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Solutions Problem Set 1 PHYS 415 1

Discussion Question 1.4.2

In the Coulomb gauge, we had for the scalar potential,

o(r, 1) = /d3r' P 1) (1)

v

so that the potential at point r at time ¢ is effected by the charge density some distance away at r’ at the exact same
time ¢. It would seem that information about the charge is transmitted across the distance |r — r'| instantaneously,
which would violate our notion of physical causality: since no information can travel faster than the speed of light c,
it should take some finite amount of time At > |r —r/|/c for a charge at r’ to effect the potential some distance away
at r. So how can the Eq. (1) above be correct?

The answer is given by noting that ¢(r,t) is not itself directly measurable, in a non-static situation. The only things
measurable are the electric and magnetic fields, E and B. The electric field, in a non-static situation, is given by,

10A
B=-Vo-T% @)

The term —V¢ can be non-causal if causality in E is restored by the 0A /9t term.

47
In the Coulomb gauge we saw that the equation for A is given by, (J2A = —j, where j, is the transverse part of
c

the current density j, and is given by,

jinn) = -V [ dw} .

v —r'|
Since the definition of j, involves an integral over all space of j, then j, is not locally related to j, and so there is no
causal relation between the two, i.e., j; (r,t) is instantaneously determined by j(r’,¢) a finite distance |r — 1’| away.
Hence ji, and so also A which is determined by j, , are not causally related to the sources p and j.

Thus, not only is the —V ¢ term in the expression for E non-causal, but so also is the A /9t term. It can be shown (I
won’t do it) that the sum of the two terms gives rise to a perfectly causal relation between E and the sources p and j.
One way to know that this must be so is to note that in the Lorenz gauge the potentials ¢ and A are causally related
to the sources p and j, since they solve the inhomogeneous wave equation. And since ¢ and A are causal, then so are
E and B since they are locally determined from ¢ and A. And since E is clearly causal in the Lorenz gauge, it must
also be so in the Coulomb gauge, since the fields E and B are independent of whatever gauge one chooses to work in.
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