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1) a) Density of states . we start by finding the numberof

states per unit volume with energy less than or

equal to E.
such states tie ink - space within a aide of
radius K = 2m4h

He> = 1-%E = E. 7¥ = -4m¥.
L2

:i÷;%:a:÷ñi%÷É÷:* . .a constant

b) Fermi energy : at -1=0 , the density is given by
m = [Fae g (e) = go EF ⇒ EF-mg.fi?gTshm-m)-
The energy density is

no = So
⇐de gce ) E

= I go EE = I gm÷=ñ±ñgsm

u.es#--Ing:---+gII-T-
c) at finite T

m=f%e§¥µ-,+, = go fide z¥+,
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The 2D Fermi Gas and the Sommerfeld Expansion

In Problem Set 9, problem 2, you found that for the 2D fermi gas the density of states is a constant g(✏) = g0 = m/⇡~2,
and that the chemical potential varied with temperature as,

µ(T ) = ✏F + kBT ln
h
1� e�✏F /kBT

i
⇡ ✏F


1� kBT

✏F
e�✏F /kBT

�
when kBT ⌧ ✏F (1)

µ(T ) thus has an essential singularity at T = 0, which means that a Taylor series for µ, expanding about T = 0, has
a zero radius of convergence.

That is consistent with what one find from the Sommerfeld expansion, where to lowest order we have from Eq. (3.9.65),

µ(T ) = ✏F


1� (⇡kBT )2

6

✏F
g(✏F )

g0(✏F )

�
(2)

Since g(✏) = g0 a constant, g0(✏) = 0, and so the Sommerfeld expansion gives µ(T ) = ✏F . Higher powers in the
Sommerfeld expansion also vanish since all derivatives of g(✏) vanish. The Sommerfeld expansion therefore concludes
µ(T ) = ✏F stays constant at all T . The Sommerfeld expansion cannot capture the essential singularity at T = 0,
because the essential singularity has no convergent Taylor series expansion!

Yet the Sommerfeld expansion is still not doing badly! The relative correction term from the T = 0 value goes as,

✏F � µ(T )

✏F
⇡ T

TF
e�TF /T ⌧ 1 since TF = ✏F /kB ⇡ 5000 K (3)

So at room temperature, TF /T ⇡ 17, and the relative correction is ⇡ 2.5⇥ 10�9, and so negligible!

We can see where the essential singularity in µ(T ) comes from as follows. The areal density of particles n is given by,

n =

Z 1

0
d✏ g(✏)f(✏� µ) =

Z 1

0
d✏

g(✏)

e�(✏�µ) + 1
= g0

Z 1

�µ
dx

1

e�x + 1
with x = ✏� µ (4)

The density n is fixed and so must be independent of the temperature T . One chooses µ(T ) to give the fixed constant
value of n.

T = 0
T > 0

f(ε
−µ

)

ε − µ0−µ

1

0

area here is slighly 
less than area here

because range below 0 is 
cut off at −µ, while range 
above 0 extends to ∞

"

¥ g-

To the left we sketch f(x) = 1/(e�x + 1) vs x for T = 0
and for a finite T > 0. The density n is just proportional to
the area under the curve. Because df/dx is symmetric about
x = 0, the area under the T = 0 and the T > 0 curves would
be equal, and hence µ would be the same, IF the range of
integration was symmetric about x = 0.

But the range of integration is not symmetric. For x < 0 the
integration cuts o↵ at x = �µ, while for x > 0 the integration
extends to infinity. For this reason, if µ is kept constant, the
area under the T > 0 curve is ever so slightly larger than the
area under the T = 0 curve. Thus, to keep n constant, it is
necessary that µ(T ) must be slightly smaller than µ(0) = ✏F .

So the shift in µ at finite T has to do with the fact that our integral on x starts at �µ, rather than �1. The di↵erence
in area between the T = 0 curve and the finite T > 0 curve, due to the integral being cut o↵ at �µ rather than �1,
is then,

Z �µ

�1
dx [1� f(x)] =

Z �µ

�1
dx


1� 1

e�x + 1

�
=

Z �µ

�1
dx

e�x

e�x + 1
⇡

Z �µ

�1
dx e�x = kBT e�µ/kBT (5)

since e�x is very small when x < 0 and µ/kBT � 1. This, therefore gives rise to the essential singularity in µ(T ).
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But this sort of e↵ect is inherent throughout the Sommerfeld expansion. It arises in the step going from Eq. (3.9.46)
to (3.9.47), where we replaced the lower limit of the integrals by x ! �1. Usually we do not worry about this
approximation since it gives such a small correction when the terms in the Sommerfeld expansion are finite. But for
the 2D fermi gas, when we compute the density n, the terms in the Sommerfeld expansion all vanish, and so this
usually negligible e↵ect is all there is to give a finite di↵erence between the T > 0 result and the T = 0 result. The
same would be true for any situation where the quantity one is averaging over X(✏) is such that g(✏)X(✏) is constant.

Moral of the story: As long as the terms in the Sommerfeld expansion do not all vanish, the Sommerfeld expansion
should be doing a good job! In particular, the Sommerfeld expansion result for the specific heat, cV = (⇡2/3)k2BTg(✏F ),
should be good even for the 2D fermi gas, and so also for the 2D fermi gas in a harmonic potential.



27 Two dimensional fermi gas ai a
harmonic potential

Elnx
, by ) = two ( n ✗ + nyti) gives the single particle

energy
levels

we can represent the allowed single particle states by points
in the lnx , ny ) plane with nx

, my 70

my note
,

the spacing between allowed points is
on = 1

, always stays fixed ? This is
unlike

£÷ particle in a box states, represented by points• • • •

in Ts space , where the spacing between%
•

•

•

°

•

avowed points is ok=z→ 0 as ↳•

in the thermodynamic limit .

The contoursof constant energy in lnx.my ) space
are given by g = two ( n + 1) where n = nxtny
ny

I

← nxtny
= n constant

n
,

the total number of single particle
states with

energy E E
two CND

is then given by the area of the

shaded triangle , divided by the
area per

allowed energy level

Conx) long ) =L .

We should then

multiply by the spin degeneracy factor Gs
= 2 for

the two possible spin states 1--1
.

The total number of single particle states with energy
less Home is therefore

Gle) = (2) (Iri) = ñ=(£w, - 1)
2

3)



Note - for GCE ) above to
be good , it is necessary

that e is large

so that n = nxtny ⇒ 1 is large, so that the discreteness of the
pouts in Cnx , ny ) space does not matter . clearly if E
was too small we would have a situation like in ten

sketch below
,
and then the area under

the contour is not

a good estimate of the number of points undermy •

µ
•

the contour.

!-•, n
,

We will ignore this coup
Kinton and use

the above Glad for all E
.
The correction

to the quantities we calculate below will

be small provided the number of particles
is N → 1

.

a) We can now compute the density of states per
unit energy as

gie-dfg-2-wolf-w.tn#
Note - the above is the density of states perenergy_ and not

the density of states pevinergyp.eu#lume ,
as was

asked for in the problem . The latter would be

just gce)/V .

But sm.ie the gas is confined by the

harmonic potential and not by a box of givin
volume V

,

then there really is no 4 , and so it is more reasonable

to use the above g /E) as the density of
states per energy.

In terms of the above glad ,
the expressions we will use in

the later pants are :

N= SEFde gce )
total energy at -1=0 .Emin

E - S
G-
de g (e) g

}
"• the member of Particles and

Here Emin = two is
the lowest

allowed single particle energy .

Emir



b) The Femi energy is determined by

N = f
"
de g (e)

= G (EF) = (E¥w,
- IT

Emin

Note
,
here the lower limit of integration must be Emin = two rather than zero .

If you
used

zero as the tower limit , then fide g (E) would not give
back the correct GCE) ! the difference , however, is negligible in the limit

of large N

⇒ |ef=h-wo(i+rn#
-

EF 3 EF
c) E = [Fae geese = fdezw.IE?-wo-e)--&-EFwoi--E--wo)nw

,

Emin
Emin

= :¥÷, . -¥÷. - :&:÷r+¥%÷
= £¥_w

.
(}£±w. - 1)

+ FYI substitute in for of

E- = two 11 + TNT /3 ( Hrw ) - 1)

t-hzwo-E-h-wo-i-fii-rni.lt?,-+rnj)+5T#
I the large N limit , the leading term is

-=zh-woN%asN-T
So here E ~ N

"
rather than E ~ N as one

usually expects for an extensive variable .

This is a consequence of the fact that the gas is confined
by an external potential and so is not spatially uniform .

Once a system is not spatially uniform ,
the notion of extensively

loses its meaning !





So C - 2¥g ~ 2g CEF ) kiss 'T same as for a
normal metal . The

only difference is in

Note , since g (E) here
is the expression for

the density of states per gcef)
energy , and not the density
of states per energy pervade
The above Cui the

total specific heat, aid not the

specific heat per
volume -

From (a) g /e)
= ¥6. ( ¥wo

- 1)

From (b) Ep = two ( I + rn )

so glee ) = Z-nw.TN

cn4rNzwÑ②
Note , in order to use the approximation that the number

of fermions
that get thermally excited is

GCEF) KBT

we should have Kpi →
two

,
so that we

do not have

to worry
about the discreteness of the spacing

between the single particle energy levels .


