
DQ -6

we know ¥ RE
= LE>

and we know E. P, He
= LN>

we want to maximize S = - kB ? Pehr Pe

subject to the above constraints
,
as well

as E. PEI

So we want to be Lagrange multipliers and
maximize

S t ARB -2g Pj -PKBZP, Eg ta KB ? Pg N's

0=05 = I { -k, }Ip, bnp, -dpjtppjtj-LP.N.gg}op, ape

⇒ o = It In Pe - d tf Ee - a NL

⇒ in P,
= I -PE, taN;

- l

P
;
= ed

- I

e-PEL
taNc

JE

~
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If we define a =pµ then we have

Pc = et - I e- P (Ei
- ten;)

E.P, = ed -1 ? e-
Pti -MN:)

=L

⇒ ed
- I
=
1-

E. e-
PCE i -MNET

so p.c-ee-PEIMN.ie#?e-BlEj-MNj
Ths d

'

just the probability distributionof
thegr#i÷y
we interpret paths, and µ is the

chemical potential .

P andµ are determined by the conditions

§ PIE = LE) ad EP, Ne --LN>

⇒e-
PETANI)

E
,

g. e-
PIE;
-nay,

=LEy ay
E. e-
MEMNila

,

- if-1M



DQt
The probability for the system to be in a stale
i in the grand canonical ensemble is

p
,
= e- BIE

-

MNi) E i = energy of state i
- Nc = #particles in state i
L

To get the probability PCN ) that the system has
exactly N particles, we sum P, over all states i
which have NEN -

- pet, -unit
PCN) = Z Re = Z e-

i suck i such L
thatNEN that NEN

pMN - B Ez
= e Z e
-

e such
&

thatNi=N

But I e-PE' is grist the canonical partition
i. such

that NEN function QN

Using z = em we then have

PlN)=ZNQN#L✓
The ab one result as true ni generale .

However , for non-interacting indistinguishable
particles we have ,
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Qu =tN
,
L -- qFan = In ⇐nQ? = EQ '

N !

so
pent - zµN,.Qg aGOI
IN! e

ZQ ,

Pen ) = 9=1-7N£N!_
This is just a Poisson distribution with mean

1=7071 True for any Qi ! Particles↳
can have internal degreesof freedom

From the well known properties of the
Poisson distribution we then have

average (N> = X = 2- Q ,

variance LNS - LN 22 = y - ZQ ,

-

In case these properties of the Poisson

distribution are met well known to you ,
we can derive them !

( N> = In ZNeII=±zz§n ZNQN)L

-



= Zz Zz (L ) = I # (EZQ ' ) =2zIeZQ
= ZQ ,

= t where we used L=eZQ '

< NZ> =-3 z÷N
'

= Zzz ( zzz Z ZNQN)

=FFz( zfz.CL )) -- Zzfzfzfz EQ)
=

Zz Zz ( za , EQ)
-

- Zzfa.EE#ieZQY=ZQiLtz-yQL=zQitCZQcl2
L

= a t y
2

So Lµ2z - LN>
2
= at 12 - X

-

= d

so LN> =D

and LN
'
> - LN >2--7
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