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O418 Solutions Midterm Exam 2015
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variables are S
, P , M .

We did notiv)
s
,e define such a potential in class

,
but

that does not mean we can't define it !

F(s , P,M) = Els, X,N) + PX-yN

Legenda fransform ofE from Y to-p and

from N to M
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2) Label partedies A by i. = 1
,

- . -

, NA

Label particles B by j=l , - - -

, NB

a) If all parties were distinguish , the partition
faactuén would be

Q=tTfd¥ ftp.ufdrjfdp.e-FH
is⇒ ⇒

Now It = ? PzIma -1 ? IIM
,

= HA +HB

so e-EH = e-FHA e- FHB and Q factors

Q = QAQB where

QA = ¥adÉftp.e-f?Emn--FNn-lI(Sd'rifd3p.e-PPI-mA )
= Esna ( Sdk fdsp e- f¥ma)NA
=

a ( 2#making )%NB
and similarly Q ,

= ¥!÷ (zitmp test )€
"

But the particles A are indistinguishable
from each other ,

and thep.at#mnisIEihlle
From each other , so cofyen we did the above
integrals are overcounted states . To correct

3)



we follow Gibbs and divide QA by ¥ ! and QB by ¥3,1
.

So we get

Q = ¥¥÷µ¥zñmakBT)%
NA
y
NB

¥711,3T
&'TMB KB

NB

Q is just the product of the partition functions for
only particles A and only particles B

Helmholtz free energy is then

A- IT, V , NA , Ns) = -kiln Q

= - KBT { Nahr [ ¥, 121TMAKBT)%] - NahNat NA

+NB ln[¥ GITMBKBT )% ] - Ntsln Nts + NB }
where we used he N ! a NbnN - N

AIT
,
V
, NA ,

NB) = - KBT { NA +ND +Nah[¥1,121TMAKBT)%]|+NBln[V_•GñmBkBÑi
b) S = -§⇒ ,

, ma ,µ,=
↳{NatNB +NAln[¥a(ZITMAKBTP

"]
+ NBln[¥

,

121TMBKBT?
"

]}
1- KBT { Iz Na ¥ + { NB¥}

S=kB{5zNAt§NB+NAhr[¥µaktmAkÉ]+NBh/¥TMBkJ¥]



S = Sats, is just the sum of enlropiés of
separate gas of A ad gas of B.

c) P = -4T¥
,
***5- KBT{ ^¥ +1¥ }

p=NAk+NBkf✓
p is the sum of the

"

partial pressures
"
from gas A

and from gas B . If we write N = NatNg then

P = Nk¥ and the ideal gas law holds ?

d) MA = §÷×a)
,, , µ ,=

-kBT{1+h[¥ñak*makBT)%I
→

Tf
comes from NAINA@ Ñ☒)

µA=-k5ln[¥a(z*mAk§T)%]##
Sumlin }

µB=-kBTln[¥,l2tMBk☐T)%]
chemical potentials MA ad pets are the same as

if there was only gas A
od only gas B.

e) When the wall is thermally conducting but immovable
and impermeable , then each side is separately

in

equilibrium . We can therefore cure the ideal gas lane
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For only NÉ
'

particles A ad no particles B on side 1

we get

p,=NÉY
Similarly far only Nts

' particles Bad no particles A- on side2

we set

pz=NÉ°yÉ In general , pit Pz

f) Now the wall becomes permeable art paetecles
flow through the wall ad come nito a new

equilibria with Mai ad Npd particles Aad Bon

side 1 ad ☒Azad NBZ particles AadB on

side 2 .

We still must have NA , + Naz = NAM

NDI t NBZ = Npf)

Remember
, for an ideal gas , E

= INKBT

so initially , before the wall became, permeable, the energy was

E-
"'
= Ei" + EÉ) = 3zNÉKBT + 3zNÉ" KBT

=

3zkBT (NH + NBN)
then after the wall became permeable the energy becomes

E = =L, +Ez = CENA , ki
'

+ % NBIKBT
'

)
+ ( 3-2 NAZKBT

'
+ IZNBZKBT)

d)



where T
' ai the new temperature

E- = ZZKBT
'

/NA , 1- NBI +NAZ + NB2)

=3zk☐T
'

( NAG +1457 since Nait Naz = NAG
ad N, , + Npz =Ng

/9

Now since the exterior walls of the box are

thermally insulating we mist have E=E↳
⇒ -1=-1

'

and thetanperahuee-f.hrdoes not change
-

g) The new equilibrium will be determined by thecondition that the ohauical potentials of the two
species of gas are the

sane on side 1- as on side 2

µA (T) V1 , NAI , NBI ) = MA IT, V2 , NAZ , NB2)µ,gy,yz,µaz,µ,zy=µ,µ,yz,µµz,µp€
The above is

easy
to solve for since Ma does not

depend on NB and lets does not depend on Wa .

µA IT, Vi , NAI >NB, )
= MA IT, Xz , NAZ , NBZ)

from part (d) :

⇒ -host ln[q¥aY+mAkBT)%] = -kiln [¥µazlñmAk5D%
⇒

¥ = 4¥ ⇒ ME = NAI - NA"¥
⇒ Naif, +¥ ) = NÉ÷ ⇒ Nail "¥¥

,
)=N¥?

e)



⇒ NA , = NA
">

v¥✓
,

= NA
'"

¥
Naz = NAM - NAI = NA

'"
(1-¥ ) = NAHVg

so NA\=)NÉ>NAz=¥)NA
similarly Nµ=)NÉ"N$z=(¥)NÉ

so the fraction of particles in a given side
is just equal to the fraction of the total
volume that side contains .

This is exactly what one would expect
without

any
detailed calculation

. The

particles joist spread out evenly over
all the possible volume , so that there
is a constant density of particles

density of A is NA÷ ,
density of B is N§

so number of Ani side 1-
is just 11 ,NA

etc
.

h ) Now the pressure or side 1 is by part (c) just
p , =(NAi+¥BDk5_ =µ¥)NÉ"µ+NÉ"]kB
n=EÉY

f)



and the pressure on side 2 in

Pi µAz+¥?↳ =[(¥)Na"'+¥⇒NÉ"]kB
pz=(NA'^+uNÉ")kB# so p,=pz②

so the pressure on the two sides of the
arterial wall have become equal even
though the wall remained flied wi position
the whole tune !

When the wall was impermeable, the pressure on side 1 was

p_1 = N_A^(0) k_BT/V_1

and the pressure on side 2 was

p_2 = N_B^(0) k_BT/V_2

and so in that case p_1 ≠ p_2.

Hence, the pressures changed when the wall became permeable.


