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Inside Living Stars, and Dead & Failed Stars

Temperature dependence of the fusion rate in stars

Nucleosynthesis and the cosmic abundances of the
elements

Solar neutrinos and the former solar neutrino problem
Radial and nonradial pulsations in stars
Pulsating stars and the instability strip

Helioseismology
The standard solar model

Degeneracy pressure of electrons and neutrons

White dwarfs HST image of the A1 star Sirius A
overexposed in center) and its

Neutron stars ( e ) ) iy

white-dwarf companion Sirius B

Brown dwarfs and giant planets (lower left). From NASA/HST.

Reading: Kutner Ch. 10.4 & 11.2-11.3, Ryden Sec. 18.1-18.2
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https://www.nasa.gov/multimedia/imagegallery/image_feature_468.html

Temperature dependence of proton fusion rate

Let us do a simplified version of a calculation first done by George Gamow
(Gamow 1928) and also in Ryden pp. 362-366 and Shu p. 115.

Consider in 1D the fusion of two particles with masses m; and mjy, charges q; and q»,
speeds v; and v, and separation r. Their reduced mass and relative speed is

miymy
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Classically, they cannot get closer together than 7pin, where
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http://adsabs.harvard.edu/abs/1928ZPhy...51..204G

Temperature dependence of proton fusion rate

Next, consider tunneling through a 1D infinite potential energy “step” barrier of height U.
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Start with the Schrodinger Equation:

n* d2y
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where
|2mE . 2m(E—U
ki = e and ky = iky = %
The probability density that the particle is in the non-classical region x > 0 is nonzero:
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Set the width of the barrier to rmin, after which the potential energy drops back to zero.
The probability density p, integrated over the well on the other side of the barrier, then
gives the probability that an incident particle with energy E will be found at x > #pn:

2mE 4712 mo?
p < exp (—2rmm h_2> = exp [—Zrmin 2m?7]

 exp [_4nrminmv} e [_47U’min]
h A

where A = % is the de Broglie wavelength of the incident particle. So the probability of
tunneling past a barrier of width 7ni, can be written as

Piunnel = Bexp [— 47-[;:“1“] = Bexp [—87;?;(12]

where B is a constant.
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If the particles are in thermal equilibrium at temperature T, then the probability that two
particles have relative speed v is given by the Maxwell-Boltzmann distribution:

where C is another constant. Do not worry about the value of these constants for now.

The probability of having tunneling and speed v is then product of these two
probabilities:

2
P = Dexp [—87“]142 o ]

ho  2kT
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The fusion rate is proportional to this probability P. For what v is the rate largest? Find by

setting the derivative equal to zero:

e Dexp [—87-“11[72 _

2kT | dv
mo

do ho
_ _8mqiqp
0=Dexp [ o

This will be true when

2 8 Tq1492
2kT ho?

8mq1q2  mo

hv2 kT
o (87Tq1q2kT)1/3

This value of v gives the fastest fusion rate.
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Taking the parameters for pp fusion,

m = % —=0.84 x 107 g, g1 = q2 = 4.803 x 1070 esu

and we get, for T = 15.7 MK,

1/3
= (%) — 1.3 x 108 cm/s

2
Paritn = Zﬁz —24%x10 " em > 107 em
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The maximum probability, and therefore the maximum fusion rate, is then

_ [ 8nqg,  mv?
Prmax =Dexp | == 2kT]
_ Dex _87rq1q2 87q192kT ~1/3 _om 87q192kT 2/3
P 2 him T\ hm
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Temperature dependence of proton fusion rate

Note that we defined

LLLL Lttt

3\? 87q1492 2 m 10
To = (E) (T = 1.565 x 10 K
The fusion rate is quite sensitive to temperature. Some numbers:
10 6;
Location T Pax/D A 1o 12F
~ =
Earth 300 K 5 x 107163 P 18F
Sun 157 MK 4.6 x 1075 We
Massive star 100 MK 4.6 x 10~* 1024
10°
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Implications

» Fusion is still fairly slow in the centers of stars. (Good!)

» Fusion rates are very sensitive to temperature and are much higher at higher
temperatures.

» Fusion rates are much lower for larger values of nuclear charge. This is why the
CNO cycles require higher temperatures than the pp chains in order to be significant
energy sources.

» Nucleosynthesis: Fusion in stellar cores produces heavier elements out of hydrogen,
in amounts that should tend to decrease with increasing atomic number and nuclear
weight.
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Hotter fusion and heavier elements

In principle, could stars live forever simply by gravitationally contracting and increasing
their temperature to ignite the next heavier source of nuclear fuel whenever they run out
of the lighter elements?
» No. The strong interaction range is smaller than the diameters of all but the smallest
nuclei, but the range of the Coulomb interaction still covers the whole nucleus.

» If nuclei get large enough, the increase in electrostatic repulsion of the protons
becomes greater than the increase in the binding energy from the strong interaction.

» Thus, there is a peak in the relationship between binding energy per baryon vs.
atomic mass number.

» The peak turns out to lie at iron (Fe: A = 56, Z = 26).
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Hotter fusion and heavier elements

Once a star’s core is
composed completely
of iron, it can no
longer replenish its
energy losses (from
luminosity) by fusion.

Average binding energy per nucleon (MeV)
S

3
H; Stars must therefore
2 die, eventually.
1fpHe
o LH:
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Number of nucleons in nucleus
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Neutrino production in the pp cycle

pt+pt—-2H + et + v, S27/A% 4‘0’23% pt+e +pt-2H + v,

107°%

M[ 2H+p*—-°%He +y *He + p*—*He + e* + v,

I 15,08 %

[3He+“He—‘7Be+y ]&
I99,9%
7Be+e‘—>7Li+11C} { Be + pt—=®B +y }
3He + 3He - *He + 2p* {7Li+p+—>4He+4He { 8B - ®Be* + et + v,

|

8Be* — ‘He + *He

Solar neutrinos produced in the pp chain in the Standard Solar Model (from Wikimedia Commons).
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https://commons.wikimedia.org/wiki/File:Proton_proton_cycle.svg

The solar neutrino “problem”

The rate of emission of solar neutrinos should match the pp fusion rate at the center of the
Sun. We know what the temperature is at the center, so we can accurately predict the

neutrino rate. However, the observed rate of v, is lower than the produced rate by factors
of 2 to 4, depending on the energy. Why?

Possibilities:
» We are wrong about the temperature. Very unlikely, as you will show in recitation.

» The center has cooled significantly, less than one photon-diffusion time ago (31,000

yr). Very unlikely, based on solar oscillation measurements (as you will show in the
homework).
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Neutrino oscillations
It turns out that neutrinos have a small amount of mass (~ 1 eV, or about 10_9mp), and

this allows them to change “flavor” from v, to v, and v; while in transit.
Oscillation probabilities for an initial electron neutrino
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Long-range oscillations of an initial v, to a vy, or a v. From Wikimedia Commons.
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https://en.wikipedia.org/wiki/File:Oscillations_electron_long.svg

Acoustic waves in stars
Interior pressure of a star with uniform density p
Because the star is in hydrostatic equilibrium,
AP GM(r)p _ Gp4 4
dr 2 23

= ——Gp r

Remembering that the surface pressure P(R) = 0, we can integrate to solve for P(r):

R
PR)-P() = [ S5
—sz/ v dr’
271
Gp ( 1’2)
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Acoustic waves in stars

Pressure waves move at the speed of sound. The adiabatic speed of sound is

o P [T
P 14

where v = Cp/Cy is the adiabatic index. For monatomic gases, like the ionized gases in
stars, v = 5/3.

If sounds waves can propagate in a medium of finite size, then it is possible for there to be
standing waves of pressure due to the reflection of sound from the “ends” of the object.

Sharp changes in sound speed can result in reflection of sound, like a sharp change in P/p
at the surface of a star, its center, the edge of its convection zone, etc.
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Acoustic waves in a clarinet
Notes played by wind instruments correspond to acoustic standing waves. In a clarinet,
the standing waves have a pressure node on the open end (bell) and an antinode on the

closed end (mouthpiece).
TUBE CLOSED AT ONE END
(a) Displacement of air (b) Pressure variation in the air
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