Astronomy 142: Problem Set 2 Due Tuesday Feb. 4, at the beginning of lecture

1. (a) Show that, for a blackbody which occupies a small solid angle AQ, at low temperatures the relation
between temperature and B — V' color is something like

T~ 7400 K
T (B-V)+14
(Hint: Use the Wien approximation and assume the properties of the B and V filters given in
Lecture 3.)
Solution:
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If the temperature is low, so that T" < hc/kX for both wavelengths, then
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and the Wien approximation applies. Therefore,

r 5
B-V~25log |28 ehe/AsKT=he/ A KT DAV
v Alp
[ /25 Ay | ,
—925] AB 251 ( he/ApkT—he/ Ay kT
5log (M/) Ag +2.51og (e )
- 5 :
A
= 2.5log WANEY +2.5logeln (ehc/’\BkT_hc/)‘VkT)
Av AB
[ )\B g A)\V— he 1 1
=25log | (£2) Y| +25loger— [~ — —
o8 (M) | T OBT (AB )\V>
[ 430 nm\° 90 nm
=251
5log (540 nm) 100 nm]
+ o5 1Oge(6.6261 x 10727 erg s)(3 x 10'° cm/s) 1
(1.38 x 10716 erg/K)T 430 nm 540 nm
400 K
= —1.351+ 7400
po_TOOK
(B-V)+14

(b) This relation is a very poor approximation at high temperatures. Why?

Solution: If the temperature T is too high, then the e"*/**T > 1 approximation fails. Since

T appears in an exponential, making it very sensitive to the value of he/AkT, it fails pretty
badly.

2. Suppose that two stars with masses m1 and ms are in circular orbits about their common center of mass
with radii r; and ro, respectively. The orbital period is P.
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(a) Show that 1 = mar/(mi+ms) and o = mqr/(my +ms), where r = r; 49 is the distance between
the two stars.

Solution: By the definition of the center of mass,

1 ma

T2 my

Combining this with the definition r = r; 4+ ro gives

ma ma
ri=—ro=—(r—rp) ro=T—T1
my mq
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(b) The speeds of the stars in orbit are constant and given by v; = Qry and vy = Qrg, respectively,
where Q@ = 27/ P is the angular speed of revolution of either star about the center of mass. Show
that Newton’s second law, applied to either star, leads to

QQT?’
G

mi 4+ mo =

This should look familiar: it is Kepler’s third law, in a slightly different form than usual.

Solution:
F=ma
2
mimso v mo
G 2 = 1*1 = m1927’1 == m1§22 T
r 1 mi1 + mo
QQTS
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G

(¢) Show that if the orbital axis (the line through the center of mass, perpendicular to the plane of
the orbits) is inclined by an angle ¢ with respect to our line of sight, then the maximum Doppler
velocities that will be observed for the two stars relative to the Doppler velocity of their center of
mass are vy, = (2rqsiné and vg, = Qry sin ¢, respectively.

Solution: If the orbital axis is inclined by an angle ¢ with respect to the line of sight, then all
vectors in the orbital plane that are also in the plane of the axis and line of sight are inclined
with respect to the line of sight by the angle 7/2 — i. The maximum and minimum radial
velocities fit this description, so the Doppler velocity amplitudes for the stars are

T .
v1, = 7152 COS (5 - z) =r1Qsing

and similarly
Vo = Tof2sini
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(d) Eliminate r; and 7o from the previous expressions to show that

Vi + Vor ma  V1ip
r=—_— and — =

Qsing mi Vo

Note that the right-hand side of each expression contains only observables. With these, and the
results of part b, measurements can be used to obtain the masses and separations of the stars.

Solution: Adding the radial velocities just obtained gives
V1 + Vo = (11 +72)Qsiné = rQsing
r—= V1 + Vo
Qsing
Dividing the radial velocities gives
Vip _T1 . M2l Mmi+mz M2
Vor T2 Mmi+mg 1T my

(e) Suppose that a certain binary is eclipsing, and you have measured the period to be 11 days and
the radial velocities to be vy, = 75 km/s and vg, = 100 km/s. What are the masses (in Mg) and
separation (in Rg) of the two stars?

Solution: If the binary is eclipsing we know that ¢ = 90°. Therefore, using the results of parts
d and b gives

- + Vs 100) x 10°
po vt ver  (154100) X 107 em/s gy g0 96400 s/day)
Qsini 27

r=2.65x 10" cm = 38R, |

n 023 472 (2.65 x 10'2 cm)?
m m g g
trTR T g (11 x 86400 )2 6.674 x 108 dyn cm? g2

my 4+ mg = 1.22 x 103 g = 6.11M

Combining mq + my with the expression

Yir _ M2 _ 75
Vor mi

allows us to solve for m; and ma:

~ 6.11M,

m = e = 3.49M and mo = 6.11Mg — m; = 2.62Mg

3. Single-line spectroscopic binaries and the “mass function.” Consider the binary star system from the
previous problem.

(a) From the equations you derived in the previous problem, show that the sum of the stellar masses
is given in terms of the radial velocities by

P (1}17« + ’Uzr)g
—|— =
e 217G sin?

i
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Solution:
023
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(b) Next, show that
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In the right hand side, only the observable quantities P and vy, appear. This quantity, f(my, ms) =
Pv /27G, is called the mass function.

Solution:
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(¢) Show that the left hand side of Eqn. [1]is always less than ms; in other words, ms is always greater
than the mass function.
Note: Equation [I] is useful for single-line spectroscopic binaries: those in which one of the stars
(1) is much brighter than the other, so that only its spectral lines are seen. In particular, the lower
limit to the mass of the unseen companion, ms, obtained in this manner has been useful in the
identification of black holes in binary stellar systems, as we will see in a couple of weeks.

Solution:
m3 m3 1
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But 1/(1 + m1/m2)? < 1 since my/my is a positive number. Therefore, f(mq,mz) < ma.




