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ABSTRACT

OPAL opacities have recently helped to resolve a number of long-standing discrepancies between theory
and observation. This success has made it important to provide the associated equation-of-state (EOS) data.
The OPAL EOS is based on an activity expansion of the grand canonical partition function of the plasma in
terms of its fundamental constituents (electrons and nuclei). The formation of composite particles and many-
body effects on the internal bound states occur naturally in this approach. Hence, pressure ionization is a
consequence of the theory. In contrast, commonly used approaches, all of which are based on minimization of
free energy, are forced to assert the effect of the plasma on composite particles and must rely on an ad hoc
treatment of pressure ionization. Another advantage of the OPAL approach is that it provides a systematic
expansion in the Coulomb coupling parameter that includes subtle quantum effects generally not considered
in other EOS calculations.

Tables have been generated that provide pressure, internal energy, entropy, and a variety of derivative
quantities. These tables cover a fairly broad range of conditions and compositions applicable to general
stellar-evolution calculations for stars more massive than ~0.8 M. An interpolation code is provided along

with the tables to facilitate their use.

Subject headings: atomic data — atomic processes — equation of state

1. INTRODUCTION

The inability to resolve a number of long-standing discrep-
ancies between theory and stellar observations led to the spe-
culation that the widely used Los Alamos opacities were
missing important sources of opacity (Simon 1982;
Christensen-Dalsgaard et al. 1985). Because of this speculation
and the need for the opacity of low-Z materials to model laser-
produced plasmas, the OPAL opacity effort was undertaken
(Iglesias, Rogers, & Wilson 1987, 1992; Iglesias & Rogers
1991a, b; Rogers & Iglesias 1992). While the development of a
detailed equation of state (EOS) was necessary to calculate the
occupation numbers needed for opacity calculations, the pub-
lication of EOS tables for astrophysical use was deferred
because of the relatively large size of the tables required to
calculate accurate derivatives of EOS quantities. Historically,
stellar models have been computed inconsistently, since the
EOS used to compute the opacities has had little if anything to
do with that used throughout the rest of the model. The success
of the OPAL opacities in helping to improve theoretical
models (e.g., Moskalik, Buchler, & Marom 1992; Guenther et
al. 1992; Swenson et al. 1994a, b) has made it essential to
provide EOS data that is consistent with the already available
opacity tables.

The simple ionization equilibrium model introduced by
Saha (1920) led to a revolution in stellar modeling and is ade-
quate for many purposes. However, the modeling of high-
quality observational data requires much greater accuracy in
the EOS. For example, to model helioseismic data, derivatives
of the EOS must be accurate to better than 1% (Christensen-
Dalsgaard & Dippen 1992), a level of precision that can only

be expected from fundamental procedures. Saha’s model
assumes ideal-gas conditions and uses only the ground-state
configuration in the ionization-balance equations. A complete
model needs to treat all excited states, including many-body
effects as well as nonideal corrections due to Coulomb inter-
actions. These effects are interrelated, and as a result, ad hoc
approaches are prone to count the same term twice (see § 3).
Consequently, corrections to the Saha equation obtained by ad
hoc approaches can vary by substantial amounts (gauged by
stellar-modeling sensitivity).

Considerable effort has been devoted to the fundamental
treatment of hydrogen plasmas. An in-depth description of
much of this work can be found in the books by Kraeft et al.
(1986) and Ebeling, Kraeft, & Kremp (1977; see also DeWitt
1966; Krasnikov 1977). The more general problem of multi-
component plasmas has received much less attention (Rogers
1994, 1986, 1981; Krasnikov & Kucherenko 1978; Ebeling
1974), although a new approach for treating multicomponent
plasmas based on the Feynman-Kac path-integral represen-
tation has recently been developed (Alastuey & Perez 1992;
Alastuey 1994).

Typical stellar-model calculations require the EOS for a
large, variable set of temperature-density points and for vari-
able composition. It is thus very desirable to have available an
efficient model that allows on-line computation or, failing that,
a model that can be used to produce tables. All such models in
current use, including the Saha equation, are based on free-
energy minimization methods. These approaches work in the
chemical picture and deal explicitly with ions and atoms, i.e.,
assert the effect of the plasma on their internal structure. On

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1996ApJ...456..902R

OPAL EQUATION-OF-STATE TABLES 903

the other hand, ab initio treatments of the EOS of partially
ionized plasmas consider explicitly the fundamental particles.
These approaches are developed in the grand canonical ensem-
ble and are known as physical-picture methods. The present
work uses the activity-expansion method of Rogers (1994),
used earlier to compute the OPAL opacity tables, to tabulate
the stellar EOS. The various physical processes included in the
OPAL EOS are detailed in § 3.

Tables have been constructed for a fixed heavy-element
mixture at five values for the hydrogen mass fraction and three
metallicities. An interpolation routine was written to compute
EOS quantities for varying hydrogen mass fractions (X = 0 to
X = 0.8) and metallicities (Z = 0 to Z = 0.04). The range of the
tabulated data in temperature and density is suitable for mod-
eling stars more massive than 0.8 M, lying on or above the
main sequence in a Hertzsprung-Russell diagram. The tables
themselves are not printed with this paper. Instead, these and
the interpolation code are available by sending an e-mail
request to opal@coralllnl.gov or fswenson@lanl.gov. We
anticipate full publication of the tables (28 Mbyte), the inter-
polation code, and this paper in a forthcoming AAS
CD-ROM.

Because of the rather uncommon formulation of the OPAL
EOS, we first discuss EOS methods that are more familiar to
astrophysicists (§ 2) and then present (briefly) the activity-
expansion formalism used in the OPAL EOS (§ 3). Details of
the EOS tables and their use are presented in § 4, and a brief
discussion of some applications as well as comparisons with
other EOS results are givenin § 5.

2. COMMONLY USED EQUATION-OF-STATE METHODS

In addition to the Saha equation, two other methods are
frequently used to calculate stellar EOSs. Eggleton, Faulkner,
& Flannery (1973, EFF) developed an EOS that is computa-
tionally simple and suitable for on-line use. They introduced
an ad hoc free-energy term to produce pressure ionization at
high density, i.e., when the interparticle separation is less than
a bohr. This overcomes a well-known shortcoming of the Saha
equation that predicts 30% neutral hydrogen in the solar
center. Similar to Saha, EFF assume that ions and atoms are in
their unperturbed ground states. The EFF method is rela-
tivistic and accounts for Fermi-Dirac statistics for electrons.
However, it ignores Coulomb interactions and treats heavy
elements as if they were always fully ionized. Additionally,
it can produce unphysical phase transitions when used out-
side its range of validity. Because of these simplifications, the
EFF EOS is computationally speedy. The EFF EOS also has
the advantage that changes in compositions can easily be
accommodated.

In view of the need for higher accuracy in the EOS, a
number of attempts have been made to improve the EFF treat-
ment. Christensen-Dalsgaard (1991), Christensen-Dalsgaard &
Diéppen (1992), and Swenson et al. (1996b) have added a
Debye-Hiickel free-energy term to the EFF model. This
revision is known as the CEFF equation, to indicate that the
Debye Coulomb correction has been added (see also Pols et al.
1995). Swenson & Rogers (1992) adjusted parameters in a
CEFF EOS in order to obtain improved agreement with the
activity-expansion (physical picture) method of Rogers (1994).
A version of the EFF EOS that remedies many of the original
shortcomings is currently being developed (Swenson, Rogers,
& Irwin 1996a).

Going beyond the simple models to include the excited
states and more correct Coulomb-interaction terms is fraught
with difficulties. For example, the internal partition function
for an isolated atom is divergent, so some method for cutting
off the partition function must be introduced. Typically, this is
accomplished by the assumption that the presence of other
particles in the vicinity of a given atom (ion) confines the parti-
cle to a sphere of order of the ion-sphere radius or that it
interacts with the plasma through a short-range, screened
potenital, e.g., the Debye-Hiickel potential. The resulting free
energy is finite but discontinuous at plasma conditions in
which a bound state is just entering the continuum. This
behavior cannot be present in physically consistent models.

Mihalas, Hummer, and Dippen (Hummer & Mihalas 1988;
Mihalas, Didppen, & Hummer 1988; Dippen et al. 1988;
Déppen, Anderson, & Mihalas 1987; hereafter, collectively,
MHD) have presented an occupation-probability formalism
that is thermodynamically consistent and produces continuous
free energies. It is commonly referred to as the MHD EOS.
Relying on inferences from experimental measurements of level
shifts (Goldsmith, Griem, & Cohen 1984), they postulated that
the bound states of atoms and ions are unshifted by the plasma
environment. They used a configurational free energy that
depends explicitly on the occupation numbers of the individual
states to define an occupation probability w;. The occupation
probability gives an estimate of the number of bound states of
type i that are available to be occupied. The quantity 1 — w; is,
thus, a measure of the fraction of total states that have been
severely affected by plasma perturbations and no longer
behave as localized states. In the case of neutral particles, the
MHD approach uses the free energy of a parameterized hard-
sphere gas to determine the occupation probability. For
ion-ion interactions, the electric microfield (Stark-ionization
theory) is used to determine the occupation probability. For
ion-neutral interactions, they proposed the use of a com-
bination of the two forms. The method is thus phenomenologi-
cal but uses experimental data to fit free parameters in the
occupation probability function. The MHD method has been
used in numerous stellar-modeling sensitivity studies. For
example, Christensen-Dalsgaard & Déppen (1992) reported
generally good results whereas, using a different inversion
method and studying deeper layers of the Sun, Dziembowski,
Pamyatnykh, & Sienkiewicz (1992) reported significant differ-
ences between observation and the results of calculations that
employ the MHD EOS. See § 5 for a brief comparison between
OPAL and MHD results.

3. THE ACTIVITY-EXPANSION METHOD

Fundamental, many-body, quantum statistical treatments of
the EOS of partially ionized plasmas start from the grand
canonical ensemble (Hill 1956). In this approach, one views the
system in terms of its fundamental constituents. The standard
procedure for neutral gases is to expand the pressure in terms
of two-body, three-body clusters, etc., i.e., a cluster expansion.
The same is true for plasmas, but the long range of the
Coulomb potential introduces substantial complications. In
addition, the quantum nature of electrons introduces degener-
acy and exchange corrections. The attractive electron-ion
interaction leads to short-distance divergences in classical
cluster coefficients, so the use of quantum mechanical methods
is essential. Graphical resummation procedures can be used to
remove the long-range divergences occurring in all cluster coef-
ficients of plasmas. Composite particles (i.e., ions, atoms, and
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molecules) arise naturally in the physical picture, so many-
body effects on the bound states are determined from theory.
This is an advantage over chemical-picture methods in current
use, all of which introduce ad hoc models to obtain these
effects. A detailed description of the procedure is given else-
where (Rogers 1994, 1986, 1981; Kraeft et al. 1986; Dashen,
Ma, & Bernstein 1969).

Important differences between a typical chemical-picture
calculation and the physical picture can be illustrated with a
simple example. Consider the hydrogen ionization equi-
librium:

e” +p"oH.

The typical free-energy minimization method (neglecting elec-
tron degeneracy) would adopt the following free-energy
expression (e.g., Stix & Skaley 1990):
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The first three terms on the right side of equation (1) corre-
spond to the translational free energies for electrons, protons,
and hydrogen atoms, with N, N, and Ny the corresponding
number densities. Z;, is the sum over states (internal partition
function), Fpy is the Debye-Hiickel free-energy correction, and
Ap is the Debye screening length. Frequently, Fp,y is reduced by
a factor 7(x), introduced to account for the finite size of the ions
(Graboske, Harwood, & Rogers 1969; MHD). However, this
term is only appropriate for very hot, dense plasmas and is not
valid outside a limited regime. It is well known that Z; is
divergent for an isolated ion; thus, some ad hoc mechanism
must be introduced to truncate the sum. In practice, there are a
number of ways this can be done. For example, a temperature-
density—dependent, screened potential can be employed. But
this type of truncation mechanism causes Z;,, to change dis-
continuously at conditions in which a state moves into the
continuum and is no longer counted. Therefore, equation (1) is
intrinsically physically inconsistent.

In contrast, the analogous free energy that results from the
many-body diagrammatic approach, to terms of order (n2)3/2
in the coupling parameter, is (Rogers 1994, 1990, 1986)
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is the so-called Planck-Larkin partition function. As described
in Rogers (1981, 1986), the energy levels that appear in ZF are
unscreened except for high-lying states near the plasma contin-
uum. The states that are screened change smoothly with
plasma conditions. As a result, ZFY is both finite and a contin-
uous function of temperature and density (although the density
dependence is very slight for normal stellar conditions). It is
important to note that the difference Z,,, — ZF% reflects a
double counting of states in equation (4); i.e., the many-body
treatment shows that this part of the internal partition function
is included in the Debye-Hiickel free energy. The MHD EOS
displays a similar property through the use of the occupation-
probability formalism but differs in significant details (Rogers
1990). The inconsistent Z;,, used in MHD, however, has little
influence at solar conditions.

Equation (5) is itself insufficient for the precise modeling of
hydrogen at solar conditions. For this purpose, degeneracy,
exchange, and quantum-diffraction corrections must be con-
sidered. The inclusion of these additional effects in the pressure
of a fully ionized plasma (after elimination of the activities)
yields

P n, 13/2(a2) Pex PDH

KT~ I 1yt T Soees Ve » Q]
where the I, functions are the Fermi functions, «, = u /KT is
the degeneracy parameter,

Po _2m [ e _
k—T— - 3V J\r <r )[gee(r) 1] dr (8)

is the first-order electron exchange, g, is the electron-electron
pair distribution function, and Py, is the Debye-Hiickel pres-
sure correction, except that now the Debye length is corrected
for electron degeneracy by use of

kT 12
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The factor f(y,., 7.;) in equation (7) is a quantum-diffraction
correction to the classical Debye-Hiickel pressure with y,, and
7.; the diffraction parameters involving the ratio of the thermal
de Broglie wavelength in relative coordinates to the Debye
length (Rogers 1981). The first-order exchange correction (eq.
[8]) is frequently omitted in astrophysical EOS calculations
(EFF; MHD,; Stanerio 1988; Stix & Skaley 1990), but in view
of the current need for high precision, it must be included. Note
that Landau & Lifshitz (1958) derived an incorrect expression
for the effects of electron degeneracy on the classical Debye-
Hiickel free energy, which was corrected by Kidder & DeWitt
(1961; see eqs. [ 3] and [9] of this work).

Not shown in equation (7) are a series of higher order
exchange and Coulomb corrections that are intertwined with
degeneracy and diffraction effects. These additional terms
become important for plasma conditions that are more strong-
ly coupled than solar or when extreme accuracy is needed, as in
the analysis of helioseismic data. These terms are quite intri-
cate, and they have produced some controversy. The works of
DeWitt et al. (1995) and Alastuey & Perez (1992) agree to terms
of order (n2)? but differ in the term of order (n2)>/2. However,
Alastuey & Perez (1995, private communication) have recently
obtained agreement with DeWitt et al. In the treatment of
multicomponent plasmas, the OPAL EOS uses a combination
of exact theory and an approximate effective-potential method
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to include diffraction corrections (Rogers 1994). This pro-
cedure does not include terms beyond Montroll-Ward that
contribute at higher order. In the case of hydrogen, this pro-
cedure agrees with the recent work through the (n2)%-order
correction.

The many-body diagrammatic perturbation methods, while
being rigorous, are as a practical matter limited to weak coup-
ling. However, the fact that ions behave classically allows an
all-order summation of the ion-ion interaction terms (Rogers
1981). Quantum diagrammatic procedures are used to calcu-
late terms to order (n2)/2 for electron-electron and electron-
ion terms (DeWitt 1966). These higher order terms incorporate
additional Coulomb correlations and effects due to the finite
size of composite particles. (The latter is a generalization of the
7(x) function previously mentioned.) The method is thus
capable of including the main contribution due to strong coup-
ling from the heavy-element admixture in hydrogen-helium
plasmas. Although a pseudopotential method for going to
higher order in the electron-electron and electron-ion inter-
action has been proposed (Rogers 1979), it has not been
incorporated in this work.

For comprehensiveness, we now summarize the physical
processes or phenomena modeled in the OPAL EOS: non-
relativistic Fermi-Dirac electrons, classical ions, all stages of
ionization and excitation, molecular hydrogen, degenerate
Coulomb corrections, quantum electron diffraction, electron
exchange, pressure ionization, and terms arising from the so-
called ladder diagrams of full quantum theory.

4. RESULTS

In the present work we have concentrated on producing
EOS data tables suitable for many astrophysical applications.
Whereas, in opacity calculations, elements heavier than neon,
particularly iron, can dominate answers, this is not the case for
the EOS. The OPAL EOS is obtained by solution of a fully
coupled, many-component set of activity equations. Hence, the
computer-time requirements increase disproportionately with
these heavier elements due to their complex atomic structures.
Because of this, we have truncated the elemental abundances
to include only elements up to neon. The abundances of
heavier elements (by number fraction) have been added to the
neon abundance. Table 1 lists the relative abundances of the
heavy elements used in the EOS tables (i.e., ignoring hydrogen
and helium).

We have tabulated data, as a function of temperature and
density, for pressure, internal energy, entropy, and the follow-
ing second-order quantities (Cox & Guili 1968):

olnP olnP
XT‘(alnT>,,’ x":(alnp)T’ (10)
olnP r dlnP
r, = 2
! (am,;)s’ r,—1 (amr)s’ (1)
OE OE
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v <6T>V, (61))T (12

Additional secondary quantities can be accurately computed
analytically from the tabulated quantities by use of various
thermodynamic identities (see Cox & Guili 1968). Derivatives
of secondary quantities can only be obtained through numeri-
cal differentiation of tabulated quantities.

The temperature-density range of the tabulated data is

OPAL EQUATION-OF-STATE TABLES

905

TABLE 1
METALLIC COMPOSITION OF EOS TABLES

Relative Relative
Element Mass Fraction Number Fraction
C....... 0.1906614 0.2471362
N....... 0.0558489 0.0620778
O....... 0.5429784 0.5283680
Ne...... 0.2105114 0.1624178

shown in Figure 1. Note that the tables actually use the dimen-
sionless quantity Ty = T/10° K to define the temperature. We
have tabulated data for hydrogen mass fractions X = 0.0, 0.2,
0.4, 0.6, 0.8 and for heavy-element mass fractions Z = 0.00,
0.02, 0.04 (corresponding helium mass fractions are given by
Y =1— X—Z). An auxiliary code for interpolation in the
variables Ty, p, X, and Z is available (see § 1).

Figure 1 also shows temperature-density tracks for stars of
various masses. Stars with masses of ~0.8 My or less fall
outside the range of the data over part of their tracks. The
tracks have two line types; solid curves indicate the radiative
portion of the model star, and dashed curves indicate the con-
vective portion. Of course, for stellar-evolutionary calcu-
lations, accurate EOS data is needed throughout the model.
The division of the tracks into radiative and convective regions
was made to illustrate that OPAL opacity tables are not
limited to stars with masses above 0.8 M since accurate
opacity data is only needed in radiative regions (except in
superadiabatic regions found in stellar surface regions).

The tables have a jagged edge toward high densities and low
temperatures (see Fig. 1). This is the result of the attempt to
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FiG. 1—Temperature-density range covered by the EOS tables. Table
points to the left of the dotted line may not be in strict local thermodynamic
equilibrium. They are tabulated mostly for the convenience of having nearly
square tables. The temperature-density points taken from three main-sequence
stellar models at an age of 4.7 x 10° yr are indicated by their respective masses
in the figure. The track of a 1 Mg model near the end of red giant branch
evolution is also plotted (identified by “ RGB ” in the figure). All of the models
start with the initial solar composition. For these model tracks, solid lines
indicate radiative regions, and dashed lines indicate convective regions. See § 4
for discussion.
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limit the plasma conditions to weak electron coupling, where
we are confident that the physics employed is well within its
limits of validity. Extension of the tables to cover stars down to
masses of ~0.25 M, is currently being considered. The EOS
tables cannot be extended to much higher temperatures
because at 10° K electron pair production becomes a signifi-
cant factor, and this is not modeled in the current OPAL EOS.
We are also limited to densities below 10° g cm ™3, where
electrons are nonrelativistic. Inclusion of the relativistic correc-
tions for the electrons due to their quantum and Coulombic
interactions will be very difficult. It will also be very difficult to
extend the tables to lower temperatures, i.e., below 5000 K.
There, the main difficulty is numerical, as the OPAL EOS has
to solve for the electron density as part of its iteration pro-
cedure. When the electron density falls to very low values, this
procedure has trouble converging and eventually fails. Thus, a
new solution technique would have to be devised. Given that
plasma conditions are likely to be nearly ideal (for the densities
of interest), it may be more efficient to switch to a chemical
picture, such as that of MHD or an improvement on EFF for
atmospheric EOS data.

A preliminary version of these EOS tables was presented in
Rogers (1994). Kosovichev (1995) used these preliminary tables
in helioseismic inversion studies to deduce the helium abun-
dance in the convection zone. He found that the OPAL EOS
yields more physically consistent results than those obtained
with MHD’s. In somewhat similar helioseismic studies, Basu &
Antia (1995) also obtained consistent results with the OPAL
EOS. Nonetheless, both studies noted that the OPAL inter-
polated data was not smootl/)/‘and cited a need for tabulation of
the data on a more finely spaced temperature-density grid.

In the current work, we have constructed tables in the same
temperature-density range but with triple the number of tem-
perature points and double the number of density points used
in the earlier work (Rogers 1994). The resultant tables are thus
denser than the recommendations of Dorman, Irwin, & Pe-
dersen (1991), who examined the impact of EOS tabular density
on stellar-evolutionary models. In order to minimize computer
requirements, this change was not accomplished by recompu-
tion of the additional points with the OPAL EOS. Instead, we
interpolated the additional values by use of the earlier tables
and a version of the improved EFF EOS (Swenson et al.
1996a). Because the improved EFF EOS differs from the
OPAL results by only a few percent or less, we were able to do
simple interpolations in the ratios of OPAL to EFF quantities.
This worked extremely well, judging from our comparisons of
a few hundred interpolated points with computed OPAL
values. This approach, while quite robust, is probably too slow
for on-line use in stellar-model calculations. The tables are now
sufficiently dense that interpolated values are both accurate
and smoothly varying (although further refinement may be
needed when modeling the most discriminating helioseis-
mological data; see also § 5).

5. DISCUSSION

The EOS tables described herein are the first to be made
available for astrophysical applications based on the physical-
picture approach. Furthermore, the same computer code has
been used to compute Rosseland mean opacities, thus making
it possible to compute stellar models based on physically con-
sistent EOSs and opacity data. While obviously desirable, this
consistency between the EOS and opacity models has not been
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generally possible. The tables are sufficient for most modeling
needs for stars more massive than 0.8 M, (see Fig. 1).

Even though we have performed a rigorous calculation for
the conditions covered by these tables, we point out that the
results for conditions less severe than solar (i.e., higher tem-
peratures for a given density) will for the most part differ little
from those obtained with a CEFF or MHD type of EOS. The
possible exception is in regions of partial ionization, where
such effects as pressure ionization (which has always been
treated in an ad hoc fashion, until now) can play a significant
role. Such effects are unlikely to be large enough to affect
global model results. However, results that are sensitive to sec-
ondary thermodynamic quantities, such as I'; or the adiabatic
gradient, could be affected. Examples are stellar pulsations and
pre-main-sequence lithium burning (Swenson et al. 1994b).
However, those who may have been using overly simplistic
models for their EOS data could see more dramatic changes.

Some isochoric comparisons of the several EOS methods
described previously (§ 2) have been carried out by Déppen
(1992). For stellar-envelope conditions, he found differences of
a few percent in the derivatives of the EOS (egs. [10]-[12])
given by the EFF and MHD approaches, but generally an
order of magnitude less difference between OPAL and MHD.
In regions where the Coulomb coupling is outside the range of
validity of the Debye-Hiickel theory, differences between
MHD and OPAL become significant. Nevertheless, the MHD
and OPAL EOSs have been found to give somewhat better
agreement with observational data than the simple EFF model
(Christensen-Dalsgaard & Dippen 1992).

It is beyond our intent to conduct extensive comparisons
between the OPAL results and those of other EOSs. Neverthe-
less, we have chosen to make an illustrative comparison with
the MHD calculations. It is also not our purpose here to make
detailed characterizations of the EOS results. Once again, we

.015 T T 17T T T T T 1771
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.005

Relative Difference
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_.01|||111111|111||||
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Log T (K)

F1G. 2—Comparison between OPAL and MHD results for solar condi-
tions. Plotted are the relative differences in the pressure (solid line) and the
secondary thermodynamic quantity I'; (dotted liney—i.e., either (Pyyp
— Popa)/Popar O (I'y mup — Iy 0pan)/T'1,0paL- These quantities were com-
puted by use of the run of density, temperature, and hydrogen mass fraction X
from a solar model. The metal mass fraction Z is 0.02.
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spike” displayed by the MHD model may be an indication
that their phenomenological treatment of such effects is not
valid over all regions of solar interest. This spike could be
0.01 |- responsible for Kosovichev’s (1995) failure to achieve physi-
cally self-consistent results when using the MHD EOS to
model certain features of the solar oscillation spectrum.
a Helioseismic modes are sensitive only to the deviations of I,
[-:'0.00 B from the ideal-gas value of §. Consequently, even small differ-
ences in this quantity substantially affect the agreement with
the p-mode data. As shown in Figure 2, the difference between
.0.01L the MHD and OPAL results for this quantity generally vary
between 0.1% and 0.5%. However, once again the composi-
tional difference complicates the comparison. In this case, we
have found it difficult to distinguish differences in I'; due to
-0.02 composition from those due to physics. Thus, we make no

FiG. 3—a) I'; — £ vs. T for hydrogen mass content X = 0.4 and helium
mass content Y = 0.6. Dotted line: log R = —5; solid line: log R = —3; dot-
dashed line: log R = —1; dashed line: log R = 0 (R = p/T3, where Ty is the
temperature in 10° K). (b) Same as (a), but for reduced temperature range. (c)
Same as (b), but for X = 0.4, Y = 0.58,and Z = 0.02.

only give one illustrative example. For these examples, we con-
centrate our attention on solar conditions, as these are of inter-
est because, in part, of the very detailed and precise
observational data that has been and is being collected by
numerous researchers.

Figure 2 shows the difference between computed values of
the pressure and I'; between the OPAL and MHD EOSs along
a temperature-density track taken from a solar model
(Swenson et al. 1994a). The comparison between physics pre-
dictions cannot be directly made here, as two different heavy-
element mixtures were used. The MHD results were calculated
with carbon, nitrogen, oxygen, and iron. However, we have
performed some test calculations that indicate that pressure
differences caused by the compositional difference alone are
generally much less than 0.2% for solar conditions. Thus, we
believe that the pressure difference of 1.2% at ~ 50,000 K is
mainly due to physics differences in the two approaches. We
speculate that this difference can be attributed to the very dif-
ferent treatments of the interaction of the plasma with orbital
electrons, in particular pressure ionization. The “pressure

conclusion about these differences but instead make some brief
comments regarding the effects of compositional changes on
the OPAL results.

Figures 3a and 3b show I'; — § versus log T at several
values of log R (R = p/T?2) for a simple mixture of hydrogen
and helium. Figure 3a shows results for the full range of the
tables while Figure 3b is limited to the high-temperature range,
above 100,000 K. The large negative deviations from 3 at low
temperatures in Figure 3a are due to the formation of ions and
atoms. In the few-hundred-thousand kelvin range, the negative
deviation due to bound complexes is competing with the posi-
tive deviations caused by Coulomb interactions. The positive
Coulomb deviations start to dominate with increasing values
of log R. Figure 3c is similar to Figure 3b, but includes metals.
The small amount of high-Z admixture has a noticeable effect
on the results. It is thus apparent that the modeling results for
helioseismology will be sensitive to uncertainties in the abun-
dances of heavy elements, e.g., uncertainties in neon impact in
the million kelvin range near the base of the solar convective
zone. This also illustrates the need for more detailed heavy-
element mixtures in the construction of EOS tables for solar
work. Currently, it is difficult to discriminate between different
EOS models since superior agreement could be due to a for-
tuitous choice for the heavy-element mixture.

Recent studies have revealed the great sensitivity of the
analysis of helioseismic data to derivatives of the EOS. This,
combined with the high precision of the solar data currently
being acquired, suggests that the neglect of heavier elements
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may significantly impact inversion results (Kosovichev 1995;
Basu & Antia 1995). To allow for the modeling of new Global
Oscillation Network Group helioseismic data (Ulrich, Rhodes,
& Dippen 1995), specialized OPAL EOS calculations will be
needed that cover the range of solar parameters, on a finer grid,
including explicitly the heavier elements as well as several addi-
tional thermodynamic derivatives. We plan to make solar
tables for this specific purpose in the near future (we will also
include information on the electron density for those who are
modeling the results of the somewhat less precise data now
being collected by a variety of neutrino telescopes). There are
also a number of interesting problems for low-mass stars, the
outer layers of white dwarfs, and globular-cluster stars (see,
e.g., Chaboyer & Kim 1995). The nonideal effects become
much more pronounced for these higher density, relatively cool
conditions, and the Debye-Hiickel approximation becomes

inadequate (actually predicting negative pressures in extreme
cases). The systematic many-body, quantum statistical ap-
proach we have developed should be reliable in this region,
and we hope to extend the tables in this direction.

We are very grateful to W. Dippen for many useful dis-
cussions of the physics differences between the MHD and
OPAL EOSs. We are also grateful to H. M. Antia, V. A.
Baturin, and A. G. Kosovichev for critical evaluations of an
early version of the EOS tables. F. J. S. thanks Don A. Vanden-
Berg for supporting some of this work from his operating grant
from the Natural Sciences and Engineering Research Council
of Canada. Work of F. J. R. and C. A. I. was supported under
the auspices of the Department of Energy by Lawrence Liver-
more National Laboratory under contract W-7405-ENG-48.
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