PHYS 418 Solutions Problem Set 9
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The 2D Fermi Gas and the Sommerfeld Expansion

In Problem Set 9, problem 2, you found that for the 2D fermi gas the density of states is a constant g(¢) = go = m/7h?,
and that the chemical potential varied with temperature as,

kBT efep/kBT

/I,(T) =¢ep+kgTln |:1 — e*EF/k’BT:| N ep [1 — when kT < € (1)

(S
1(T) thus has an essential singularity at 7" = 0, which means that a Taylor series for u, expanding about 7' = 0, has

a zero radius of convergence.

That is consistent with what one find from the Sommerfeld expansion, where to lowest order we have from Eq. (3.9.65),

M €r ) g'(ep)} (2)

w(T) =ep [1 - 5 7er)

Since g(€) = go a constant, ¢g’(¢) = 0, and so the Sommerfeld expansion gives u(T) = ep. Higher powers in the
Sommerfeld expansion also vanish since all derivatives of g(e) vanish. The Sommerfeld expansion therefore concludes
w(T) = ep stays constant at all T. The Sommerfeld expansion cannot capture the essential singularity at 7" = 0,
because the essential singularity has no convergent Taylor series expansion!

Yet the Sommerfeld expansion is still not doing badly! The relative correction term from the 7" = 0 value goes as,
—u(T T
r i) T T/ 1 since Ty = er/kp ~ 5000 K (3)
€ TF

So at room temperature, T /T = 17, and the relative correction is &~ 2.5 x 1079, and so negligible!

We can see where the essential singularity in p(7') comes from as follows. The areal density of particles n is given by,

o oo g(e oo 1 )
n:/o dEg(E)f(Efﬂ):/O deeﬁ(e_(ﬂ)){—l_go/_'udxeﬁz{»l Wlth.f:E*/,L (4)

The density n is fized and so must be independent of the temperature T'. One chooses p(T) to give the fixed constant
value of n.

. To the left we sketch f(z) = 1/(e®* + 1) vs o for T = 0
area here is slichl and for a finite 7" > 0. The density n is just proportional to
less than area }%ere}:l the area under the curve. Because df /dz is symmetric about

~
s x = 0, the area under the 7' = 0 and the T' > 0 curves would
(_L be equal, and hence p would be the same, IF the range of
§-< integration was symmetric about x = 0.
—7TI=0 because range below 0 is . . 3} .
—T>0 cut off at —gz, while range But the range of integration is not symmetric. For < 0 the
above 0 extends fo o integration cuts off at x = —p, while for > 0 the integration
0 extends to infinity. For this reason, if u is kept constant, the
—u 0 E-—Uu area under the T' > 0 curve is ever so slightly larger than the

area under the T' = 0 curve. Thus, to keep n constant, it is
necessary that p(7') must be slightly smaller than 1(0) = ep.

So the shift in 4 at finite T" has to do with the fact that our integral on x starts at —u, rather than —oco. The difference
in area between the 7' = 0 curve and the finite 7' > 0 curve, due to the integral being cut off at —u rather than —oo,
is then,

_Md — = _Md — 71 = _“d 7eﬁz _#d B = k‘BJ w/k
1 f 1 ~ x —u/kp1

since 7% is very small when z < 0 and p1/kgT >> 1. This, therefore gives rise to the essential singularity in (7).



But this sort of effect is inherent throughout the Sommerfeld expansion. It arises in the step going from Eq. (3.9.46)
to (3.9.47), where we replaced the lower limit of the integrals by # — —oo. Usually we do not worry about this
approximation since it gives such a small correction when the terms in the Sommerfeld expansion are finite. But for
the 2D fermi gas, when we compute the density n, the terms in the Sommerfeld expansion all vanish, and so this
usually negligible effect is all there is to give a finite difference between the T > 0 result and the T' = 0 result. The
same would be true for any situation where the quantity one is averaging over X (¢) is such that g(e) X (¢) is constant.

Moral of the story: As long as the terms in the Sommerfeld expansion do not all vanish, the Sommerfeld expansion
should be doing a good job! In particular, the Sommerfeld expansion result for the specific heat, ey = (72/3)k%Tg(er),
should be good even for the 2D fermi gas, and so also for the 2D fermi gas in a harmonic potential.
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