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Finding the Universe among the universes

» The Friedmann equation and its solutions
» The ages and fates of flat universes

» The cosmological constant

» Constraining the constants in the Friedmann
equation:
> Ages of globular clusters

> Galaxy distributions and (),
> Acceleration of high-redshift galaxies

Reading: Kutner Sec. 21.4, Ryden Sec. 24.1-24.2

Image of the WMAP spacecraft, which operated from 2001 to
2010.
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https://map.gsfc.nasa.gov/

How to use the Friedmann Equation: The constants
Put all these terms back into the Friedmann Eqn. and multiply through by R%:

R\'_8nG A _ @
R) ~ 3 PMT 3T 'R

RS
R? — H3Om, =2 2 H3QA,R* = —H3R3 (O, + Qpy — 1)

)
R 5 Ry R2
(&) =m[r+om (R-1)+on (z-1)

Defining the normalized scale factor s = R/R,, with a = 1 today, we can rewrite the
Friedmann equation:

% = H2 [1+QMO <1 —1) +Qy, <a2—1)]
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Using the Friedmann Equation

The Friedmann Equation is separable and directly integrable.

Example: A flat universe

Suppose a universe were flat, i.e.,

Qe o1] Qu, = O Qp,=1-0

0 0

What is the relation between time and normalized scale factor a?
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Using the Friedmann Equation

The Friedmann Equation is separable and directly integrable.

Example: A flat universe

Suppose a universe were flat, i.e.,

Q€ [0,1] Qp =0 Qp =1-0

0

What is the relation between time and normalized scale factor a?

(%)2:% [1+Q(%—1)+(1—Q) (az—lﬂ

H? [1+%—Q+a2—1—0a2+ﬂ]

H3O 1-0
=I5 (9 —|—a2—Qa2) — =0 (1—1— u3)
a a Q)
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Using the Friedmann Equation

Example: A flat universe

Make the following substitutions:

x = 1-a 1/311 ax _
L Q da
sothatx € [0, ((1—Q)/Q)"%a] asd’ € [0,4].

Multiply through by (dx/da)? and use the chain rule:

1

Q

2 _ O\ 2/3 2
(dxda) =<1 Q) Hgﬂ(1+x3)

da dt Q
dx\ 2 5 1+
(%) —ma-o

Q

)1/3
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Using the Friedmann Equation

Example: A flat universe

Now take the square root, separate, and integrate. It is easier to work with #(x) rather

td . 1 ((1—0)/0)1/3ad \/T
t = = — T
) /0 Hov1—Q /0 Vit

This integral can be done analytically (see slides at end):

than x(t):

t(a)—;ln \/a31_0
~ 3Hyv/1-Q Q

+\/1+a3

1-Q

)
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Using the Friedmann Equation

Example: A flat universe

Let us plot a(t) against t and define the age

'S

and fate of flat universes: | o empty
Age since the Big Bang (a = 0) is the time ,? —— Qup = 0.25,0,,=0.75
from the present: £ 3] 7 Om= 050,000
g | — Qu=075,0,,025
QMO Age (Gyr) ;ﬁ:" — Qp, = 1.00, 04,=0.00
0.25 13.6 =2
0.50 111 g
0.75 9.81 &1
100 893 s
A Hy = 73.04 km/s/Mpc
The first of these universes has an age not 0

~10 0 10 20

far from that of an empty universe, Time from present [Gyr]

t =1/Hy = 13.4 Gyr.

- = - = = _
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Using the Friedmann Equation

Example: A flat universe

Fate: No flat universes with (5, > 0 will
collapse.

All of the universes expand exponentially

present day)
o

= Hjy = 73.04 km/s/Mpc
(arg open), except for the pure-matter flat S 4 - emply
universe (O, = 0, Oy, = 1). £ —— Qu, = 0.25,0,,=0.75
£ —— Q= 0.50, 0,=0.50
. g 27 _ -
In the pure-matter flat universe, the S — Oy =07504,=025
. . 95 — QO = 1.00, Qp,=0.00
expansion continues forever but not as fast 0
(a o t2/3). 0 100 200 300
Time from present [Gyr]
10/22
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Notes on the cosmological constant

Despite the appearance that it functions as just another energy density, the cosmological
constant A is very different from the density terms.

» The total mass of a physical universe is constant — energy is conserved — so the
mass density decreases monotonically with time in an expanding universe.

» But A, being constant, does not decrease with time. As the volume of an expanding
universe increases, the total energy represented by A, which we call dark energy,
increases.

» The dark energy in a universe is not necessarily conserved. Its increase is responsible
for the exponential, accelerating expansion in flat universes with nonzero Q.
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https://science.nasa.gov/astrophysics/focus-areas/what-is-dark-energy/

Solving the integral. ..

In order to solve the integral

(1-0)/0)a ; X
t =
/0 V1 + a3
first make the substitution
B 1/2
u = x3/2 du = gxl/zdx ue [O, (%) u3/2]
Thus
2 (a-0)/0)%2 gy
I / e
3 0 V14 u2
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Solving the integral. ..

This is equal to

7 (1-0)/Q)1/243/2
t= 3 sinh ! u

0
2 120 5
t—gsmh ( Tu

Remembering that sinh ™' u = In (u +Vu2 + 1>,

2 [ 1—0 1-Q
P 3 3| — ) +
g 31n< "0 \/a ( Q ) 1)
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Is our Universe among these choices?

1
=11 (1) v (1)

A wide range of ages and fates is consistent with homogeneity, isotropy, and expansion at
73.04 km/s/Mpc. So we need more experimental constraints:

» Independent measurements of the age of the Universe. For example, the age of the
Milky Way’s globular clusters, derived from main-sequence turnoff, is ~ 13 Gyr
(Krauss & Chaboyer 2003, Marin et al. 2009). This sets a lower bound on the age of
the Universe, which must be at least a bit older than its contents.

» Measurements of the mass density ().

» Measurements of the acceleration or deceleration, 4, of the expansion of the
Universe.

> Measurements of the curvature, k, of the Universe.
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http://adsabs.harvard.edu/abs/2003Sci...299...65K
http://adsabs.harvard.edu/abs/2009ApJ...694.1498M

Measurements of the mass density

One way to determine the mass density, oy,
or Oyy,, is to measure fluctuations in the 3-D
distributions of galaxies or galaxy clusters
determined from sky surveys and radial
velocity measurements.

Principle: relate statistical variation in
galaxy distribution to average values.

Statistical variation is measured by

galaxy or cluster correlation functions, .
or their corresponding power spectra.
Compare to statistics of gravitational
structure formation models to get the

total average density, including dark
matter.

Astronomy 142 | Spring 2025



Measurements of the mass density

Observational bounds on () made from the
number density of galaxy clusters (Planck
Collaboration 2018) and hence sensitive to
luminous and dark matter:

Op = 0.3111 £ 0.0056

The clusters were observed in
measurements by the Planck satellite using
the Sunyaev-Zel'dovich effect (Sunyaev &
Zel’dovich 1970).

(&}

1.2 4

1.0

0.8

0.6 1

DES lensing N

Planck lensing
DES lensing+Planck lensing Il
Planck TT,TE,EE+lowE N
DES joint
KiDS-450

0.2 0.3 0.4 0.5

The contours describe different methods of measuring the parameters; the blue ellipses
show fit results from 2018 (Planck Collaboration 2018). Note that og is the measured RMS
in galaxy numbers within spheres of radius 8 h~! Mpc, where Hy = 100k km s~ Mpc L.
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https://arxiv.org/abs/1807.06209
https://arxiv.org/abs/1807.06209
https://en.wikipedia.org/wiki/Sunyaev%E2%80%93Zel%27dovich_effect
http://adsabs.harvard.edu/abs/1970Ap%26SS...7....3S
http://adsabs.harvard.edu/abs/1970Ap%26SS...7....3S
https://arxiv.org/abs/1807.06209

Measurements of the mass density

Globular cluster ages and
measurements of Oy, firmly rule out
the possibility that we are in a
matter-dominated universe, but
universes with a nonzero cosmological
constant appear to solve the age
problem fairly easily.

The expansion of the universe
decelerates for large (1, due to the
effect of gravity.

But, if )5, # 0, the accumulation of
dark energy eventually accelerates the
expansion. So, look for observational
evidence of acceleration.

1.0
Hy = 73.04kms~! Mpc~!
0.8
—
>
[ 0
ae} Globular )
“g Clusters //
$ 0.61 &
- 7,
N
— s
= /
5
5 041 S
< ,
S ,,
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[ ,
U)U S/ -=- empty
0.2 v —— Qu, = 031,04, = 0.69
s —— Q= 031, 0y, = 0.00
4 —— Oy, = 1.00, 0y, = 0.00
Yy — Qu, = 2.00, O, = 0.00
/
0.0 _ . . . .
-150 -125 -100 -75 =50 =25 0.0
Time from present [Gyr]
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Universal acceleration

In our usual plots of 2 and ¢,
deceleration appears as
concave-downward curvature,

as in the universes with A = 0.

And acceleration appears as

concave-upward curvature, as
in our results for flat universes
several Gyr after the Big Bang.

So we should look for
observational evidence of
A #0.

B

W

—_
L

Scale factor (1=present day)
N

--=- empty
—— Qpp = 025,04, =075

—— Q= 025,05, =0
—— Qpy =1.00,04, =0
—— O, = 200,04, =0

Hy = 73.04km s~ ! Mpc~!

o

~10 0 10
Time from present [Gyr]
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Universal acceleration
Recall that the normalized scale factor a

is proportional to the typical distance
between galaxies in the Universal
expansion.

Thus acceleration and deceleration
appear as departures from the Hubble
diagram, which is linear in this
rendition.

» Above the empty universe: objects

will appear fainter than expected
from their distances.

» Below the empty universe: objects
will appear brighter than expected.

Note how the “empty” a-t plot has slope

Hj and t-intercept 1/H,.

=present day)

Scale factor (1

1.0
-—=- empty
— Qu, = 025,04, =075
081 — Qumy=02504,=0
— Qp, = 100,04, =0
— O, =2.00,Qy,=0
0.6
Hy = 73.04 km s~! Mpc~!
0.4
0.2
0.0 L ; - ; ;
-15.0 -125 -100 =75 -5.0 —-2.5

Time from present [Gyr]
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Universal acceleration
Using SNe Ia found in z ~ 0.1 — 1, evidence was T Amy(B)
found for acceleration (Knop et al. 2003). Note 42F
the presence of systematic uncertainty due to
lower metallicity in the distant past.

40F

381

— ©,,=0.20, ©,=0.80]

m-M (mag)

Big caveat: The distances to these galaxies are
still, of course, measured by SNe Ia luminosity.

361 ©,,=0.20, ©,=0.007

e - ©,=1.00, QA=0.OOE
» Their light was emitted far enough in the ‘ ‘ -
past that metal abundances were }

substantially smaller than today. 05¢ l 1

» So we probably do not know the SN Ia j

luminosity of these objects accurately 001 il { 1 “Tjr-—\}\ [
enough to confidently use them as standard % ( T % ‘ \
candles at high redshift. R 3

SNe Ia observations in 1998 from the Supernova Search Team ‘

(Riess et al. 1998) . ' 5
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http://adsabs.harvard.edu/abs/2003ApJ...598..102K
http://adsabs.harvard.edu/abs/1998AJ....116.1009R

Universal acceleration

Despite the considerable and ongoing
uncertainties about high-redshift SNe Ia, the
observation of Universal acceleration was the
first respectable indication of a non-zero
cosmological constant.

The 2011 Nobel Prize in Physics went to Saul
Perlmutter, Adam Riess, and Brian Schmidt, who
led the SNe Ia surveys.
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Our Universe!
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https://www.nobelprize.org/nobel_prizes/physics/laureates/2011/

Summary: The Universe today

Atoms
Dark
4.6% Energy
Dark 71.4%
Matter
24%

TODAY
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