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Adiabatic contraction of the disk

If the potential of the system changes little while the disk forms, then these adjustments

are adiabatic and so the final state is independent of how it got there.

In a spherically-symmetric system with all particles on spherical orbits, the product of a

particle’s orbital radius and the mass contained within that radius is a constant:

Mi(ri)ri = Mf (rf )rf

The final mass is

Mf (rf ) = Md(rf ) + (1 � md)Mi(ri)

where md is the fraction of the total mass contained in the disk, and Md(rf ) is the disk

mass contained within radius rf .
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Self-gravitating disk in DM halo

Assume a halo with an unperturbed density profile

r(r) =
1

4pr2

dM(r)
dr

The total energy of the halo is

E = �1

2
MvirV2

virFE

where (for a NFW profile)

FE =
c
2

1 � 1

(1+c)2 � 2 ln(1+c)
1+c

⇥ c
1+c � ln(1 + c)

⇤2

October 18, 2022 (UR) Astronomy 465 | Fall 2022 3 / 11



Self-gravitating disk in DM halo

Assuming that all disk particles are moving on perfectly circular orbits (so

Vrot(R) = Vc(R)), the total angular momentum of the disk is

Ld = 2MdRdVvirFR

where

FR =
1

2

Z rvir/Rd

0

u2e�u Vc(uRd)
Vvir

du

The self-gravity of the disk results in

V2

c (r) = V2

c,d +
GMh,ac(r)

r
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Including a bulge

If a galaxy contains both a bulge and disk, then

Mbary ⌘ Md + Mb ⌘ mbaryMvir

The total angular momentum of the baryons is

Lbary ⌘ `baryLvir

If Lb = `bLvir is the initial angular momentum of the baryons from which the bulge

formed, and if all this angular momentum is transferred to the disk and halo (so that the

bulge ends up with 0 angular momentum), then

Ld =
⇥
`bary � (1 � ft)`b

⇤
Lvir

where ft is the fraction of Lb that is transferred to the disk.
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Disk galaxy scaling relations
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Forming disks from relic angular momentum distribution

This model assumes that the angular momentum is not redistributed as the disk forms.

Assuming that the gas has the same specific angular momentum distribution as the dark

matter, and that the disk is non-self-gravitating in an isothermal sphere,

Sd(R) = µ
Md

2pR02
d

✓
R
R0

d

◆�1 ✓
1 +

R
R0

d

◆�2

where µ is a free shape parameter and

R0
d ⌘ Lc

Vc
=

p
2(µ � 1)x�1lrvir

with x = 1 � µ
h
1 � (µ � 1) ln

⇣
µ

µ�1

⌘i
.

October 18, 2022 (UR) Astronomy 465 | Fall 2022 7 / 11



Forming disks from relic angular momentum distribution
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A viscous disk

The gas surface density will evolve into the stellar surface density via the star formation

law,

∂S⇤
∂t

=
S(R, t)

t⇤
where t⇤ is the star formation time scale. The evolution of the gas surface density is

governed by

∂S
∂t

+
1

R
∂

∂R
(SRvR) = �S

t⇤
and

∂

∂t
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1

R
∂
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R
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By eliminating vR and assuming that
∂W
∂t = 0,
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