: Residual entanglement

* The entanglement left over when you take
away all two-party entanglement

(the three-tangle)
Tage = E(A:BC) —E(A:B) — E(A:C)

The underlying idea:

« Any entangled three-party state without any two-party
entanglement, must be tri-partite entangled.

« Demonstrably true for pure states.
* Pure state: S(ABC) =0...
* No 2-party entanglement: {S(A|B),S(B|C),S(C|A)} =0
» Together shows: S(A) = S(B) = S(C)
* Giving result either [)4p5c = )4 & V)5 Q [P)¢
or {S(A|BC),S(B|AC),S(C|AB)} <0

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH

Three-party classes
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Measures of Three-Party Entanglement

Issues with Residual entanglement

(the three-tangle)
Tapc = E(4:BC) — E(A:B) — E(4: )

The underlying idea:

» Any entangled three-party state without any two-party
entanglement, must be tri-partite entangled.
« True only for pure states.
« Counter-example mixed state:
panc =3 (DU 4 ® 10X0]¢ + [@FHD* |4 ® [0)(0]5 + [@FKD* |5 @ 0)(0],)

Biseparable (by construction)
No two-party entanglement
Is entangled (across all three bipartitions)

* Only valid for some entanglement measures

* Not additive : TABC(:E ® 6) + TABC(ﬁ) + TABC(G)
« Zero for some tripartite-entangled states (e.g., |[W)XW|)

THE AIR FORCE RESEARCH LABORATORY
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Measures of Three-Party Entanglement

The Tripartite entanglement of formation

Esr(Pac) = ﬁ%‘zi p; min{S;(A), S;(B), S;(C)}

* Zero iff pypc is biseparable
 Monotonically decreases under LOCC
* Additive on tensor products of pure states

e Can compare tripartite entanglement in a few high-
dimensional systems to that in many low dimensional
systems

* New unit of multi-partite entanglement: the three-
party gebit, or 3-qubit GHZ state

e Straightforward to compute for pure states

e Straightforward to bound for mixed states

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH

Three-party classes
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Measures of Three-Party Entanglement

The Tripartite entanglement of formation

Esr(Papc) = ﬁ%‘zi p; min{S;(A), S;(B), S;(C))

Fundamental issues with gebits:

* There’s no known set of entangled states that can
synthesize all three-party states with LOCC

» The underlying protocol needs rigor

« Are we saying we need this many gebits along with
other resources to make the state?

« What about distillability?

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH

Three-party classes



Slide 20 of 34
AFRL

Bounding Three-Party Entanglement

The Tripartite entanglement of formation

Exr(Pasc) = ﬁ%‘zi p; min{S;(4), S;(B), S:(C)}

« Easy to bound for pure states:
Esr(1)apc) = min{—S(4|BC), =S(B|AC), —=S(C|AB)}
H(Q4lQp,Qc) + H(R4|Rp, R¢) = log(Q) + S(A|BC)
« Challenging, but possible to bound for mixed states:
Esr = —S(A|BC) — S(B|AC) — S(C|AB) — 2108(Dy0y)

* |nequality is tight

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH

Three-party classes
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How successful Is our strategy?

GHZ-Werner state:

Peuzw =P |GHZYGHZ| + (1 — p)pyu _ Open question: Can we do better

- Test: Measure spin correlations in o, and g,. | using higher-order forms of entropy?
» Successful witness for p > 0.9406

» Test: Directly calculating quantum entropies
« Successful witness for p > 0.9161

« Quantifies all entanglementasp — 1

W-Werner state:

Pww = IWXW|+ (1 —p)pum
« Test: Measure spin correlations in ¢, and a,.
» No witnessing accomplished

» Test: Directly calculating quantum entropies
» Successful witness for p > 0.9374

* Quantifies most entanglementas p - 1

THE AIR FORCE RESEARCH LABORATORY
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How successful Is our strategy?

GHZ-Werner state:

Peuzw =P |GHZYGHZ| + (1 — p)pyu _ Open question: Can we do better
11 using higher-order forms of entropy?

« Test: Measure spin correlations in ¢, and ag,.
» Successful witness for p > 0.9406

» Test: Directly calculating quantum entropies
« Successful witness for p > 0.9161

« Quantifies all entanglementasp — 1

W-Werner state:

Pww = IWXW|+ (1 —p)pum
« Test: Measure spin correlations in ¢, and a,.
» No witnessing accomplished

» Test: Directly calculating quantum entropies
» Successful witness for p > 0.9374

* Quantifies most entanglementas p - 1

THE AIR FORCE RESEARCH LABORATORY
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How successful Is our strategy? (Examples)

 Tri-photon pure state wavefunction

from third-order SPDC AK
i |
3L,7
a=—22F !
8nn, 1
3L, ky = T (Zky — ky — k3)
Yk, ko, k3) = Ny (ky + ky + k3)Sinc ik +ky)? + (ky + k3)® + (ks +k1)?) | N\~ O 6
p k = T(kz kg)
8a 5 32a\ ., 1
¢(k1, ks, k3) ~ NExp[_?(ku + kv) - Jp +T k] kw T(k1+k2+k3)
'3 ’ e For pure states of arbitrary dimension:
Fizk ‘ E3r(ABC) = min{—S(A4|BC),—S(B|CA),—S(C|AB)}
R Classical entropies (measured experimentally) can be

— used to bound guantum entropies:
h(xg4lxp, x.) + h(k,l|ky, k.) = log(2m) + S(A|BC)

: 2T
| H(XalXp, Xc) + H(K4|Kp, Kc) = 108<A Ak) + S(A|BC)

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR

DISTRIBUTION A Approved for public release ; distribution unlimited 88ABW-2020-2140



AFRL

Slide 24 of 34

How successful Is our strategy? (Examples)

* Tri-photon pure state wavefunction _3L,A,
from third-order SPDC ‘

8nnp

8a 32a
Wlksskarks) = N Bxpl= 5 (6 + 1) = (o3 + 557 )

Example: AIN crystal

L, = 10mm,
Ap = 325nm,
Op, = 1.9GHz
g, = 1.0mm

Degenerate collinear
triplets at 975nm.

In position-momentum:
Minimum E5f is: 4.808 3-party gebits in one spatial
degree of freedom
« That’s more tripartite entanglement than can be supported
on a 14-qubit state space
» With both transverse degrees, this doubles!

THE AIR FORCE RESEARCH LABORATORY

E3min

8t

6-

4-

2-

#
.
o
_
//{

0.02 00501 02 05 1 2 5

1'0 0p(in mm)
b)

E3min

30f ™
20}

10}

.

Owp(in Hz)

104 108 108 10"  10%2  10M*
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How successful Is our strategy? (Examples)
 Tri-photon pure state wavefunction 3Ly B
from third-order SPDC - 8mn, o

6-

8a 32a
Wlksskarks) = N Bxpl= 5 (6 + 1) = (o3 + 557 )

4-

Example: AIN crystal oo
L = 10mm In Energy-time: 2
A; _ 3250, « Minimum E;g is: 12.54 3-party gebits s o )
o.. = 19GHz * More tripartite entanglement than b) 002 00501 02 05 1 2 5 10
“r can be supported on a 37-qubit state g, _
g, = 1.0mm | space! '
Degenerate collinear . Note: 237 ~ 137. billion. 30 ™
triplets at 975nm.
L. 20}
In position-momentum:
Minimum E5g is: 4.808 3-party gebits in one spatial 10f
degree of freedom | | | | N e oo H2)
« That’s more tripartite entanglement than can be supported 10t 105 10® 10 107 1o

on a 14-qubit state space
» With both transverse degrees, this doubles!

THE AIR FORCE RESEARCH LABORATORY
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Withesses for N Parties

Cyclic entropic correlation:
N

z (H(QiIQiH) + H(R;|Ri11, ...,Ri+(N_1))) > 2log(Q)
i=1
* Violation witnesses genuine N-partite entanglement

A e
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Withesses for N Parties

Cyclic entropic correlation:
N

z (H(Qi|Qi+1) + H(R;|Ri11, ---:Ri+(N—1))) = 21og(Q)
i=1
* Violation witnesses genuine N-partite entanglement

Four-corners method:

B = [(09¥]p|0®)| + |(0®"|p]1%"))
+|<1®N|,5|0®N>|+|<1®N|,5|1®N>|—1 e

2

BZ
Enr(p) = —log, (1 - _>

. WorksforGHZ-Wernerstateforp>% N N N R -

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH
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Quantum Uncertainty limits N-partite correlations

Two parties:
« The entropic uncertainty principle between maximally é
uncertain Q and R (and maximum entanglement): 3 N
0
H(Q41Qp) + H(R4|Rp) = 0 i
h(xalxg) + h(kylkpg) > —0 ; : .
- . . KY)_ (pixels)
(No upper limit to correlations between two parties) a
»
[
g S/
g d
0 512

Y, (pixels)

RRRRRRRRRRRRRRRRRRRRRRRRRRRRR
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Quantum Uncertainty limits N-partite correlations
Three or more parties:

X3 » , * The entropic uncertainty principle between maximally
_|5 uncertain Q and R (and maximum entanglement):

H(Qa4,,Q4,|Q5) + H(Ra,, Ra,|Rz) = log(D)

ka

— h(x,) + h(k,) = log(me)
h(x,) + h(k,) = log(me)
h(x,,) + h(k,) = log(me)

{ « At mostN out of N pairs of conjugate observables can be
determined through correlation

« So with perfect correlations in Q (one determines the
rest)...

» ...the best-case correlationsin R are where N — 1
determines last

THE AIR FORCE RESEARCH LABORATORY
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Concluding points

« Entanglement is only defined from separability
« Multiple forms of separability — Multiple forms of entanglement

« Entanglement can be efficiently quantified through correlations

* There are resource-based measures of multi-partite entanglement
that can also be quantified by correlations

* The relationship between entanglement and correlation is different
for more parties
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Contingency slide: Four Corners Method

See PRA 86, 022319 (2012)
« The minimum quantum entropy over all bipartite splits measures multipartite

entanglement:
Bound B < Ey(p) = Iﬂ/}?z pi min /SL(le)

Sg(p) = —log, (1 — L(p)) is a concave-up function of /S, (p), so..

—log; (1 _ _) = rlr}/})nz Pi mln SR (p)/l)

min z pi min Sg (Byi) < min Z pimin $ (Byi) = Enr(P)
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Contingency slide 2: Four Corners Method

See PRA 86, 022319 (2012)
« Example bound (PRA 83, 062325 (2011)):

2N -2
B = 2(0%"|518Y)| - " Jalpla)2" —1—qlpl2" — 1 - )

q=1
What is |q)?
Example: 6 qubits, and q=17 _
In binary, 17 — 10001 Example state: GHZ-Werner of N-qubits
and [17) - [0,1,0,0,0,1) Pew = pIGHZYGHZ| + (1 = p)Pum

N-1_ A
B> 0forp> 22N_11 e.g., > % for 3-qubit pgyzw
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Contingency slide 3: Multipartite negativity
of GHZ-Werner state

The N-partite Negativity

Nu(P) = rlglpiigIZ pi min (¥ (Paja)}

N-qubit GHZ-Werner state:
beuzw = P |GHZWGHZ| + (1 — p)pym

Fully separable under partial trace
Set of eigenvalues of partial transpose is constant over all possible partial transposes:

, (1—p 1-p 1+(2N—1)p>

i=\ S5 m 5N
o (1-p 1-p1-02""+Dp 1+ -1p
ApT = IN 77 oN IN ‘ IN

Fully inseparable for p >

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH
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