
Astronomy 142: Problem Set 5 Due Tuesday, February 25 at the beginning of lecture

1. Clarinets can play more than one note, even without pushing on the keys. Presumably stars can too.

(a) What is the next-lowest pitch (frequency) that can be played by the clarinet considered in class?
This mode is called the first overtone; the lowest-frequency mode is called the fundamental.
Take the length of the instrument to be 60 cm, the temperature of the air to be 15◦C, the average
particle mass of the air µ = 4.81× 10−23 g, and the adiabatic index γ = 7/5 (ideal diatomic gas at
15◦C). Give your answer in Hz and/or in musical notation.

(b) What is the next-shortest period of oscillation (i.e., the first overtone) of the uniform-density star
considered in class?

(c) The brightest classical Cepheid variable in the sky is Polaris, the North Star (α Ursae Minoris).
Its pulsation period is 3.97 days and its amplitude is 0.03 mag. Its spectrum and color show that
it has an effective temperature of 7200 K. It has a couple of companion stars from which its mass
can be determined to be 4.3M⊙ and its distance has been measured with trigonometric parallax,
yielding from its flux a luminosity of 2200L⊙. Estimate the periods of Polaris’ fundamental and
first-overtone pulsations. In which mode is Polaris likely to be pulsating?

2. Consider a star of radius R where the temperature T and mean particle mass µ are uniform inside,
except for a tiny layer on the surface in which the temperature drops from T to a much lower value.

(a) Derive an expression for the period of the fundamental radial oscillation of this star.

(b) Suppose a star like this were observed to have a radius R = 1.5R⊙ and we could tell from its
spectrum that it has the same mean particle mass and specific-heat ratio as the Sun. Suppose
furthermore it oscillates with a period of 2 hours. What is its interior temperature T?

3. Brown Dwarfs: Consider a star of such very low mass as to be only marginally capable of thermonuclear
heat production. Under the assumptions that the star is all hydrogen (Z = A = 1), that gravity is
balanced by nonrelativistic electron degeneracy pressure, and that protons, at the same temperature and
pressure as the electrons, act as an ideal gas, derive the equation relating the star’s central temperature
Tc to its total mass M . If Tc ≥ 3 × 106 K is required to sustain the pp chain fusion reactions, what is
the minimum mass of a luminous star? Express your answer in solar masses (M⊙) and compare it to
the mass of Jupiter (1 MJup = 2× 1030 g).

“Stars” with mass less than this minimum never undergo hydrogen fusion energy generation. These are
the brown dwarfs.

4. Begin with the relativistic form of electron degeneracy pressure and the expressions for central pressure
from weight and central density in a relativistic-degenerate equation of state:

Pe = 0.123 hcn4/3
e Pc = 11
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M
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Substitute ne = Zρ/Amp and manipulate to obtain both an expression for the electron degeneracy
pressure in a star made of material with nuclear charge Z and mass number A, and an expression for
the (Stoner-Andersen-Chandrasekhar) maximum mass of such a star. You will thus fill in the steps left
out in arriving at the results in the lecture on white dwarfs.

Calculate the maximum mass of a carbon white dwarf, expressing your answer in solar masses.

5. Black hole evaporation: Hawking radiation from a black hole with mass M is emitted at a rate and
spectrum identical to a blackbody with temperature T = hc3/16π2kGM .
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(a) Calculate the effective temperature and luminosity of a very small black hole with mass M = 1015 g.
At what wavelength is the peak luminosity? In which part of the electromagnetic spectrum is this
wavelength?

(b) Show that Hawking radiation leads to a decrease in the mass of black holes at a rate

dM

dt
= − A

c2M2

where A is a constant. Compute the value of A. Then use this expression to derive a formula for
the lifetime of a black hole with initial mass M0.

(c) Calculate the mass of a black hole with a lifetime of 1.4 × 1010 yr. As we will see, the Universe is
about this old; thus any remaining primordial black holes created in the Big Bang must be heavier
than the mass you calculate, assuming they have not accreted more material.

6. Time above the horizon

(a) Using Python, plot the amount of time (in hours) spent above the horizon each day as a function
of declination (in degrees) for observations made at latitudes of +43◦ (Rochester) and +31◦ (Kitt
Peak, Arizona). (Note: You must submit both your code and your plot to receive full credit.)

(b) Suppose that you want to go observing in Rochester “tonight” (February 24), and take pictures of
M1 (the Crab Nebula) and M8 (the Lagoon Nebula). Look up the coordinates of these objects, and
the sidereal time at midnight “tonight,” and estimate when each of these objects rises and sets. Is
this a good time of year to observe M1 and M8? (Note: You must show your work, and few-minute
accuracy will suffice.)
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