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Discussion Question 2.4

The question is, if the monopole moment q = 0, and the dipole moment p 6= 0, can we make the quadrupole moment
$
Q vanish by taking an appropriate origin for the coordinate system?

When q = 0, the quadrupole tensor in the translated coordinate system is,

$̃
Q =

$
Q� 3pd� 3dp+ 2(p · d) I

$
(1)

We assume that in the initial coordinates
$
Q is diagonal, so Qxy = Qyx = Qyz = Qzy = Qzx = Qxz = 0, but Qxx and

Qyy 6= 0. Because
$
Q must be traceless, Qzz = �(Qxx +Qyy).

Now we want to make a translation by d and see if we can get
$̃
Q = 0. Since

$̃
Q is symmetric and traceless, we would

need,

Q̃xx = Qxx � 6pxdx + 2p · d = 0 (2)

Q̃yy = Qyy � 6pydy + 2p · d = 0 (3)

Q̃xy = �3pxdy � 3pydx = 0 (4)

Q̃yz = �3pydz � 3pzdy = 0 (5)

Q̃zx = �3pzdx � 3pxdz = 0 (6)

The above is 5 equations with only 3 unknowns, dx, dy, and dz. In general the system is overspecified and there is no
solution.

Note, even though
$̃
Q was diagonal in the original coordinate system, in general it will not remain diagonal in the

translated coordinate system.

A special case where we can make
$̃
Q = 0 is when the system has rotational symmetry about an axis, say the ẑ axis.

Then by symmetry, the dipole moment p must be aligned parallel to the ẑ axis. If that is not obvious, one can see
that mathematically as follows:

px =

Z
d3r⇢(x, y, z)x =

Z
d3r⇢(�x,�y, z)(�x) =

Z
d3r⇢(x, y, z)(�x) = �px ) px = 0 (7)

In the first step above we just changed integration variables x $ �x and y $ �y; in the second step we used that ⇢
is rotation symmetric about the ẑ axis, so by 90� rotation, ⇢(�x,�y, z) = ⇢(x, y, z). Since px = �px, we must have
px = 0, and similarly py = 0, so p = p ẑ.

Similarly we can show that the quadrupole moment
$
Q can be diagonalized with ẑ as one of the eigen-directions.

Consider the o↵-diagonal term Qxz,

Qxz =

Z
d3r ⇢(x, y, z) (3xz) =

Z
d3r ⇢(�x,�y, z) (�3xz) =

Z
d3r ⇢(x, y, z)(�3xz) = �Qxz ) Qxz = 0 (8)

where the steps are the same as we used for the dipole moment px. Similarly, Qzx = Qyz = Qzy = 0, so
$
Q has the

form,

$
Q =

0

@
Qxx Qxy 0
Qys Qyy 0
0 0 Qzz

1

A (9)
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Since the x � y subspace of this tensor is symmetric, it can be diagonalized by an appropriate rotation about the ẑ
axis. But because the charge distribution has rotational symmetry about the ẑ axis, it must be that such a rotation

leaves
$
Q invariant. We thus conclude that Qxy = Qyx = 0, and Qxx = Qyy ⌘ Q?.

We could see this directly as follows. If we call r? = (x, y), the component of r in the xy plane, then by rotational
symmetry, ⇢ can depend only on r? = |r?| and z. So, converting to cylindrical coordinates, we have,

Qxy =

Z
d3r ⇢(r?, z) (3xy) =

Z 1

�1
dz

Z 1

0
dr? r?

Z 2⇡

0
d'⇢(r?, z)(3r

2
? cos' sin') (10)

Since
R 2⇡
0 d' cos' sin' = 0, we have Qxy = 0 and similarly Qyx = 0. And,

Qxx =

Z
d3r ⇢(r?, z) (3x

2 � r2) =

Z 1

�1
dz

Z 1

0
dr? r?

Z 2⇡

0
d'⇢(r?, z)(3r

2
? cos2 '� [r2? + z2]) (11)

Qyy =

Z
d3r ⇢(r?, z) (3y

2 � r2) =

Z 1

�1
dz

Z 1

0
dr? r?

Z 2⇡

0
d'⇢(r?, z)(3r

2
? sin2 '� [r2? + z2]) (12)

Since
R 2⇡
0 d' cos2 ' =

R 2⇡
0 sin2 ' = ⇡, we have that Qxx = Qyy.

So now we see that, with ẑ as an axis of rotational symmetry,
$
Q must have the form,

$
Q =

0

@
Q? 0 0
0 Q? 0
0 0 Qzz

1

A (13)

Using these results, that px = py = 0, and Qxx = Qyy ⌘ Q?, Eqs. (2)–(6) become,

Q̃xx = Q? + 2pẑ · d = 0 (14)

Q̃yy = Q? + 2pẑ · d = 0 (15)

Q̃xy = 0 (16)

Q̃yz = �3pdy = 0 (17)

Q̃zx = �3pdx = 0 (18)

So if we now take d to be parallel to p, then dx = dy = 0, and the o↵-diagonal terms of
$̃
Q vanish. We can then make

the diagonal terms vanish by taking,

d =
�Q?
2p

ẑ (19)

and we get
$̃
Q = 0.
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